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Hysteresis operators

"“A property of a system such that an output value is not a strict
function of the corresponding input, but also incorporates some
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Hysteresis operators

Play operator: u — &,[u] :=¢

U—r

Fig.1: mechanical play

Fig.2: input-output diagram
Variational inequality: (absolutely continuous inputs)

£(0) = u(0) — o, ,

lu(t) —&(8)l <, te[0,T],

E(t)(u(t) —€(t) —z) >0 ae in[0,T], Vz€[-rr]
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Hysteresis operators

Play operator: u — &, [u] :==¢

U —r

Fig.1: mechanical play

Fig.2: input-output diagram

Variational integral inequality: (inputs regulated and left continuous)

5(0) = U(O) — X0,
|U(t)7£(t)‘ SI’, te[ov T]7

/o. (u(t+) — &(t+) — z(t)) d&(t) >0 Vze G(O, T;[—r,r])

where the integral is understood as the Kurzweil-Stieltjes integral
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Prandtl-Ishlinskii model

Original construction by Prandtl (1928) and Ishlinskii (1944):

PVI() =D ap,vi(t), te[0,T],

j=1

where 0 <rp <n <---<rpanda; €R

where p,[v] denotes the play operator with threshold r > 0 and input function v
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j=t
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where p,[v] denotes the play operator with threshold r > 0 and input function v

[Krasnosel'skii, Pokrovskii (1983)]

P[v](t) = apv(t) + /000 h(r)p,[v](t)dr

with density function h: Ry — R
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Prandtl-Ishlinskii model

Original construction by Prandtl (1928) and Ishlinskii (1944):

PVI() =) ap,lvi(t), te[0,T],

j=t

where 0 < rn<n<---<rpand a €R

where p,[v] denotes the play operator with threshold r > 0 and input function v

[Krasnosel’skii, Pokrovskii (1983)]

oo

PO =av(®) + [ A pe dr = [ () a o) ar

where ¢(p) = aop + [ h(s)(p — s)ds is the initial loading curve
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Pl operator with initial loading curve : /7
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Prandtl-Ishlinskii model

Pl operator with initial loading curve v:

Pulv(e) = = [ ¥ gl

Fig.3: Hysteresis loop of the Pl model
@ superposition property:
Py[Pelv]] = Pyoyplv]

@ inverse operator: P~ =P,
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Pulv(e) = = [ ¥ gl

Fig.3: Hysteresis loop of the Pl model
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@ inverse operator: P~ =P,
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Prandtl-Ishlinskii model and rate dependency

For r > 0 and x € [—r, r], the play operator
prr ovew (0, T) — e w"(0,T)
whose output £(t) = p/[x, v](t) is the solution to the variational inequality

£(0) = v(0) — x,,
v(t) = &(t)] < r, teo,T],
) (v(t) —&(t)—2) >0 ae in[0,T], Vz€[—rr]
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£(0) = v(0) — x,,
lv(t) &)l < r, te[0,T],
E(t)(v(t) —€(t) —2) >0 ae in[0,T), Vze[-rr]

Time dependent play operator
For p € W11(0, T) and x € [—p(0), p(0)], define

p,: veWH(0,T) +— €&e WU (0, T)
with £(t) = p,(s)[x, v](t) satisfying

g(O) V(O) — X,
lv(t) — &(1)] < p(1), te[0, 7],
E(t)(v(t) — &(t) — p(t)z) >0 ae in [0, T], Yz e [-1,1].

™7 =
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Rate dependent Prandtl-Ishlinskii operator

For m € N and v € AC[0, T] define

PII(E) =D apy ol vI(t), €0, T] (1)
=i
where a; >0, r; € WH1(0, T), j =1,...,m, are such that

0<n(t)<n<---<ryp(t) Vtel0,T],

and p,[x;, v] denotes the time-dependent play operator with threshold
function rj, input function v and the initial conditions x; € R satisfying

|X1|Sr1(0)7 |XJ+1_XJ|SrJ+1(O)_rJ(O)7 J:177m_1

M. Al Janaideh, P. Krej&i, An inversion formula for a Prandtl-Ishlinskii operator
with time dependent thresholds, Physica B 406 (2011)
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Rate dependent Prandtl-Ishlinskii operator

m+1
Plx, vI(t) = aov(t) + Y _ aibr o [%, vI(t) (1)
i=1
Inversion formula [M. Al Janaideh, P. Krejéi (2011)]
Assume 0 < 7 (t) < --- < Fp(t) and 7 ,(t) —F(t) > 0.
Then the inverse of P is given by

m+1
P x, wl(t) = bow(t) + Y bips s, wl(t) (2)
i=1
where by = -, bi = z — z1-, with A; = Zj-:o aj, and
§i(t) = aofi(1), §ita(t) — &i(t) = Ai(Fia(t) — 7i(1)),
V1 = aok, Vir1 — i = Ai(Xig1 — Xi)

v
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Rate dependent Prandtl-Ishlinskii operator

Discrete case

PmlvI(t Z%Pr, )b, vI(t),  te0,T] (1)

J=t

The classical Pl operator (with initial loading curve v):

PO == [ w0 gl ar
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Rate dependent Prandtl-Ishlinskii operator

Discrete case

Pm[v](t) Zaf Pl vI(E),  te[0,T] (1)

Jj=1

The classical Pl operator (with initial loading curve v):
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Rate dependent Prandtl-Ishlinskii operator

Pl = a0v(t) = [ GOm0 (B ()

Given a division 0 < p; < -+ < pp, let ¢ be so that
m
¢'(r)= Z@T—lX[n—hr,‘)(r)v Pi-1 €R
i=1
The corresponding Pl operator can be written as

