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What is a Mathematical Model?

•A mathematical description for the real-world

•Only for some specific quantitative features of the real-
world, ignores others for simplification

•With purpose to improve understanding of the real-
world 
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The SIR Epidemic Model

• Epidemiological model to model the dynamics of 

infectious diseases 

• First studied by Kermack & McKendrick, 1927 

(https://royalsocietypublishing.org/doi/10.1098/rspa.

1927.0118)

• Consider a disease spread by contact with infected 

individuals.

• Individuals recover from the disease & gain further 

immunity from it.

• S = fraction of susceptibles in a population

• I  = fraction of infecteds in a population

• R = fraction of recovereds in a population

S + I + R = N

https://royalsocietypublishing.org/doi/10.1098/rspa.1927.0118


The SIR Epidemic Model

• The SIR model is a compartmental model to categorize 
populations into compartments

• The SIR model then model all compartments with differential 
models and their interactions 
with the time trajectories & 
disease progressions.



The SIR Model in Mathematics Equations 
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Enhancing the SIR Model

•SEIR: Consider Exposed (Infected but not yet 
infectious; incubation period) into SIR.

•SEIRD: Consider Death into SEIR.

•Can consider age differences, multiple types of 
transmission, geographic spread, etc.  



The SEIRD Model in 
Mathematics Equations  

𝑁 = 𝑆 + 𝐸 + 𝐼 + 𝑅 + 𝐷.
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Ethiopia Data:

➢Time Series for S/E/I/R/D/N

➢Time t = 1 to T (84 months)

➢From 2013 to 2019 (7 years) 

Data Available



➢ Time Series for S/E/I/R/S/D

➢Time t = 1 to T (84 months)

➢ From 2013 to 2019 (7 years) 

Data Available



➢Data Summary:
S              E               I              R              D      N

Mean 13,341,958  6,193,572   42,553       42,443        111    19,620,638

SD     1,689           49,060        24,770       24,704        66      2,521

∆S             ∆E              ∆I                 ∆R             ∆D

Mean  -75.12        637.16        -336.76        -335.75     -1.01 

SD       44.93        32634.59    16335.45     16292.64   42.82 

Data Summary



The SEIRD Model in 
Mathematics Equations (ODE) 

𝑁 = 𝑆 + 𝐸 + 𝐼 + 𝑅 + 𝐷.



Statistical Considerations of 
The Stochastic SEIRD Model  (SDE)



SDE System to Difference Equation Systems: 
Still the SEIRD Model  (Euler-Maruyama Method)
For Statistical Estimation and Inference



Weighted Least-Squared Estimation: 
Still the SEIRD Model

Loss Function to be 
minimized for 
parameter estimation:



The Maximum Likelihood Estimation: 
The SEIRD Model

Likelihood Function to 
be maximized for 
parameter estimation:



✓Observed vs Fitted Scatterplot
• 1-1 Alignment!

✓Observed vs.. Fitted Time Series
• Time Series Alignment 

✓Residual Plots
• Normally Distributed Residuals, White Noises!

Model Fitting Diagnostics



The Maximum Likelihood Estimation: 
The SEIRD Model

Likelihood Function to be 
maximized for parameter 
estimation:
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Statistical Estimation & Inference 
Parameter Estimate

β 2.474 (×10−3) Transmission Rate

σ 2.113 (×10−56) Incubation Rate

γ 3.060 (×10−3) Recovery Rate

μ 7.667 (×10−15) Mortality Rate

𝜎𝑆 183.233 Standard Deviation (Stochastic Intensity) of S 

𝜎𝐸 32617.057 Standard Deviation (Stochastic Intensity) of E

𝜎𝐼 16480.639 Standard Deviation (Stochastic Intensity) of I

𝜎𝑅 16304.223 Standard Deviation (Stochastic Intensity) of R

𝜎𝐷 247.749 Standard Deviation (Stochastic Intensity) of D

0.808 Basic Reproduction Number

Notes (Each infected person, on average, transmits the disease to less than one other person)

• Expected behavior: The number of infection will decline over time, and the disease will die out without an epidemic.

• No exponential growth: Instead of spreading, the infection may fades out.



➢Assuming dynamic demography with existence of birth rate 𝝀
which flows to the susceptible populations & natural death rate  
𝜹 which simultaneously deducted from each compartment, 
causing each proportion of the population to vary over time

Other SEIRD Models (1)



➢

Other SEIRD Models (1)



➢The recovered population will return back to the susceptible populations:

Other SEIRD Models (2)



Other SEIRD Models (2)
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✓SIR and its Extension for Disease Modeling
• Many Mathematical Models Available!

✓Statistical Considerations
• Real-World Data Compilation (Time Consuming)!

• Parameter Estimation with Weighted Least Squared Estimation

• Parameter Estimation with Maximum Likelihood Estimation 

✓Prediction with/without Interventions
• Simulate Intervention Strategies after Estimation!

Take Home Messages



✓More SIR Models (Application-Based)
• Extension of Existing SIR-related Models!
• Spatial-Temporal SIR Models (such as, COVID-19)
• Open Population SIR Model

✓Statistical Considerations
• Parameter Estimation and Statistical Inference 
• Approximate Bayesian Computation (ABC): 

• Likelihood-free method—ideal for the complex SDE models. 

• Software Development (such as open-source package in R)

✓Predictions with/without Interventions
• Simulate Intervention Strategies after Model Estimation!

Future Research



Chapter 8: 
SEIRD Mathematical Modeling of 

Malaria Transmission Dynamics in 

Ethiopia, 193-219, by Belay, D. B. 
Chen, D. G. and Matintu, S. A. 

SOURCE: Chen DG, Coelho CA. Biostatistics Modeling and Public Health Applications. Springer Nature; 2024.
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