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Growth dynamics of the bacterial species Bacillus subtilis on agar plates

{
nt = −f (n, b),
bt = [g(n)h(b)bx ]x + f (n, b)

t , x ∈ R

Model: Bacterial colonies grown on the surface of thin agar plates

n(t , x) : nutrient concentration 0 ≤ n ≤ 1
b(t , x) : bacterial concentration 0 ≤ b ≤ 1
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Growth dynamics of the bacterial species Bacillus subtilis on agar plates

{
nt = −f (n, b),
bt = [g(n)h(b)bx ]x + f (n, b)

t , x ∈ R

Model: Bacterial colonies grown on the surface of thin agar plates

n(t , x) : nutrient concentration
b(t , x) : bacterial concentration
f (n, b) : reaction term
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Growth dynamics of the bacterial species Bacillus subtilis on agar plates

{
nt = −f (n, b),
bt = [g(n)h(b)bx ]x + f (n, b)

t , x ∈ R

Model: Bacterial colonies grown on the surface of thin agar plates

n(t , x) : nutrient concentration
b(t , x) : bacterial concentration
f (n, b) : reaction term
Assumptions

f : [0, 1]2 → [0,+∞) of class C1

f (s, r) = 0⇔ s = 0 or r = 0
∃ 0 < L1 ≤ L2 : L1sr ≤ f (s, r) ≤ L2sr ∀ (s, r) ∈ (0, 1)2
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Growth dynamics of the bacterial species Bacillus subtilis on agar plates

{
nt = −f (n, b),
bt = [g(n)h(b)bx ]x + f (n, b)

t , x ∈ R

Model: Bacterial colonies grown on the surface of thin agar plates

n(t , x) : nutrient concentration
b(t , x) : bacterial concentration
f (n, b) : reaction term
g(n)h(b) : diffusivity
Assumptions

g, h : [0, 1]→ [0,+∞) of class C1

g(s) = 0⇔ s = 0 h(r) = 0⇔ r = 0
∃Mg > 0 : g(s) ≥ Mgg(s1) ∀ s ≥ s1 ≥ 0
ġ(0), ḣ(0) > 0
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Growth dynamics of the bacterial species Bacillus subtilis on agar plates

{
nt = −f (n, b),
bt = [g(n)h(b)bx ]x + f (n, b)

t , x ∈ R

Model: Bacterial colonies grown on the surface of thin agar plates

n(t , x) : nutrient concentration
b(t , x) : bacterial concentration
f (n, b) : reaction term
g(n)h(b) : diffusivity

Remark Null diffusivity of the nutrient: modelling the case of the so called
hard agar
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Non degenerate systems with positive nutrient diffusion

Example 1 Berestycki-Nicolaenko-Scheurer 1985, Marion 1985{
−η′′ + cη′ = f (η)β
−λβ′′ + cβ′ = −f (η)β
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Non degenerate systems with positive nutrient diffusion

Example 1 Berestycki-Nicolaenko-Scheurer 1985, Marion 1985{
−η′′ + cη′ = f (η)β
−λβ′′ + cβ′ = −f (η)β

Assumptions
f : [0, 1]2 → [0,+∞) of class C1

f ≡ 0 in [0, θ) and f > 0 in (θ, 1] or f (s) = 0⇔ s = 0
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Non degenerate systems with positive nutrient diffusion

Example 1 Berestycki-Nicolaenko-Scheurer 1985, Marion 1985{
−η′′ + cη′ = f (η)β
−λβ′′ + cβ′ = −f (η)β

Assumptions
f : [0, 1]2 → [0,+∞) of class C1

f ≡ 0 in [0, θ) and f > 0 in (θ, 1] or f (s) = 0⇔ s = 0

I Existence for c sufficiently big
I For λ ∈ (0, 1) : Existence of a threeshold speed and uniqueness
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Non degenerate systems with null nutrient diffusion

Example 2 Logak-Loubeau 1996, Logak 1997{
−η′′ + cη′ = f (η)β
cβ′ = −f (η)β
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Non degenerate systems with null nutrient diffusion

