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Alzheimer’s Disease

• a progressive, neuro-degenerative brain disorder which 

destroys memory and cognitive skills.

• the most debilitating form of dementia in older people

• currently no cure is available

https://www.everydayhealth.com/alzheimers-disease/progression-mild-moderate-severe-stages/



Cause?  Amyloid-β Cascade 

Hypothesis

• the cause of Alzheimer’s is still mostly unknown, 

but it is associated with the presence of abnormal 

proteins in the brain: misfolded amyloid-beta 

(Aβ) proteins  

• amyloid-β  (Aβ) is a peptide, typically 40–42 amino acids long, which 

plays a normal and healthy role in synaptic regulation

• misfolded Aβ proteins accumulate into toxic oligomers and form 

plaques which damage neurons; they also induce other Aβ molecules 

to become misfolded leading to a chain reaction

• the amyloid cascade hypothesis states that the buildup of misfolded 

Aβ-plaques in the brain is the trigger for the cognitive decline in 

Alzheimer’s disease.



A complicated biochemical process which progresses from

•        the initial combinations of monomeres through 

•        an intermediate stage of forming proto-oligomeres         

(generally small and transient, chemically unstable 

components) to  

•         the formation of structurally stable oligomeres (generally,      

units of from 30 to 50 monomeres), 

• Mechanisms of this process:

 

• polymerization (small molecules-monomers-link up)

• depolymerization (breaking down bigger units releasing 

 monomers)

• concatenation (combinations of larger chains) 

• fragmentation (break-up of larger chains into smaller 

 ones) 

Folding of Amyloid-β Proteins



• All models are wrong but some are useful

George Box, statistician 

• Models should be as simple as possible 

but not simpler than that.

Albert Einstein 

Mathematical Models
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Our Modeling Approach

4 state variables   

 𝒙 - Concentration of Aβ-monomers

 𝒚    - Concentration of aggregated proto-oligomers

 𝒛    - Concentration of oligomers

 𝑰    - Pro-inflammatory cytokines/interleukins 

  (also: net-effect between pro-inflammatory and 

  anti-inflammatory actions of these interleukins)



Schematic Representation of the Mathematical Model



Our Model

ሶ𝑥 = 𝛼𝐼 − 𝑟1𝑥2 − 𝑟2𝑥𝑦 + 𝜈𝑠𝑦 − 𝑑𝑥

ሶ𝑦 = 𝑟1𝑥2 + 1 − 𝜆 𝑟2𝑥𝑦 − 𝑠𝑦

ሶ𝑧 = 𝜆𝑟2𝑥𝑦 + 1 − 𝜈 𝑠𝑦 − 𝛿𝑧

ሶ𝐼 = 𝛽𝑧 − 𝜏𝐼



𝑥 - dynamics

ሶ𝑥 = 𝛼𝐼 − 𝑟1𝑥2 − 𝑟2𝑥𝑦 + 𝜈𝑠𝑦 − 𝑑𝑥

𝒙 - Concentration of Aβ-monomers

• 𝛼𝐼 : stimulation of free monomers by (all kind of) proinflammatory

 cytokines; may also be considered the net effect between 

pro-inflammatory and anti-inflammatory actions of these 

interleukins (and other agents)

•  𝑥2 and 𝑥𝑦 are standard interaction terms with 𝑥2 representing the 

polymerization of two monomeres to initiate a new chain of 

proto-oligomers and 𝑥𝑦 representing the polymerization 

of a monomer with an existing proto-oligomer

• 𝜈𝑠𝑦 : the inflow of monomers by depolymerization, 𝜈 small

• 𝑑𝑥 : standard degradation term



𝑦 - dynamics
𝒚 - Concentration of aggregated 

  proto-oligomeres

• 𝑟1𝑥2: inflow through polymerization of free monomers

• 1 − 𝜆 𝑟2𝑥𝑦 : the combination of a free monomer with a proto-

 oligomer, 

             the factor 1 − 𝜆  represents the fraction of these 

polymerizations which remain proto-oligomers, 𝜆 small

• 𝑠𝑦 : loss in the concentration of proto-oligomers through 

depolymerization of monomers or formation of oligomers

ሶ𝑦 = 𝑟1𝑥2 + 1 − 𝜆 𝑟2𝑥𝑦 − 𝑠𝑦



𝑧 - dynamics

𝒛 - Concentration of oligomeres

• 𝜆𝑟2𝑥𝑦 : the proportion of combinations of a free monomer with a 

proto-oligomer which form a now structurally stable oligomer

• 1 − 𝜈 𝑠𝑦 : the proportion of outflow of proto-oligomers which turn 

into stable oligomers

• 𝛿𝑧 : standard degradation term; 

