Connected sets of periodic solutions
of autonomous Hamiltonian systems

Stawomir Rybicki

Faculty of Mathematics and Computer Science
Nicolaus Copernicus University in Torun, Poland

t6dz, 10th January 2024

Stawomir Rybicki (rybicki@mat.umk.pl) IMDETA



The aim of my talk is to study connected sets of nonstationary
periodic solutions of the autonomous Hamiltonian system

Stawomir Rybicki (rybicki@mat.umk.pl) IMDETA todz 2/26



The aim of my talk is to study connected sets of nonstationary
periodic solutions of the autonomous Hamiltonian system

2(t) = MH'(2(1)), (HS)

Stawomir Rybicki (rybicki@mat.umk.pl) IMDETA todz 2/26



The aim of my talk is to study connected sets of nonstationary
periodic solutions of the autonomous Hamiltonian system

2(t) = MH'(2(1)), (HS)

where
Q C R?N is open,

Stawomir Rybicki (rybicki@mat.umk.pl) IMDETA todz 2/26



The aim of my talk is to study connected sets of nonstationary
periodic solutions of the autonomous Hamiltonian system

2(t) = MH'(2(1)), (HS)

where
Q C R?N is open,
H e C2(cl(Q), R),

Stawomir Rybicki (rybicki@mat.umk.pl) IMDETA todz 2/26



The aim of my talk is to study connected sets of nonstationary
periodic solutions of the autonomous Hamiltonian system

2(t) = MH'(2(1)), (HS)

where
Q C R?N is open,
H e C?(cl(Q),R),
H'=1(0) N Q = H2(0) Nel(Q) = {s1,.. ., 5c}.

Stawomir Rybicki (rybicki@mat.umk.pl) IMDETA todz 2/26



The aim of my talk is to study connected sets of nonstationary
periodic solutions of the autonomous Hamiltonian system

2(t) = MH'(2(1)), (HS)

where
Q C R?N is open,
H e C?(cl(Q),R),
H'=1(0) N Q = H2(0) Nel(Q) = {s1,.. ., 5c}.

Define sets T, N C G, ([0, 27], Q) x (0, +00) as follows

Stawomir Rybicki (rybicki@mat.umk.pl) IMDETA todz 2/26



The aim of my talk is to study connected sets of nonstationary
periodic solutions of the autonomous Hamiltonian system

2(t) = MH'(2(1)), (HS)

where
Q C R?N is open,
H e C?(cl(Q),R),
H'=1(0) N Q = H2(0) Nel(Q) = {s1,.. ., 5c}.

Define sets T, N C G, ([0, 27], Q) x (0, +00) as follows

T: {sla"'75k} X (07 +OO)>

Stawomir Rybicki (rybicki@mat.umk.pl) IMDETA todz 2/26



The aim of my talk is to study connected sets of nonstationary
periodic solutions of the autonomous Hamiltonian system

2(t) = MH'(2(1)), (HS)

where
Q C R?N is open,
H e C?(cl(Q),R),
H'=1(0) N Q = H2(0) Nel(Q) = {s1,.. ., 5c}.

Define sets T, N C G, ([0, 27], Q) x (0, +00) as follows
T ={s1,...,s¢} x (0, 400),

N = {(u(t),\) : u(t) is a nonst. 2m-periodic solution of (HS)}.

Stawomir Rybicki (rybicki@mat.umk.pl) IMDETA tédz 2/26



The aim of my talk is to study connected sets of nonstationary
periodic solutions of the autonomous Hamiltonian system

2(t) = MH'(2(1)), (HS)

where
Q C R?N is open,
H e C?(cl(Q),R),
H'=1(0) N Q = H2(0) Nel(Q) = {s1,.. ., 5c}.

Define sets T, N C G, ([0, 27], Q) x (0, +00) as follows
T ={s1,...,s¢} x (0, 400),

N = {(u(t),\) : u(t) is a nonst. 2m-periodic solution of (HS)}.