Example 2 Logak-Loubeau 1996, Logak 1997{
−η′′ + cη′ = f (η)β
cβ′ = −f (η)β

Assumptions
f : [0, 1]2 → [0,+∞) of class C1

f ≡ 0 in [0, θ) and f > 0 in (θ, 1] or f (s) = 0⇔ s = 0
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Non degenerate systems with null nutrient diffusion

Example 2 Logak-Loubeau 1996, Logak 1997{
−η′′ + cη′ = f (η)β
cβ′ = −f (η)β

Assumptions
f : [0, 1]2 → [0,+∞) of class C1

f ≡ 0 in [0, θ) and f > 0 in (θ, 1] or f (s) = 0⇔ s = 0

I Existence, uniqueness and existence of a threeshold speed
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Non degenerate systems with positive nutrient diffusion

Example 5 Ai-Huang 2007{
nt = dnxx − f (n, b)
bt = bxx + f (n, b)
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Non degenerate systems with positive nutrient diffusion

Example 5 Ai-Huang 2007{
nt = dnxx − f (n, b)
bt = bxx + f (n, b)

Assumptions
f : [0, 1]2 → [0,+∞) of class C1

f (s, r) = 0⇔ s = 0 or r = 0
fu(1, 0) = fv (0, 1) = 0
+ additional technical condition
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Non degenerate systems with positive nutrient diffusion

Example 5 Ai-Huang 2007{
nt = dnxx − f (n, b)
bt = bxx + f (n, b)

Assumptions
f : [0, 1]2 → [0,+∞) of class C1

f (s, r) = 0⇔ s = 0 or r = 0
fu(1, 0) = fv (0, 1) = 0
+ additional technical condition

I Existence and uniqueness for c sufficiently big
I For d ∈ (0, 1) : Existence of a threeshold speed
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Degenerate equations

Example 3 Garduno-Maini 1995

ut = [D(u)ux ]x + f (u)
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Degenerate equations

Example 3 Garduno-Maini 1995

ut = [D(u)ux ]x + f (u)

Assumptions
D, f : [0, 1]→ [0,+∞) of class C2

D(s) = 0⇔ s = 0
Ḋ(0) = 0, D̈(0) > 0
ḟ (0) > 0, ḟ (1) < 0
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Degenerate equations

Example 3 Garduno-Maini 1995

ut = [D(u)ux ]x + f (u)

Assumptions
D, f : [0, 1]→ [0,+∞) of class C2

D(s) = 0⇔ s = 0
Ḋ(0) = 0, D̈(0) > 0
ḟ (0) > 0, ḟ (1) < 0

I Existence, uniqueness and existence of a threeshold speed
I Sharp solution for the threeshold speed
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Degenerate equations

Example 4 Malaguti-Marcelli 2003

ut = [D(u)ux ]x + f (u)
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Degenerate equations

Example 4 Malaguti-Marcelli 2003

ut = [D(u)ux ]x + f (u)

Assumptions
D : [0, 1]→ [0,+∞) of class C1

D(s) = 0⇔ s = 0
f : [0, 1]→ [0,+∞) continuous
f (s) = 0⇔ s = 0 or s = 1
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Degenerate equations

Example 4 Malaguti-Marcelli 2003

ut = [D(u)ux ]x + f (u)

Assumptions
D : [0, 1]→ [0,+∞) of class C1

D(s) = 0⇔ s = 0
f : [0, 1]→ [0,+∞) continuous
f (s) = 0⇔ s = 0 or s = 1

I Existence, uniqueness and existence of a threeshold speed
I Sharp solution for the threeshold speed
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Degenerate systems with null nutrient diffusion

Example 6 Satnoianu-Maini-Garduno-Armitage 2001{
nt = −nb
bt = [nbbx ]x + nb t , x ∈ R
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Degenerate systems with null nutrient diffusion

Example 6 Satnoianu-Maini-Garduno-Armitage 2001{
nt = −nb
bt = [nbbx ]x + nb t , x ∈ R

I Existence, uniqueness and existence of a threeshold speed
I Sharp solution for the threeshold speed
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Degenerate systems with positive nutrient diffusion