ሶ𝑧 = 𝜆𝑟2𝑥𝑦 + 1 − 𝜈 𝑠𝑦 − 𝛿𝑧



𝐼 - dynamics
𝑰 - Pro-inflammatory cytokines/interleukins 

(net-effect net effect between 

 pro-inflammatory and anti-inflammatory

 actions of these interleukins)

𝛽𝑧 : stimulation of proinflammatory cytokines by oligomers

 more precisely: oligomers interact with microglial cells and in 

their combination they cause an inflammatory reaction which 

leads to the release of these cytokines; as in the other papers

we have assumed that the microglia are close to equilibrium or 

capacity and their role has been subsumed in the parameter 𝛽

• 𝜏𝐼 : standard degradation term; 

ሶ𝐼 = 𝛽𝑧 − 𝜏𝐼



Now some mathematics!



Positive Invariance

• the origin is an equilibrium point 

• the dynamics points inward at all other boundary strata

• for example, for some 2-dimensional boundary strata we have that

• solutions exist for all times 𝑡 ≥ 0

or at a 1-dimensional stratum



• this quantity plays a central role for the dynamics

𝜂 = 𝛼𝛽 − 𝛿𝜏

𝜂 is the difference between the products of

• the stimulating parameters 𝛼 and β 

• and the inhibiting parameters τ and 𝛿



trivial equilibrium point: 0,0,0,0  

has eigenvalues  −𝑑, −𝑠, −𝛿, and −𝜏 and is 

always locally asymptotically stable

for 𝜂 = 𝛼𝛽 − 𝛿𝜏 > 0 there exists a second 

equilibrium point which has all positive coordinates:

 

positive equilibrium point: (𝑥∗ 𝜂 , 𝑦∗ 𝜂 , 𝑧∗ 𝜂 , 𝐼∗ 𝜂 ) 

Equilibrium Points



Proof.   LaSalle’s invariance principle

For   𝑉 = 𝑥 + 𝑦 + 𝑧 +
𝛼

𝜏
𝐼  we have that

ሶ𝑉 = −𝑑𝑥 +
𝜂

𝜏
𝐼 ≤ 0   for all   𝑥, 𝑦, 𝑧, 𝐼 ∈ 𝒪

For any solution 𝜒(𝑡) of the dynamics, it follows that

lim
𝑡→∞

𝑑𝑖𝑠𝑡 𝜒 𝑡 , 𝑀 = 0

where 𝑀 is the largest invariant subset of { 𝑥, 𝑦, 𝑧, 𝐼 ∈ 𝒪: ሶ𝑉 = 0}

the set  𝑀 consists of only the trivial equilibrium point

PROPOSITION: for 𝜂 ≤ 0 every trajectory starting in 𝒪 converges to the 

trivial equilibrium point as 𝑡 → ∞ 

Global Stability of the Trivial Equilibrium for 𝜂 ≤ 0

The lower level sets Ω𝑐 = {(𝑥, 𝑦, 𝑧, 𝐼) ∈ 𝒪: 𝑉 ≤ 𝑐} are compact and  

positively invariant



𝜂 > 0:  Positive Equilibrium (𝑥∗ 𝜂 , 𝑦∗ 𝜂 , 𝑧∗ 𝜂 , 𝐼∗ 𝜂 ) 

the second branch has negative 𝑥∗-values and is irrelevant 

for our problem

The value 𝑥∗ = 𝑥∗(𝜂) is the positive solution to the quadratic 

equation

which we rewrite in the form  



The remaining coordinates of the positive equilibrium point 

are determined by the following equations:



Asymptotic Behavior for 𝜂 → 0 +

finite limit

pole of order 1

 bifurcation at 

infinity



THEOREM Regardless of the values of the parameters, for 𝜂 > 0 the 

positive equilibrium point (𝑥∗ 𝜂 , 𝑦∗ 𝜂 , 𝑧∗ 𝜂 , 𝐼∗ 𝜂 ) is hyperbolic with 

one unstable (i.e., positive real) eigenvalue and three stable (i.e., with 

negative real parts) eigenvalues 

For 𝜂 > 0 Stability of the Positive Equilibrium Point

Outline of the proof: all states are evaluated at equilibrium point

Characteristic polynomial:



• it follows that there is always at least one positive and one 

negative real eigenvalue

• it is not difficult to see that 𝑎2 and 𝑎3 are always positive 

• By Descartes’s sign rule there exists exactly one positive 

real eigenvalue, but we do not know anything about the 

complex eigenvalues 

Proof: Step 1

(!)