Stawomir Rybicki (rybicki@mat.umk.pl) IMDETA tédz 2/26



7
Sa S, - -Sy >

r\_SJ — %%Vl(})\: Som‘l@m/)
o= mop Lo shigun
MQMO&‘K&;‘W&V%

Stawomir Rybicki (rybicki@mat.umk.pl) IMDETA



Fix (Sko, )\0) eT

Stawomir Rybicki (rybicki@mat.umk.pl) IMDETA todz 4/26



Fix (Skp;s Ao) € T and denote by C(si,, Ao) a closed connected
component (= continuum) of cl(N') containing (s, Ao)-

Stawomir Rybicki (rybicki@mat.umk.pl) IMDETA todz 4/26



Fix (Skp;s Ao) € T and denote by C(si,, Ao) a closed connected
component (= continuum) of cl(N') containing (s, Ao)-

Stawomir Rybicki (rybicki@mat.umk.pl) IMDETA todz 4/26



Fix (Skp;s Ao) € T and denote by C(si,, Ao) a closed connected
component (= continuum) of cl(N') containing (s, Ao)-

A point (sk,, Ao) € T is said to be a global bifurcation point of
2m-periodic solutions of the system (HS) z(t) = AJH'(z(t)),

Stawomir Rybicki (rybicki@mat.umk.pl) IMDETA todz 4/26



Fix (Skp;s Ao) € T and denote by C(si,, Ao) a closed connected
component (= continuum) of cl(N') containing (s, Ao)-

Definition

A point (sk,, Ao) € T is said to be a global bifurcation point of
2m-periodic solutions of the system (HS) z(t) = AJH'(z(t)),

if either C(sk,, Ao) is not compact in Co([0, 27], ) x (0, +00)

Stawomir Rybicki (rybicki@mat.umk.pl) IMDETA todz 4/26



Fix (Skp;s Ao) € T and denote by C(si,, Ao) a closed connected
component (= continuum) of cl(N') containing (s, Ao)-
Definition

A point (sk,, Ao) € T is said to be a global bifurcation point of
2m-periodic solutions of the system (HS) z(t) = AJH'(z(t)),

if either C(sk,, Ao) is not compact in Co([0, 27], ) x (0, +00)
or is compact in Co.([0, 27], Q) x (0, +o0) and

Stawomir Rybicki (rybicki@mat.umk.pl) IMDETA todz 4/26



Fix (Skp;s Ao) € T and denote by C(si,, Ao) a closed connected
component (= continuum) of cl(N') containing (s, Ao)-
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A point (sk,, Ao) € T is said to be a global bifurcation point of
2m-periodic solutions of the system (HS) z(t) = AJH'(z(t)),

if either C(sk,, Ao) is not compact in Co([0, 27], ) x (0, +00)

or is compact in Co.([0, 27], Q) x (0, +o0) and
C(skm )‘0) N (T\ {(skoa )‘0)}) 7& 0.
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Theorem (Necessary condition)
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where
7](5k07 )‘0) =

= (51, H')- (m™ (Tj((Ro + 1)H"(s10))) = m™ (Ti((Xo — 1)H"(s,)))) -
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Define bifurcation index BZF (sk,, Ao) € @Z as follows

o0

BIZF (565 M) = (71(Sko» X0 - - - » Vi (Skos Ao); - - =) € @z,

where
7](5k07 >‘0) =

= in(sig, H')-(m™ (Tj((Ao + ) H"(s,))) —m™ (Ti((ho — 1)H"(s,)))) -
where ig(sk,, H') = degg(H’, B2V(s4,),0).
If det H”(sk,) # 0, then ig(s,, H') = sign det H"(sy,)
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E. N. Dancer, S. R., A note on periodic solutions of autonomous
Hamiltonian systems emanating from degenerate stationary solutions,
Differential Integral Equations 12(2) (1999), 147-160.
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S'orbits of solutions of the equation

V.®(z,A) =0 (E)
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S'orbits of solutions of the equation
V., ®(z,\) =0 (E)

are in one-to-one correspondence with 27-periodic solutions of the
Hamiltonian system
z(t) = NJH'(z(t)). (HS)
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We study S*-orbits of solutions of the equation (E) using the degree
for S'-equivariant gradient maps.
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for S'-equivariant gradient maps.

H. Amann, E. Zehnder, Periodic solutions of asymptotically linear
Hamiltonian systems, Manuscripta Mathematicae 32 (1980),
149-189,
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A. Golebiewska and S. R., Global bifurcations of critical orbits of
G-invariant strongly indefinite functionals, Nonlinear Analysis TMA
74(5) (2011), 1823-1834,
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the Lyapunov Center Theorem is a direct consequence of our
theorem,

we obtain global description of bifurcating continual,

the stationary solution sy, can be degenerate i.e.
H'(sk,) = 0,det H"(sx,) = 0,

the stationary solution s,, must satisfy the condition
ig(sk,, H') # 0.
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1 1
H(x,y,X,Y) = §(X2+ Y2)—w(xY—yX)+§(X2—|—y2)—|—ax2y+by3,

where a,b € R,w > 0.

The authors study the existence and properties of the equilibrium
positions of the the system (HS) z(t) = JH'(z(t) depending on the
parameters w, a, b. They exist at most four stationary solutions of the
system (HS).
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From now on we assume that w =1,ab < 0.
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From now on we assume that w =1,ab < 0.
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From now on we assume that w =1,ab < 0.