Example 7 Feng-Zhou 2007{
nt = nxx − nqbl

bt = [Dnpbbx ]x + nqbl t , x ∈ R
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Degenerate systems with positive nutrient diffusion

Example 7 Feng-Zhou 2007{
nt = nxx − nqbl

bt = [Dnpbbx ]x + nqbl t , x ∈ R

Assumptions
p ≥ 0, l, q > 1
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Degenerate systems with positive nutrient diffusion

Example 7 Feng-Zhou 2007{
nt = nxx − nqbl

bt = [Dnpbbx ]x + nqbl t , x ∈ R

Assumptions
p ≥ 0, l, q > 1

I Existence, uniqueness and existence of a threeshold speed
I Sharp solution for the threeshold speed
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Degenerate systems with positive nutrient diffusion

Example 8 Bao-Gao 2017{
nt = Dnnxx − nqbl

bt = [Db(1− b)npbbx ]x + nqbl t , x ∈ R
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Degenerate systems with positive nutrient diffusion

Example 8 Bao-Gao 2017{
nt = Dnnxx − nqbl

bt = [Db(1− b)npbbx ]x + nqbl t , x ∈ R

Assumptions
p ≥ 0, l, q > 1
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Degenerate systems with positive nutrient diffusion

Example 8 Bao-Gao 2017{
nt = Dnnxx − nqbl

bt = [Db(1− b)npbbx ]x + nqbl t , x ∈ R

Assumptions
p ≥ 0, l, q > 1

I Existence, uniqueness and existence of a threeshold speed
I Sharp solution for the threeshold speed
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Degenerate systems with null nutrient diffusion

Example 9 Colson-Garduno-Byrne-Maini-Lorenzi 2021{
nt = −knb
bt = [(1− n)bx ]x + (1− b)b
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Degenerate systems with null nutrient diffusion

Example 9 Colson-Garduno-Byrne-Maini-Lorenzi 2021{
nt = −knb
bt = [(1− n)bx ]x + (1− b)b

Assumptions
k > 0

Valentina Taddei Coupled reaction-diffusion equations with degenerate diffusivity



Degenerate systems with null nutrient diffusion

Example 9 Colson-Garduno-Byrne-Maini-Lorenzi 2021{
nt = −knb
bt = [(1− n)bx ]x + (1− b)b

Assumptions
k > 0

I Existence and uniqueness for every c > 0
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Degenerate systems with null nutrient diffusion

Example 10 Galley-Mascia 2022{
nt = n(1− n − db)
bt = [(1− n)bx ]x + rb(1− b)
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Degenerate systems with null nutrient diffusion

Example 10 Galley-Mascia 2022{
nt = n(1− n − db)
bt = [(1− n)bx ]x + rb(1− b)

Assumptions
d , r > 0
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Degenerate systems with null nutrient diffusion

Example 10 Galley-Mascia 2022{
nt = n(1− n − db)
bt = [(1− n)bx ]x + rb(1− b)

Assumptions
d , r > 0

I For d ∈ (0, 1) : Existence and uniqueness for every c > 0

I For d > 1 : Non-existence
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Traveling waves solutions

c ∈ R : wave speed

η(ξ) = η(x − ct) = n(x , t) β(ξ) = β(x − ct) = b(x , t) : wave profiles

{
cη′ − f (η, β) = 0
(g(η)h(β)β′)

′
+ cβ′ + f (η, β) = 0

ξ ∈ R
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Traveling waves solutions

c ∈ R : wave speed

η(ξ) = η(x − ct) = n(x , t) β(ξ) = β(x − ct) = b(x , t) : wave profiles

{
cη′ − f (η, β) = 0
(g(η)h(β)β′)

′
+ cβ′ + f (η, β) = 0

ξ ∈ R

η of class C1 classical solution
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Traveling waves solutions

c ∈ R : wave speed

η(ξ) = η(x − ct) = n(x , t) β(ξ) = β(x − ct) = b(x , t) : wave profiles

{
cη′ − f (η, β) = 0
(g(η)h(β)β′)

′
+ cβ′ + f (η, β) = 0

ξ ∈ R

β continuous and differentiable a.e., weak solution
h(β)β′ ∈ L1

loc(R)