• a lengthy calculation shows that the determinant is 

always negative

𝒂𝟎 = −𝜼{ sum of positive terms } < 0



Proof: Step 2for 𝜂 > 0 small the remaining two 

eigenvalues are complex conjugate with 

negative real part

the matrix 𝐴−1 has one negative 

eigenvalue, −𝜌, and a triple 

eigenvalue at 0

𝜌 =
𝛿𝜏𝑑

1 − 𝜈(1 − 𝜆)

𝑦 =
𝜌

𝑟2𝜂
+ 𝑦0 + 𝑜(𝜂)

𝐴 = 𝐴 𝜂 = 𝐴−1 ∙
1

𝜂
+ 𝐴0 + 𝑜(𝜂)



We have    𝑎3 = −𝑡𝑟(𝐴)= −𝜇1 𝜂 − 𝜇2(𝜂) −𝜇3 𝜂 − 𝜇4(𝜂)

negative positive eigenvalue

Now we need to evaluate the negative eigenvalue od A



Ƹ𝜇1
′ 0 = −2

𝑟1

𝑟2

𝑠

1 − 𝜆
− 𝑟2𝑦0 − 𝑑 + 1 − 𝜈 1 − 𝜆 𝑠

The negative eigenvalue  ෞ𝜇1 𝜂  is simple and thus depends analytically 

on 𝜂. Computing its derivative at 𝜂 = 0 we get that

Reverting to the original matrix and eigenvalues, using 𝜇2 𝜂 > 0,  

and the formula for 𝑎3 we get for the case of complex conjugate 

eigenvalues that

Let መ𝐴 = 𝜂𝐴 and ෞ𝜇1 = 𝜂𝜇1 

2 ℜ𝔢 𝜇3 𝜂 < − 𝜏 + 𝛿 − 1 − 𝜈 1 − 𝜆 𝑠 + 𝑜 𝜂 < 0



• a short calculation verifies that 𝑎2𝑎3 > 𝑎1  

Proof: Step 3There are no Hopf-bifurcations

• If there is a Hopf-bifurcation (a pair of purely imaginary eigenvalues) , 

then the characteristic polynomial has the following form:

• for the coefficients of the characteristic polynomial this implies that 



Manifolds Of Hyperbolic Equilibrium 

• Stable manifold of the positive equilibrium point

Based on Hartman-Grobman theorem there exists a homeomorphism 

between the phaseportait of the nonlinear system near the hyperbolic 

equilibirum point and its linearization

• Unstable manifold of the positive equilibrium point



Qualitative Representation

Red-Green  

unstable 

manifold 𝑊𝑢(𝜒∗)



Good and Bad Regions 

• GOOD: Region of attraction of the trivial equilibrium point

• BAD: Region of divergence



Numerical Examples



Numerical Examples

Initial condition in Good 

region

Initial condition in Bad 

region

𝜂 = 0.03 𝜂 = 0.03

𝜂 = 0.1𝜂 = 0.1



Behavior of the States: Case 1

Proof. for example, the existence of the limit for 𝑦 follows from 

ሶ𝑦 = 𝑎 𝑡 𝑦 + 𝑏(𝑡)

𝑎 𝑡 = 1 − 𝜆 𝑟2𝑥 𝑡 − 𝑠 → 1 − 𝜆 𝑟2𝜉 − 𝑠 < 0

𝑏 𝑡 = 𝑟1𝑥2 𝑡 → 𝑟1𝜉2

THEOREM   Given an initial condition 𝜒0 = (𝑥0, 𝑦0, 𝑧0, 𝐼0) suppose 

that

lim
𝑡→∞

𝑥 𝑡 = 𝜉 <
𝑠

(1 − 𝜆)𝑟2

Then also the states (𝑦, 𝑧, 𝐼) have a limit as 𝑡 → ∞ and the limit is an 

equilibrium point. In particular 

𝒢 = {𝜒0: lim
𝑡→∞

𝑥 𝑡 = 0}



Behavior of the States: Case 2

THEOREM   Given an initial condition 𝜒0 = (𝑥0, 𝑦0, 𝑧0, 𝐼0) suppose 

that

lim
𝑡→∞

𝑥 𝑡 = 𝜉 >
𝑠

(1−𝜆)𝑟2
    and   0׬

∞
𝑥 𝑡 − 𝜉 𝑑𝑡 < ∞

Let 𝜁 = 1 − 𝜆 𝑟2𝜉 > 0. Then there exist positive constants 𝑐1, 𝑐2, 𝑐3,
so that the states (𝑦, 𝑧, 𝐼) are asymptotic to 𝑐𝑖𝑒𝜁𝑡 as 𝑡 → ∞:

𝑦 ~ 𝑐1𝑒𝜁𝑡  𝑧 ~𝑐2𝑒𝜁𝑡  𝐼 ~𝑐3𝑒𝜁𝑡

Furthermore, 𝜁 is the unique positive root of the polynomial

𝑃 𝜁 = 𝛼𝛽 𝜆𝜁 + 1 − 𝜈 + 𝜆𝜈 𝑠

                                     − 𝜁 + 1 − 𝜈 + 𝜆𝜈 𝑠)(𝜁 + 𝜏)(𝜁 + 𝛿



Outline of Proof

𝑦(𝑡)~𝑐1𝑒𝜁𝑡 ⟺ lim
𝑡→∞

𝑦 𝑡 𝑒−𝜁𝑡 = 𝑐1   

Defining 𝜓 𝑡 = 𝑦 𝑡 𝑒−𝜁𝑡 and 𝜃(𝑡) = (1 − 𝜆)𝑟2 𝑥 𝑡 − 𝜉  it holds that

ሶ𝜓 𝑡 = 𝑟1𝑥(𝑡)2 𝑒−𝜁𝑡 + 𝜃(𝑡)𝜓(𝑡)   

The result for 𝑦 then follows from the representation

and analogously for 𝑧 and 𝐼 



Solutions from Initial Conditions in 𝒢 near Stability Boundary



Computation of the Stability Boundary

• basic procedure: compute solutions of the dynamics while fixing two 

of the variables at their equilibrium value and then determine the 

initial conditions for the remaining two variables when the limits flip 

from 0 to ∞. This gives us 1-dimensional slices through the stable 

manifold 𝑊𝑠(𝑥∗)



Solutions from Initial Conditions near Stability Boundary

Purple: initial condition in 

Good region

Red: initial condition in 

Bad region



ሶ𝑥 = 𝜶𝐼 − 𝑟1𝑥2 − 𝑟2𝑥𝑦 + 𝜈𝑠𝑦 − 𝑑𝑥

ሶ𝑦 = 𝑟1𝑥2 + 1 − 𝜆 𝑟2𝑥𝑦 − 𝑠𝑦

ሶ𝑧 = 𝜆𝑟2𝑥𝑦 + 1 − 𝜈 𝑠𝑦 − 𝜹𝑧

ሶ𝐼 = 𝜷𝑧 − 𝝉𝐼

Towards Optimal Control

What are possible controls 

(therapeutic interventions 

in the model? 

𝜼 = 𝜶𝜷 − 𝜹𝝉



Interpretations and Medical 

Connections

• Treatments reducing pro-inflammatory cytokines (TNF-α 

inhibitors) mathematically correspond to a reduction of either 𝜶 or 

𝜷 

• Treatments which up-regulate anti inflammatory cytokines such 

as TGF-β1 (e.g., through anti-depressants, lithium, statins or 

even just aspirin).

      Mathematically to an increase in the effective degradation rate 

𝝉 of 𝑰

•  Treatment which target and clear amyloid plaques by removing 

oligomers bound in it (early-onset Alzheimer’s). Donanemab and 

lecanemab are two recently approved drugs for it.  

      Mathematically correspond to an increase in 𝜹 



Towards Optimal Control: Objective

Let 𝜒 = 𝑥, 𝑦, 𝑧, 𝐼 𝑇and define the objective as

𝐽 𝑢 = 𝑐, 𝜒(𝑇) + න
0

𝑇

𝑎, 𝜒(𝑡) + ෍

𝑖

𝑏𝑖𝒖𝒊 𝒕 𝑑𝑡

total weighted dosages 

given as penalty terms 

measuring side-effects 

weighted average 

of the states at the 

terminal time 𝑇

weighted average 

of the states during 

the therapy horizon

• The controls 𝑢 enter linearly (as an 𝐿1-term), not quadratic (as 

an 𝐿2-term), since only such a term has pharmacological meaning 

and represents side effects

• Various control options: single-input and multi-input problems



Conclusions, open questions, further work

• Theoretical analysis gave a structure of the phase portrait 

independent of the parameter values

• Still open questions: Existence of periodic orbits? When does 

the limit of the x-coordinates exist?

