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Growth dynamics of the bacterial species Bacillus subtilis on agar plates

LxeR

nt = —f(n, b),
{ br = [g(n)h(b)bx]x + f(n, b)

Model: Bacterial colonies grown on the surface of thin agar plates

n(t, x) : nutrient concentration 0<n <1
b(t, x) : bacterial concentration 0<b <1
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Growth dynamics of the bacterial species Bacillus subtilis on agar plates

n; = —f(n, b),
{ br = [g(mh(b)blx + F(n,b) DX EER

Bacterial colonies grown on the surface of thin agar plates
: nutrient concentration

)
. x) : bacterial concentration
) : reaction term
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Growth dynamics of the bacterial species Bacillus subtilis on agar plates

n = — (n’ b)a
{ bt = [g(n)h(b)bx]x + f(n7 b) t7X © "

Model: Bacterial colonies grown on the surface of thin agar plates

n(t, x) : nutrient concentration

b(t, x) : bacterial concentration

f(n, b) : reaction term

Assumptions
f:[0,1]2 = [0, +o0) of class C'
f(s,r)=0<s=0o0rr=0
30< Ly <Lp: Lysr<f(s,r)<Llposr Y(s,r)€(0,1)?
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Growth dynamics of the bacterial species Bacillus subtilis on agar plates

—f(n, b),
{ b= [g(mh(b)bd« + f(n.b) DX EF
Model: Bacterial colonies grown on the surface of thin agar plates

n(t, x) : nutrient concentration
b(t, x) : bacterial concentration
f(n, b) : reaction term
g(n)h(b) : diffusivity

Assumptions
g, h: [0,1] — [0, 400) of class C'
g(s)=0<s5=0 h(r)y=0<r=0

Mg >0: g(s) > Mgg(s1) Vs>s >0
9(0), h(0) >0
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Growth dynamics of the bacterial species Bacillus subtilis on agar plates

n; = —f(n, b),
{ br = [g(m)h(b)blx + F(n,b) DX EER

Model: Bacterial colonies grown on the surface of thin agar plates

n(t, x) : nutrient concentration
b(t, x) : bacterial concentration
f(n, b) : reaction term

g(n)h(b) : diffusivity

Remark Null diffusivity of the nutrient: modelling the case of the so called
hard agar
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Non degenerate systems with positive nutrient diffusion

Example 1 Berestycki-Nicolaenko-Scheurer 1985, Marion 1985

{ —n" +cn' =f(n)s
=A8" +cp = —f(n)B
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Non degenerate systems with positive nutrient diffusion

Example 1 Berestycki-Nicolaenko-Scheurer 1985, Marion 1985

{ —n"+cn' =f(n)s
-A8" +cp' = —f(n)B

Assumptions

f: 0,112 — [0, +o0) of class C'
f=0in[0,0)and f >0in(f,1]orf(s)=0<s=0
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Non degenerate systems with positive nutrient diffusion

Example 1 Berestycki-Nicolaenko-Scheurer 1985, Marion 1985

{ —n" +cn' =f(n)B
=A8" +cp =—f(n)B

Assumptions
f: [0,1]2 = [0, +o0) of class C'
f=0in[0,0)and f >0in(,1]orf(s)=0<s=0
» Existence for c sufficiently big
» For )\ € (0,1) : Existence of a threeshold speed and uniqueness
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Non degenerate systems with null nutrient diffusion

Example 2 Logak-Loubeau 1996, Logak 1997

{ —n" +cn' =f(n)B
cf = —f(n)B
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Non degenerate systems with null nutrient diffusion

Example 2 Logak-Loubeau 1996, Logak 1997
{ - +cn' = f(n)s
cp' = —f(n)B
Assumptions

f: 0,112 — [0, +o0) of class C'
f=0in[0,0)and f >0in(f,1]orf(s)=0<s=0
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Non degenerate systems with null nutrient diffusion

Example 2 Logak-Loubeau 1996, Logak 1997

{ —n" +cn' = f(n)B
¢’ = —f(n)B

Assumptions
f: [0,1]2 = [0, +o0) of class C'
f=0in[0,0)and f >0in (A, 1]orf(s)=0<s=0

» Existence, uniqueness and existence of a threeshold speed
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Non degenerate systems with positive nutrient diffusion