∫
R

( (
g(η(ξ))h(β(ξ))β′(ξ) + cβ(ξ)

)
ψ′(ξ)− f (η(ξ), β(ξ))ψ(ξ)

)
dξ = 0

∀ψ ∈ C∞0 (R)
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Boundary conditions

We look for travelling waves connecting natural steady states, i.e. satisfying
the boundary conditions{

η(−∞) = 0 β(−∞) = 1
η(+∞) = 1 β(+∞) = 0
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Classical and sharp traveling waves

Proposition If (η, β) is a traveling wave satisfying the boundary conditions
and J = {ξ ∈ R : β(ξ) = 0} then

g(η)h(β)β′ + cβ + cη − c = 0 in R\J
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Classical and sharp traveling waves

Only two cases can occur:

J = ∅ ⇒ (η, β) classical
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Classical and sharp traveling waves

Only two cases can occur:

J = ∅ ⇒ (η, β) classical

J 6= ∅ ⇒ (η, β) sharp at 0 : ∃ ξ` ∈ R : β(ξ`) = 0, β is classical on
R\{ξ`}, β is not differentiable at ξ`
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Properties of the solutions

Proposition Denoted

τ := sup{ξ ∈ R : β(ξ) > 0} ∈ R ∪ {+∞}

η′(ξ) > 0, β′(ξ) < 0 ∀ ξ < τ
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Properties of the solutions

Proposition Denoted

τ := sup{ξ ∈ R : β(ξ) > 0} ∈ R ∪ {+∞}

η′(ξ) > 0, β′(ξ) < 0 ∀ ξ < τ
β(ξ) = 0, η(ξ) = 1, ∀ ξ ≥ τ
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Properties of the solutions

Proposition Denoted

τ := sup{ξ ∈ R : β(ξ) > 0} ∈ R ∪ {+∞}

η′(ξ) > 0, β′(ξ) < 0 ∀ ξ < τ
β(ξ) = 0, η(ξ) = 1, ∀ ξ ≥ τ
η′(τ) = 0
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Properties of the solutions

Proposition Denoted

τ := sup{ξ ∈ R : β(ξ) > 0} ∈ R ∪ {+∞}

η′(ξ) > 0, β′(ξ) < 0 ∀ ξ < τ
β(ξ) = 0, η(ξ) = 1, ∀ ξ ≥ τ
η′(τ) = 0
if τ = +∞⇒ β′(+∞) = 0
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Properties of the solutions

Proposition Denoted

τ := sup{ξ ∈ R : β(ξ) > 0} ∈ R ∪ {+∞}

η′(ξ) > 0, β′(ξ) < 0 ∀ ξ < τ
β(ξ) = 0, η(ξ) = 1, ∀ ξ ≥ τ
η′(τ) = 0
if τ = +∞⇒ β′(+∞) = 0
if τ ∈ R⇒ β′(τ) = 0 or β′(τ) = − c

g(1)ḣ(0)
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Wavefronts

Traveling wave (η, β) with non-constant monotone profiles functions
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Wavefronts

If τ = +∞, then (η, β) is a classical wavefront

τ

1

η

β

ξ

1
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Wavefronts

If τ = +∞, then (η, β) is a classical wavefront
If τ ∈ R and β′(τ) = 0⇒ (η, β) is a classical wavefront
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Wavefronts

If τ = +∞, then (η, β) is a classical wavefront
If τ ∈ R and β′(τ) = 0⇒ (η, β) is a classical wavefront
If τ ∈ R and β′(τ) = −c/g(1)ḣ(0)⇒ (η, β) is a sharp wavefront at 0

τ

1

η

β

ξ

1
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Existence, uniqueness and classification of the wavefront

Theorem There exists c0 ∈ R :

if c < c0 there are no wavefronts

if c = c0 there is a unique (up to shifts) wavefront which is sharp at 0

if c > c0 there is a unique (up to shifts) wavefront which is classical

Moreover, denoted

c := max


√

L1Mg

∫ 1

0
g(1− r)h(r)r dr ,

√
2L1Mg

∫ 1

0
(1− r)g(1− r)h(r)r dr


and

c := 2

√
L2 max

s∈[0,1]
g(s) sup

r∈(0,1]

h(r)

r

it holds
c ≤ c0 ≤ c
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Existence of a semi-wavefront

