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A gene (or genetic) regulatory
network (GRN) is a collection of
molecular regulators that interact
with each other and with other
substances in the cell to govern
the gene expression levels

of mMRNA and proteins which, in
turn, determine the function of
the cell. GRN also play a central
role in morphogenesis, the
creation of body structures, which
In turn Is central to evolutionary
developmental biology.




In single-celled organisms, regulatory
networks respond to the external
environment, optimizing the cell at a
given time for survival in this
environment.

Wikipedia



In multicellular animals the same principle has been put in the service of gene
cascades that control body-shape. Each time a cell divides, two cells result
which, although they contain the same genome in full, can differ in which
genes are turned on and making proteins. A major feature of multicellular
animals is the use of morphogen gradients. A gene that is turned on in one cell
may make a product that leaves the cell and diffuses through adjacent cells,
entering them and turning on genes only when it is present above a certain
threshold level. These cells are thus induced into a new fate, and may even
generate other morphogens that signal back to the original cell. Over longer
distances morphogens may use the active process of signal transduction.
Such signalling controls embryogenesis, the building of a body plan from
scratch through a series of sequential steps. They also control and maintain
adult bodies through feedback processes, and the loss of such feedback
because of a mutation can be responsible for the cell proliferation that is seen
In cancer.




Gene expression of protein
time
Degradation coefficient

Derivative

Sigmoidal function

f

x'y = f1(xq, X3, , X)) — V1Xq,
x'y = folxq, X3, , xn) — Vaxy,

Lx,n = fn(x1, X2, %p) — VX,






1= filxg, xp,0, %) — VX,
x'y = folxq, X3, ,Xp) — VX,

(1)

x’n = fn(xl: X, !xn) — UnXn-

Proposition 1. The parallelepiped @, = {xeR" : 0 <

xp <=, i=1, n} 1s an invariant set.



Nullclines

rO - fl(xl) X2, '"an) — U1Xq,
) O - fZ(xl) X2 ;“'.";xn) — Uy Xy, (2)

\O B fn(xl» X2, '"'xn) — UnXn.

Proposition 2. At least one solution of system (2)
exists in Q,;, = {xc—:R” 0 <x; < i, i = 1, n} :
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The Wilson—Cowan system primarily was invented for the study of two interacting populations
of neurons. Its simplified version

1
r
— T
1 1+ e HilWigxg twysxs —64) V1X1,
x! _ 1 Vo x
2 T U f e-Ha(Waixq T Wapxp —B3) 2X2.

is known to have rich dynamics. The higher dimensional versions of system (1) were adapted to
model genetic networks, and similar networks in other fields. The three-dimensional version of
system (1) contains 18 parameter and the number of parameters increases along with the
dimensionality. The central point in the study of this system is to gather information about
attractors in the phase space. The dynamics of solutions and evolution of the system heavily
depends on the number, locations and properties of attractors. In the proposed talk recent
contributions to the theory are reported concerning types, properties and forms of attractors in
of the system (1). In particular, a collection of attractors of different shapes is presented.
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We consider the four-dimensional system

E .. 1
g = 14+e—#1(wirzg twigzatwi3zg+wigry—01) 11
B = 3 Vo
2 1+e—#2(w21~’r1+w22f1912+w23w3+w24x4—92) 252, (1)
I __
U3 = Tfc-r3(wgierTwsgegrwggegtwzaes—03) U343
i = . VAT
4 7 14era(wyiwytwyorotwyzrgtwygry—0y) deirdy

which corresponds to a four-element genetic network.