Example 5 Ai-Huang 2007

ny = dnx — f(n, b)
bt = bxx + f(n, b)
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Non degenerate systems with positive nutrient diffusion

Example 5 Ai-Huang 2007

ny = dnxx — f(n, b)
bt = bxx + f(n, b)

Assumptions
f: [0,1]% = [0, +o0) of class C'
f(s,r)=0<s=0o0rr=0
f,(1,0) =1(0,1)=0
+ additional technical condition
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Non degenerate systems with positive nutrient diffusion

Example 5 Ai-Huang 2007

ny = dnxx — f(n, b)
bt = b + f(n, b)

Assumptions
f: [0,1]% = [0, +o0) of class C'
f(s,r)=0<s=0o0rr=0
f,(1,0) =1£(0,1)=0
+ additional technical condition
» Existence and uniqueness for c sufficiently big

» For d € (0,1) : Existence of a threeshold speed
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Example 3

Garduno-Maini 1995

ur = [D(u)ux]x + f(u)

«0O0>» «F)» « > A

v




Degenerate equations

Example 3 Garduno-Maini 1995
ur = [D(u)ux]x + f(u)

Assumptions
D, f:[0,1] — [0, +o0) of class C?
D(s)=0&s=0
D(0) =0,D(0) >0
f(0) > 0,f(1) <0
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Degenerate equations

Example 3 Garduno-Maini 1995
ur = [D(u)ux]x + f(u)

Assumptions
D, f:[0,1] — [0, +00) of class C?
D(s)=0<s=0
_D(O) = 0,_D(0) >0
f(0)>0,f(1) <0
» Existence, uniqueness and existence of a threeshold speed
» Sharp solution for the threeshold speed
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Example 4

Malaguti-Marcelli 2003

ur = [D(u)ux]x + f(u)

«O>» «Fr « =» 12N Ge

v




Degenerate equations

Example 4 Malaguti-Marcelli 2003
ur = [D(u)ux]x + f(u)

Assumptions
D: [0,1] — [0, 4+o0) of class C'
D(s)=0<s=0
f:[0,1] — [0, 4+o00) continuous
f(s)=0<s=0o0rs=1
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Degenerate equations

Example 4 Malaguti-Marcelli 2003
ur = [D(u)ux]x + f(u)

Assumptions
D: [0,1] — [0, 4+0) of class C'
D(s)=0<s=0
f:[0,1] — [0, +oc0) continuous
f(s)=0<s=0o0rs=1
» Existence, uniqueness and existence of a threeshold speed
» Sharp solution for the threeshold speed
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Degenerate systems with null nutrient diffusion

Example 6 Satnoianu-Maini-Garduno-Armitage 2001
ng=—nb
{ b = [nbbyx+nb LBXER
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Degenerate systems with null nutrient diffusion

Example 6 Satnoianu-Maini-Garduno-Armitage 2001
ni=—nb
{ b= [nbbyx+nb LBXER

» Existence, uniqueness and existence of a threeshold speed
» Sharp solution for the threeshold speed
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Degenerate systems with positive nutrient diffusion

Example 7 Feng-Zhou 2007

{ N = N — nb'

by = [DPbby)s + b X ER
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Degenerate systems with positive nutrient diffusion

Example 7 Feng-Zhou 2007
Nt = Ny — nb’
{ b = [DrPbbyly + b DX EE
Assumptions
p=>0,/,g>1

Valentina Taddei Coupled reaction-diffusion equations with degenerate diffusivity



Degenerate systems with positive nutrient diffusion

Example 7 Feng-Zhou 2007

{ N = N — nb/

be = [DPbbyy + b DX ER

Assumptions
p>0,/,qg>1

» Existence, uniqueness and existence of a threeshold speed
» Sharp solution for the threeshold speed
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Degenerate systems with positive nutrient diffusion

Example 8 Bao-Gao 2017

{ N = Dpne — n9b/'

b = [Do(1 — b)Pbby +nop DX ER
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Degenerate systems with positive nutrient diffusion

Example 8 Bao-Gao 2017
n = Dnny — nqb/
{ by = [Dp(1 — b)nPbby]x + nb’ LxeR
Assumptions
p>0,1,g>1
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Degenerate systems with positive nutrient diffusion