Theorem ∀ c > 0, η0 ∈ (0, 1), there exists a semi-wavefront (η, β) defined in
(−∞, 0] such that {

η(−∞) = 0 β(−∞) = 1
η(0) = η0
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Existence of a semi-wavefront

Proof: Define

N :=

{
η ∈ C1(−∞, 0] : η0e

L2ξ
c ≤ η(ξ) ≤ η0e

L1(1−η0)ξ
c , η′(ξ) ≥ 0, ∀ξ ∈ (−∞, 0]

}
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Existence of a semi-wavefront

Proof: Define

N :=

{
η ∈ C1(−∞, 0] : η0e

L2ξ
c ≤ η(ξ) ≤ η0e

L1(1−η0)ξ
c , η′(ξ) ≥ 0, ∀ξ ∈ (−∞, 0]

}
⇒ ∀ η ∈ N, c > 0∃ !β0 ∈ (0, 1) : β′ =

c (1− β − η)

g(η)h(β)
β(0) = β0

has a solution β with β(−∞) = 1
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Existence of a semi-wavefront

Proof: Define

N :=

{
η ∈ C1(−∞, 0] : η0e

L2ξ
c ≤ η(ξ) ≤ η0e

L1(1−η0)ξ
c , η′(ξ) ≥ 0, ∀ξ ∈ (−∞, 0]

}
⇒ ∀ η ∈ N, c > 0∃ !β0 ∈ (0, 1) : β′ =

c (1− β − η)

g(η)h(β)
β(0) = β0

has a solution β with β(−∞) = 1

Define T : N→ C1(−∞, 0] as η 7→ β 7→ η̃, where η̃ is the solution of{
η̃′ =

f (η̃, β)

c
,

η̃(0) = η0.

Fixed point theorem
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Uniqueness of the semi-wavefront

Theorem For every c > 0 there exists at most one (up to shift)
semi-wavefront (η, β) defined in (−∞, 0] with η(−∞) = 0 and β(−∞) = 1

Valentina Taddei Coupled reaction-diffusion equations with degenerate diffusivity



Uniqueness of the semi-wavefront

Proof: Fixed c > 0, η0 ∈ (0, 1) and a corresponding semi-wavefront (η, β)
define

Φ(ξ) =

∫ ξ

0

1
g(η(s))h(β(s))

ds, ξ ∈ (−∞, 0]

⇒ Φ is a diffeomorphism and Φ(−∞) = −∞
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Uniqueness of the semi-wavefront

Proof: Fixed c > 0, η0 ∈ (0, 1) and a corresponding semi-wavefront (η, β)
define

Φ(ξ) =

∫ ξ

0

1
g(η(s))h(β(s))

ds, ξ ∈ (−∞, 0]

⇒ Φ is a diffeomorphism and Φ(−∞) = −∞

Define

p(y) := η
(

Φ−1(y)
)

q(y) := β
(

Φ−1(y)
)

+ η
(

Φ−1(y)
)
− 1
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Uniqueness of the semi-wavefront

Proof: Fixed c > 0, η0 ∈ (0, 1) and a corresponding semi-wavefront (η, β)
define

Φ(ξ) =

∫ ξ

0

1
g(η(s))h(β(s))

ds, ξ ∈ (−∞, 0]

⇒ Φ is a diffeomorphism and Φ(−∞) = −∞

Define

p(y) := η
(

Φ−1(y)
)

q(y) := β
(

Φ−1(y)
)

+ η
(

Φ−1(y)
)
− 1

⇒ (p, q) solves


ṗ(y) =

f (p(y), q(y)− p(y) + 1)g(p(y))h(q(y)− p(y) + 1)

c
,

q̇(y) = −cq(y) +
f (p(y), q(y)− p(y) + 1)g(p(y))h(q(y)− p(y) + 1)

c
p(−∞) = 0, q(−∞) = 0

Center Manifold theorem
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Properties of the extended semi-wavefront