• The relevance of the quantity 𝜼 = 𝜶𝜷 − 𝜹𝝉 

    biological interpretation and connection with existing   

treatments

• Further study of the model  parameters as treatment modalities

• Optimal control point of view: search for most effective 

combination therapies



Thank you for your attention  
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   A ^ = 𝜂 A


     𝜇 1 ^ = 𝜂  𝜇 1


  2   ℜ 𝔢  (  𝜇 3  ( 𝜂 ) ) < −  ( 𝜏 + 𝛿 ) −  ( 1 − 𝜈  ( 1 − 𝜆 ) ) s + o  ( 𝜂 ) < 0


   a 2  a 3 >  a 1


   W u (  𝜒 ∗ )


  𝜂 = 0 . 03


  𝜂 = 0 . 03


  𝜂 = 0 . 1


  𝜂 = 0 . 1


  y


   y . = a  ( t ) y + b ( t )


  a  ( t ) =  ( 1 − 𝜆 )  r 2 x  ( t ) − s →  ( 1 − 𝜆 )  r 2 𝜉 − s < 0


  b  ( t ) =  r 1  x 2  ( t ) →  r 1  𝜉 2


   𝜒 0 = (  x 0 ,


   y 0 ,  z 0 ,  I 0 )


     lim  t → ∞ ⁡  x  ( t ) = 𝜉 <  s  ( 1 − 𝜆 )  r 2


  ( y , z , I )


  t → ∞


  𝒢 = {  𝜒 0 :


     lim  t → ∞ ⁡  x  ( t ) = 0 }


   𝜒 0 = (  x 0 ,


   y 0 ,  z 0 ,  I 0 )


     lim  t → ∞ ⁡  x  ( t ) = 𝜉 >  s  ( 1 − 𝜆 )  r 2


    ∫ 0 ∞   ( x  ( t ) − 𝜉 ) d t < ∞


  𝜁 =  ( 1 − 𝜆 )  r 2 𝜉 > 0


   c 1 ,  c 2 ,  c 3 ,


  ( y , z , I )


   c i  e  𝜁 t


  t → ∞


  y   ~     c 1  e  𝜁 t                 z   ~  c 2  e  𝜁 t             I   ~  c 3  e  𝜁 t


  𝜁


  P  ( 𝜁 ) = 𝛼 𝛽  ( 𝜆 𝜁 +  ( 1 − 𝜈 + 𝜆 𝜈 ) s )


  −      ( 𝜁 +  ( 1 − 𝜈 + 𝜆 𝜈 ) s ) ( 𝜁 + 𝜏 ) ( 𝜁 + 𝛿 )


  y ( t ) ~  c 1  e  𝜁 t ⟺    lim  t → ∞ ⁡  y  ( t )  e  − 𝜁 t =  c 1


  𝜓  ( t ) = y  ( t )  e  − 𝜁 t


  𝜃 ( t ) = ( 1 − 𝜆 )  r 2  ( x  ( t ) − 𝜉 )    


   𝜓 .  ( t ) =    r 1   x ( t ) 2 ⁡   e  − 𝜁 t + 𝜃 ( t ) 𝜓 ( t )


  y


  z


  I


  𝒢


   W s (  x ∗ )


   x . = 𝜶 I −  r 1  x 2 −  r 2 x y + 𝜈 s y − d x


   y . =  r 1  x 2 +  ( 1 − 𝜆 )  r 2 x y − s y


   z . = 𝜆  r 2 x y +  ( 1 − 𝜈 ) s y − 𝜹 z


   I . = 𝜷 z − 𝝉 I


  𝜼 = 𝜶 𝜷 − 𝜹 𝝉


  𝜶


  𝜷


                𝝉


  𝑰


  𝜹  


    𝜒 =  ( x , y , z , I ) T


  J  ( u ) =  ⟨ c , 𝜒 ( T ) ⟩ +   ∫ 0 T   ⟨ a , 𝜒 ( t ) ⟩ +   ∑ i   b i  𝒖 𝒊  ( 𝒕 ) d t


  T


  u


     L 1


     L 2


  𝜼 = 𝜶 𝜷 − 𝜹 𝝉