Example 8 Bao-Gao 2017

{ N = Dpne — n9b'

be = [Do(1 — b)PbbyJy +nop DX ER

Assumptions
p>0,/,qg>1

» Existence, uniqueness and existence of a threeshold speed
» Sharp solution for the threeshold speed
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Degenerate systems with null nutrient diffusion

Example 9 Colson-Garduno-Byrne-Maini-Lorenzi 2021
ny = —knb
bi = [(1 — n)bx]x + (1 — b)b
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Degenerate systems with null nutrient diffusion

Example 9 Colson-Garduno-Byrne-Maini-Lorenzi 2021
nt = —knb
br=[(1—nbx]x+ (1 —b)b
Assumptions
k>0
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Degenerate systems with null nutrient diffusion

Example 9 Colson-Garduno-Byrne-Maini-Lorenzi 2021
ng = —knb
b =[(1 — n)bx]x + (1 = b)b
Assumptions
k>0

» Existence and uniqueness for every ¢ > 0
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Degenerate systems with null nutrient diffusion

Example 10 Galley-Mascia 2022

ng=n(1—n—db)
{ b: =[(1 — n)bx]x + rb(1 — b)
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Degenerate systems with null nutrient diffusion

Example 10 Galley-Mascia 2022

ny=n(1—n—db)
{ b = [(1 — n)bx]x + rb(1 — b)

Assumptions
d,r>0
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Degenerate systems with null nutrient diffusion

Example 10 Galley-Mascia 2022
ny=n(1—n—db)
bi = [(1 — n)bx]x + rb(1 — b)
Assumptions
d,r>0

» For d € (0, 1) : Existence and uniqueness for every ¢ > 0
» For d > 1: Non-existence
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Traveling waves solutions

¢ € R : wave speed

n(&) = n(x — ct) = n(x, t) B(&) = B(x —ct) = b(x,t): wave profiles

cn' —f(n,8) =0
{ (9(mh(B)B') +cB' +f(n,B)=0 $ER
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Traveling waves solutions

¢ € R : wave speed

n(&) = n(x —ct) = n(x, t) B(&) = B(x —ct) = b(x,t): wave profiles

cn' —f(n,8)=0
{ (g(mh(B)B") +cp' + f(n,8) =0 CER

n of class C' classical solution
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Traveling waves solutions

¢ € R : wave speed

n(&) = n(x — ct) = n(x, t) B(&) = B(x —ct) = b(x,t): wave profiles

cn' —f(n,B) =0
{ (g(m)h(B)B") +cB' + f(n,8) =0 CER

3 continuous and differentiable a.e., weak solution
h(B)B’ € Lips(R)

| ((@enh(3)8(©) +03() v/(9) — Fn(6). AE)w(©)) de = 0

vy € Co°(R)
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Boundary conditions

We look for travelling waves connecting natural steady states, i.e. satisfying
the boundary conditions

{(ro) =0 s
n(+o00) =1 B(+00) =0
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Classical and sharp traveling waves

Proposition If (, 3) is a traveling wave satisfying the boundary conditions
and J = {¢€ € R: (&) = 0} then

amh(B)B +cB8+cn—c=0 inR\J
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Only two cases can occur:

’ J =0 = (n,B) classical

«a0)>» «F»r « =) Q>

v




Classical and sharp traveling waves

Only two cases can occur:

J =0 = (n,B) classical

J#0 = (n,B) sharp at 0 : 3¢& € R : B(&) = 0,8 is classical on
R\{&¢}, 8 is not differentiable at &
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Proposition Denoted

7:=sup{ € R: B(§) > 0} e RU {400}
n'(€) >0,5(€) <0 VE<r

=] =

Coupled reaction-diffusion equations with degenerate diffusivity
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Proposition Denoted

7:=sup{ € R: B(§) >0} e RU {400}

n'(€)>0,8(§) <0 VE<T
B(g) =0, 77(5) = 11V§ >T

=] =

Coupled reaction-diffusion equations with degenerate diffusivity

12N Ge



Properties of the solutions

Proposition Denoted

T:=sup{€ € R: B(§) > 0} € RU {400}

n(€)>0,6() <0 VE<T
B(E)=0,nE)=1,VE>T
n'(r)=0
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Properties of the solutions