P [, VI(2) = (a0 + @5)v(t) + Y aira(ox(r1), VI(2)
i=1

with a7 = &7 — ¢7
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Rate dependent Prandtl-Ishlinskii operator

Given R > 0, for an input v € W11(0, T),

v(t)] < R, let

Pobrl(0) = av(®) ~ [ O psolk) IO dr ()

Basic hypothesis:
@ z< C(0, T) with z(t) >0
@ initial value function x € W"°°(0, 00) such that

[x(0)] < z(0), |X'(r)] <1 a.e., x(r) =v(0) for r>R,
Q o € WH>(0,00) such that ¢’ € BVie(0, 0),

©(0) = ¢'(0) = ¢'(0+) =0, sup l' ()| =: @ < ao

M. Al Janaideh, P. Krejéi, G. A. Monteiro, Approximation error bounds for
rate-dependent Prandtl-Ishlinskii compensators, Appl. Math:(2023)
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Rate dependent Prandtl-Ishlinskii operator

Consider the Pl operator with shape function ap/ + ¢ and initial value function
x € W'(0, 00) satisfying the

Pobed(®) = () = [P Tk M@ @)

Inversion formula [M. Al Janaideh, P. Krej&i, G. A. Monteiro]
For an input w € W11(0, T), let

Pulylt) = w0~ [ () peenaol(9) (005 (9

where

¥(s) = (aol + ©)7(s) — aig for s> 0.

& s+(s)
ﬂﬂ:%4m+A ) en 4 )

Then the operators P, and P, are mutually inverse.

V.
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Application in hysteresis compensation

Wafer Scanner illustration
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Wafer Scanner illustration

micropositioning issues ~-»  smart actuators

challenge: hysteresis effects
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Application in hysteresis compensation

micropositioning issues  ~>

smart actuators
challenge: hysteresis effects

Desired
Motion
Profile

dSpace  Nano Drive
= yd
eLs = Yss

Short-Stroke ~

Fig.5: The experimental setup of the dual-stage positioning system

M. Al Janaideh, P. Krejéi, G. A. Monteiro, Memory reduction of rate-dependent
Prandtl-Ishlinskii compensators in applications on high-precision motion systems,
Physica B (2024) - HMM proceedings
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Application in hysteresis compensation

micropositioning issues ~-»  smart actuators

challenge: hysteresis effects

/8

Desired
Motion
Profile

dSpace  Nano Drive

Short-Stroke ~

Fig.5: The experimental setup of the dual-stage positioning system

~ Short-stroke: piezoelectric actuator & Nano-OP30

M. Al Janaideh, P. Krejéi, G. A. Monteiro, Memory reduction of rate-dependent
Prandtl-Ishlinskii compensators in applications on high-precision motion systems,
Physica B (2024) - HMM proceedings
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Application in hysteresis compensation

Hysteresis compensation (theory):
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Application in hysteresis compensation

Hysteresis compensation (theory):  P; [P, [u]] = u

v u o Yy
Inverse N 2
\, 3
model —>
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Application in hysteresis compensation

Hysteresis compensation (theory): P[P, [u]] = u

Inverse
model

For an initial loading curve ¢ and a division 0 = rp < --- < rp, = R, let ¢} be
the approximate value of (r;) with a measurement error &: |p(ri) — ¢f| < &
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Application in hysteresis compensation

Hysteresis compensation (theory): P[P, [u]] = u

Inverse
model

For an initial loading curve ¢ and a division 0 = rp < --- < rm = R, let ¢} be
the approximate value of (r;) with a measurement error £: |p(ri) — ¢f| < e

Consider the piecewise linear (‘error’ approximation) function »* and the
corresponding Pl operator for an input function v

Pl vl(8) = 20v(t) = [ (& ()5 priaolx(). V(0 dr

where
* *
Pi —Pi1

ri—ri-1

(") (r) = Zv,71X[r, L) (r), with @7 4 =

i=1
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Application in hysteresis compensation

Hysteresis compensation (theory):  P; [P, [u]] = u

- wu - |Y
Inverse & e
\.
model >

For an initial loading curve ¢ and a division 0 = rp < --- < rm, = R, let ] be
the approximate value of (r;) with a measurement error e: |p(ri) — ¢j| < e

Consider the piecewise linear (‘error’ approximation) function ¢* and the
corresponding Pl operator for an input function v

Poele () = av(e) = [ (") () 5 prasio (). vI(e)
where

o — el

rp—ri—1

m
(@) (1) =D A aXp_y,m(r), with §7_; =
i—1
Hysteresis compensation (in practice): P,;*l[P%;[u]] AU
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Application in hysteresis compensation

u(t) Pylz,u](t) 1 P, Py [z, ul|(t)
~‘——-——P P ar
Hysteresis compensation diagram: ~

u(t) — Py, Pole, ul)(t)

Approximate compensation error

E =sup|u— P;*l [x, Po[x, u]]|

where the supremum is taken over u € W*(0, T) with |u| < R
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Application in hysteresis compensation

u(t) Pole,ul(t) == Po M, Pz, ull()
P, P = AR
Hysteresis compensation diagram:

u(t) — Py a, Pyl ul](t)
Approximate compensation error

E =sup|u— P;*l [x, Pox, u]]|
where the supremum is taken over u € W''(0, T) with |u| < R

Error bound [M. Al Janaideh, P. Krej&i, G. A. Monteiro (2023)]

The approximate inversion error, when the operator with continuous thresholds
P, is replaced with an operator with discrete thresholds PJ, is bounded.

m+1

2eR / *
E < i — ri—1| V bi 4
< (min,-:l,w,m ] —|— _max | ri—1| [0’2-5)90 ) §| | (4)

%
* * 1 _ 1 Ak _ PiTPi—1
where by = = by = oTeT ] pre and @7

v
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