Out task is to describe possible evolution of GRN, an-
alyzing the system (1). The system is autonomous, so the
method of phase space is applicable. It contains multiple
parameters, 24 in the system (1).
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——<> |nhibition
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—< |dentified inhibition
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Figure 1 | T-cell survival signalling network and its attractor network. (a) Structure of T-cell survival network: each node is labelled with its generic name,
and the arrowhead and diamond-head edges represent activation and inhibition regulations, respectively. The inhibitory edges from ‘Apoptosis’ to other
nodes are not shown (for clarity). (b) Attractor network of the T-cell network, which contains three nodes: two cancerous states denoted as €, and C; and a
normal state denoted as N. The two directed edges in the attractor network are multiple, each containing altogether 48 individual edges corresponding to
controlling the 48 edges in the original network, which are indicated by the dark dashed lines, whereas the remaining edges in the original network are
signified by the light solid lines. Our detailed computations reveal that parameter perturbation on any one of the 48 edges can drive the system from a
cancerous state to the normal state. That is, regardless of whether the initial state is C; or Cs, with a proper modification to one of the 48 parameters, the
systemn can be driven to the normal state N.
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( 1

1= 1 4+ e H1(W11X1+W12X2+W13x3—61) X
, 1

Y2z 1 4 e H2(W21X1+W22x2+W23x3—062) — X2
, 1

\x 3 = 1 4+ e H3(W31X1+W32x2+W33x3—063) — X3

Elements w; are dependent on time, w;(t)



Example (basic). Inhibitory cycle
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Example 1. Shell

(1+m Sin[t]) 0 -(p Sin[g t+1])
W = -(p Sin[g t+1]) (1+m Sin[t]) 0
0 -(p Sin[g t+1]) ... (1+m Sin[t])

Frequencies of activation and
inhibition terms are the same
but phases are different

p=1; g=1; m=1;




Example 2. Belt

(14m Sin[t]) 0 - (1+p Sin[qg t])
W = -(1+p Sin[gq t]) (1+m Sin[t]) 0
0 -(14p Sin[g t]) .. (14m Sin[t])

The amplitude of oscillation in
inhibition terms is less than 1

p=0.5; g=1; m=1;




Example 3. Star

(14m Sin[t]) 0 - (1+p Sin[qg t])
W = -(1+p Sin[gq t]) (1+m Sin[t]) 0
0 -(14p Sin[g t]) .. (14m Sin[t])

The frequency of oscillation in
inhibition terms is 3 against
previous 1

p=1; g=3; m=1;




Example 4. Flower

(1+4m Sin[n t]) 0 - (14+p Sin[g t])
W = -(1+p Sin[gq t]) (14m Sin[n t]) 0
0 -(14+4p Sin[g t]) .. (14m Sin[n t])

p=1; g=0.1; n=0.1; m=1;




Example 5. Sharp star

(1+m Sin[t]) 0 -(Sin[t]xSin[t])
W = (—(Sin[t]xSin[t]) (1+m Sin[t]) 0 )
0 —(Sin[t]xSin[t]) (1+4m Sin[t])

The frequency of oscillation in
inhibition terms is 2 against
previous 1
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i
=

Networks with periodic interactions. WSEAS TRANSACTIONS on CIRCUITS and SYSTEMS Volume 24, 2025
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Conclusions and problems

O RN AEWNE

12.
13.

14.

15.

Periodic attractors for uncoupled systems;

Perturbation of periodic attractors for uncoupled systems;

Conditions for guaranteed chaotic behavior under perturbation;

Reconstruction of attractor by graphs of a set f solutions;

Coexistence of attractors; which are incompatible;

When low dimensional projections guarantee the unique reconstruction of attractor;
Which attractors have realization in realistic gene networks;

Which are possible mathematically, but impossible in reality;

Which attractors are undetectable by simple computation of a limited number of
solutions;

. Which are detectable and how many projections are needed for that?
11.

What is the lowest dimension of projections needed to uniquely reconstruct an
attractor;

Can attractors be detected by an algorithm, and how many steps are necessary;
There are theorems for existence of periodic solutions; are there theoretical results
for the existence of solutions that relate to complicated attractors;

If the math model is assumed to be adequate, what is the biological interpretation of
them;

Applications of any kind.



Thank you for your attention
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