Proposition Denoted

T:=sup{€ € R: B(§) >0} € RU {+o0}

n'(€)>0,8(¢) <0 VE<T
BE)=0,n(§)=1,VE>7
n'(r)=0

if 7 =+00=f'(+00)=0
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Properties of the solutions

Proposition Denoted

7:=sup{ € R: B(§) >0} e RU {400}

n'(€) >0,6(§) <0 VE<T
B(E)=0,n()=1,VE>T
n'(r)=0

if r = 400 = B/'(+00) =0

ifreR=p'(r)=0 or B(r)= —m
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Traveling wave (7, 8) with non-constant monotone profiles functions

i
v
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Wavefronts

If 7 = 400, then (1, B) is a classical wavefront

7 g
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If 7 = 400, then (n, B) is a classical wavefront

If 7 € Rand §'(7) = 0 = (n, B) is a classical wavefront

«O>» «Fr « =» 12N Ge

v




Wavefronts

If 7 = +o0, then (n, B) is a classical wavefront
If 7 € Rand 3'(r) = 0 = (n, 8) is a classical wavefront
If - € Rand p'(t) = —¢/9(1)h(0) = (n, B) is a sharp wavefront at 0
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Existence, uniqueness and classification of the wavefront

Theorem There exists ¢ € R :
@ if ¢ < ¢ there are no wavefronts
@ if ¢ = ¢ there is a unique (up to shifts) wavefront which is sharp at 0
@ if ¢ > ¢ there is a unique (up to shifts) wavefront which is classical
Moreover, denoted

Cc:= max{\/L1 M, /‘ g(1 — r)h(r)rdr, \/ZL1 M, /‘(1 - nNg(1 - r)h(r)rdr}

and

c:= 2\/L2 max g(s) sup h(r)

s€(0,1] reo,1 T

it holds

[9}
IN
&
IN
ol

Valentina Taddei Coupled reaction-diffusion equations with degenerate diffusivity



Existence of a semi-wavefront

Theorem V¢ > 0,7 € (0, 1), there exists a semi-wavefront (7, 3) defined in
(—o00, 0] such that

{ n(—00) =0 B(~00) =1
n(0) = no
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Proof: Define

€ Li(1—ng)¢
N = {17 € C'(—00,0]: e ¢ <n(&) < noe%Ly n'(€) >0, V¢ e (—0070]}

Coupled reaction-diffusion equations with degenerate diffusivity

[m]

=)
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Existence of a semi-wavefront

Proof: Define

Ly(1—=mg)€&

N = {17 € C'(—o0,0]: 7706LZTE <n€)<me < ,n(§=0,Ve (_00»0]}

= VnpeN,c>0316, €(0,1):

{ ﬂ,: 0(1 —5—77)
9(n)h(B)
B(0) = Bo

has a solution g with 3(—o0) = 1
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Existence of a semi-wavefront

Proof: Define
1 Lpe Ll-me
Ni=qn€ C(-00,0]: pe e <n(§) <me < ,n(§)=>0,V{e (—o0,0]

= VneN,c>0316 €(0,1):

{ B/: 0(1 —5—77)
9(n)h(B)
B(0) = So

has a solution /3 with 5(—o0) = 1

Define 7: 9 — C'(—o0,0] as n — (3 — 7}, where 7j is the solution of
{ 7 = f(7, 8)

c
7i(0) = no-

Fixed point theorem

I

Valentina Taddei Coupled reaction-diffusion equations with degenerate diffusivity



Uniqueness of the semi-wavefront

Theorem For every ¢ > 0 there exists at most one (up to shift)
semi-wavefront (n, 8) defined in (—oo, 0] with n(—o00) = 0 and 3(—o0) = 1
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Uniqueness of the semi-wavefront

Proof: Fixed ¢ > 0,7, € (0, 1) and a corresponding semi-wavefront (7, 3)
define

°0 =], gy ® <0

= ¢ is a diffeomorphism and ®(—o0) = —oc0

Valentina Taddei Coupled reaction-diffusion equations with degenerate diffusivity



Uniqueness of the semi-wavefront

Proof: Fixed ¢ > 0,7, € (0, 1) and a corresponding semi-wavefront (7, 3)
define

“’“)*/o gENAEGE) = ¢ € ool

= ¢ is a diffeomorphism and ®(—o0) = —oc0

Define

pw):=n (7)) qw)=8(o7' W) +n (o) ~1
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Uniqueness of the semi-wavefront