Proposition Denoted

τ := sup{ξ ∈ R : β(ξ) > 0} ∈ R ∪ {+∞}

and

σ := inf{ξ ∈ R : η(ξ) = 1} ∈ R ∪ {+∞}
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Properties of the extended semi-wavefront

Proposition Denoted

τ := sup{ξ ∈ R : β(ξ) > 0} ∈ R ∪ {+∞}

and

σ := inf{ξ ∈ R : η(ξ) = 1} ∈ R ∪ {+∞}

If τ = +∞⇒ η(+∞) = 1, β(+∞) = 0
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Properties of the extended semi-wavefront

Proposition Denoted

τ := sup{ξ ∈ R : β(ξ) > 0} ∈ R ∪ {+∞}

and

σ := inf{ξ ∈ R : η(ξ) = 1} ∈ R ∪ {+∞}

If τ = +∞⇒ η(+∞) = 1, β(+∞) = 0
If τ ∈ R⇒ τ ≥ σ
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Properties of the extended semi-wavefront
Proposition Denoted

τ := sup{ξ ∈ R : β(ξ) > 0} ∈ R ∪ {+∞}

and

σ := inf{ξ ∈ R : η(ξ) = 1} ∈ R ∪ {+∞}

If τ = +∞⇒ η(+∞) = 1, β(+∞) = 0
If τ ∈ R⇒ τ ≥ σ
If τ ∈ R and τ > σ ⇒

σ τ

1

β

η

ξ

1

Valentina Taddei Coupled reaction-diffusion equations with degenerate diffusivity



Extension to a classical wavefront

Theorem There exists ρ∗ > 0 such that, for all c > ρ∗ (η, β) is a classical
wavefront
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Extension to a classical wavefront

Theorem There exists ρ∗ > 0 such that, for all c > ρ∗ (η, β) is a classical
wavefront
Proof: Define

z(β) := g (η (ξ(β))) h(β)β′ (ξ(β)) 0 < β ≤ β0

where ξ = ξ(β) is the inverse function of β
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Extension to a classical wavefront

Theorem There exists ρ∗ > 0 such that, for all c > ρ∗ (η, β) is a classical
wavefront
Proof: Define

z(β) := g (η (ξ(β))) h(β)β′ (ξ(β)) 0 < β ≤ β0

where ξ = ξ(β) is the inverse function of β

⇒ z is a solution of{
ż(β) = −c − f (η(ξ(β)),β)g(η(ξ(β)))h(β)

z(β)
z(0) = 0

Comparison techniques
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Existence, uniqueness and classification of the wavefront

Theorem There exists c0 ∈ R :

if c < c0 there are no wavefronts

if c = c0 there is a unique (up to shifts) wavefront which is sharp at 0

if c > c0 there is a unique (up to shifts) wavefront which is classical

Moreover, denoted

c := max


√

L1Mg

∫ 1

0
g(1− r)h(r)r dr ,

√
2L1Mg

∫ 1

0
(1− r)g(1− r)h(r)r dr


and

c := 2

√
L2 max

s∈[0,1]
g(s) sup

r∈(0,1]

h(r)

r

it holds
c ≤ c0 ≤ c
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Existence, uniqueness and classification of the wavefront

Proof Denote
B(η) := β (ξ(η)) 0 < η < 1

where ξ = ξ(η) is the inverse function of η
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Existence, uniqueness and classification of the wavefront

Proof Denote
B(η) := β (ξ(η)) 0 < η < 1

where ξ = ξ(η) is the inverse function of η

⇒ B is a solution of  Ḃ(η) =
c2 (1− η − B(η))

g(η)h(B(η))f (η,B(η))
B(0) = 1
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Existence, uniqueness and classification of the wavefront

Proof Denote
B(η) := β (ξ(η)) 0 < η < 1

where ξ = ξ(η) is the inverse function of η

⇒ B is a solution of  Ḃ(η) =
c2 (1− η − B(η))

g(η)h(B(η))f (η,B(η))
B(0) = 1

Ad hoc techniques
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Thank you for your attention!
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