Proof: Fixed ¢ > 0,7, € (0, 1) and a corresponding semi-wavefront (7, 3)
define

"’“)*/o aENAEGE) = ¢ € o)

= @ is a diffeomorphism and ®(—o0) = —oco
Define

pW):=n(07') ) =8(o7' W) +n (o) -1
= (p, g) solves

flp(y), a(y) — p(y) + Na(p(y))h(q(y) — p(y) + 1)

(p(y), a(y) — %(y) + 1)g(p(y)h(qly) — p(y) +1)
(o]

f
=—cq(y) +
p(=o0) =0, g(-o0) =0

Center Manifold theorem
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Properties of the extended semi-wavefront

Proposition Denoted
T:=sup{€ € R: B(§) > 0} € RU {400}
and

o:=inf{é eR: n(¢) =1} e RU {+oo}

Valentina Taddei Coupled reaction-diffusion equations with degenerate diffusivity



Properties of the extended semi-wavefront

Proposition Denoted
7 :=sup{€ € R: B(§) > 0} e RU {+o0}
and

o:=inf{eR: ) =1} e RU {+oo}

If 7 = 400 = n(+o0) =1,8(+x) =0
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Properties of the extended semi-wavefront

Proposition Denoted

7= sup{¢ € R: B(€) > 0} € RU {40}
and

o:=inf{¢ e R: n(¢) =1} € RU {+o0}

If 7 = 400 = n(+o0) =1,8(+c0) =0
freR=>717>0
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Properties of the extended semi-wavefront

Proposition Denoted

T :=sup{€ € R: B(§) > 0} € RU {400}
and

o:=inf{é eR: n(¢) =1} e RU {+oo}
If 7 =400 = n(+00) =1,8(4+00) =0

freR=7>0
freRand T >0 =

/ B
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Extension to a classical wavefront

Theorem There exists p. > 0 such that, for all ¢ > p. (n, 8) is a classical
wavefront
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Extension to a classical wavefront

Theorem There exists p. > 0 such that, for all ¢ > p. (n, 3) is a classical
wavefront
Proof: Define

2(8) =g (&(B)) h(B)B' (£(B)) 0 < B < fBo

where ¢ = £() is the inverse function of 8
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Extension to a classical wavefront

Theorem There exists p. > 0 such that, for all ¢ > p. (1, 8) is a classical
wavefront
Proof: Define

2(B) =g (n(£(8)) h(B)B (£(B)) 0 < B <ho

where & = £() is the inverse function of 3

= zis a solution of

. fi s hi
2(8) = —c— (n(&(B)) ﬁi@(zg)z(i(ﬁ))) (8)
2(0)=0

Comparison techniques
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Existence, uniqueness and classification of the wavefront

Theorem There exists ¢ € R :
@ if ¢ < ¢y there are no wavefronts
@ if ¢ = ¢ there is a unique (up to shifts) wavefront which is sharp at 0
@ if ¢ > ¢ there is a unique (up to shifts) wavefront which is classical
Moreover, denoted

c:= max{\/L1Mg /1 g(1 —r)h(r)rdr, \/2L1 My /1(1 —ng(1 — r)h(r)rdr}

and

ol

h(r)
:=2,/L> max g(s) sup —*
\/ 256[0,1]g( )re(o?ﬂ r

it holds

[+}
IN
&
IN
ol
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Existence, uniqueness and classification of the wavefront

Proof Denote
B(n) :=B((n) 0<n<1
where ¢ = £(n) is the inverse function of 5
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Existence, uniqueness and classification of the wavefront

Proof Denote
B(n) :==6(&(n) 0<n<At

where ¢ = £(n) is the inverse function of 5

= B is a solution of

= g(n)h(B(n))f(n, B(n))

5(77) 02(1 /e B(n))
B(0) = 1
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Existence, uniqueness and classification of the wavefront

Proof Denote
B(n):=B(&(m) 0<n<1
where £ = £(n) is the inverse function of n

= B is a solution of

~ g()h(B())(n, B(n))

B() (1 —n—B(n))
B(0) = 1

Ad hoc techniques
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Thank you for your attention!
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