Fix (B, 5) e {E.} x M CT
Computing the bifurcation index

BIF (B.5) = (n (B %) ooy (BL %)),
we obtain
% (E1,5) =
ig(Er, H') - (m™ (T;((5 + p)H"(E1))) — m™ (Tj((5 — m)H"(E)))) =
=2 (m~ (T;((5 + WH"(E1)) —m™ (T;((5 — WH"(E)))) =
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—4=-2.2 if j=k
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Corollary

From the above formula it follows that for any choice ki, ..., k., € N
the following formula holds true
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Corollary

From the above formula it follows that for any choice ki, ..., k., € N
the following formula holds true

&)75@

BIF (El, %) 4 ... +BIF (El, :

Theorem

Assume that w = 1,ab < 0. Then for any k € N the continuum
C (Ey, %) is unbounded in Cyx([0,27], R*) x (0, +00).
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M. Inarrea, V. Lanchares, J. F. Palacian,A. |. Pascual, J. P. Salas,
P. Yanguas, Reeb’s theorem and periodic orbits for a rotatins
Hénon-Heiles potential, Journal od Dynamical and Differential
Equations, 33 (2021), 445-461,
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M. Ifarrea, V. Lanchares, J. F. Palacian,A. |. Pascual, J. P. Salas,
P. Yanguas, Reeb’s theorem and periodic orbits for a rotatins
Hénon-Heiles potential, Journal od Dynamical and Differential
Equations, 33 (2021), 445-461,

The authors study local families of periodic solutions of the system
(HS) in a neighbourhood of E; = (0,0,0,0) under assumption w # 1
close to 1.
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Open question (Strong version)

Are there any continua of periodic solutions of the system (HS)
emanating from the equilibrium E; = (0,0,0,0), when w =1 and
ab > 07
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Open question (Weak version)

Is it true that (Ey, &) € cl(N)?
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Open question (Strong version)

Are there any continua of periodic solutions of the system (HS)
emanating from the equilibrium E; = (0,0,0,0), when w =1 and
ab > 07

Open question (Weak version)

Is it true that (£, %) € cl(N)? i.e. is there a sequence
{(ur, A1)} C N converging to (Ey, %) in Log-norm, when w =1 and
ab > 07
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S4=(0,0,00)

Stawomir Rybicki (rybicki@mat.umk.pl) IMDETA



A. Maciejewski and S. R., Global bifurcations of periodic solutions of
the Restricted Three Body Problem, Celestial Mechanics and
Dynamical Astronomy 88(3) (2004), 293-324,
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3. The Planar Restricted Three Body Problem

In this section, we consider the planar restricted three body problem and, using
Theorem 2.1, study the global behaviour of continua of non-stationary periodic
solutions, which emanate from the stationary ones. Our aim is to classify the ad-
missible continua of non-stationary periodic solutions of the restricted three body
problem. The equations of motion of the restricted three body problem, in the
rotating coordinates, can be written in the following form

X = JVH,(x), 3B:1)

where 1 € (0, 1/2] and the Hamiltonian H,, is given by the formula

1
Hy (x1, X2, X3, x4) = E(‘X’% +x2) 4 xaxy — xpxg — % =
(e =1+ w2 +x2
1—
Kk (3.2)

Vo w)? + a3

Remark 3.1. System (3.1) has the following properties:
(1) S(H) = {1 = 1, 0), (=1, 0} x R?,
() H, € C*R\S(H,), R),
3) JVH, (Rx) = —=RJVH,(x), where

10 00
0-1 00
R=1lo o-10|
00 01

4) VH,'(0) = {E{, E}  EY L}, L%},
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(5) det V2H,(E}') < 0, forl = 1,2, 3, and det V2H, (L}") > 0, for [ = 4,5,
(6) RE}' = EJ' forl =1,2,3, RL} = L.

In the following lemma we describe the normal form of matrices of the lineariza-
tion of system (3.1) at the Buler stationary solutions EY', EY’, E{
If M is a symmetric matrix, then o (M) denotes the spectrum of M.

LEMMA 3.1. Let us fix e € (0,1/2) and I € {1,2,3}. Then there is S|' € Sp(R*)

such that
a0 0 0
(T2 0o 0 0
ISV, (EDS! =] o —a 0
0 —b' 0 0

where aj', b' > 0. Moreover, for any j € N

o (QU AV H,(E)) = (&) 2+ 22(a)' )2, =Ab]" £ j),

where the multiplicity of any eigenvalue equals 2.

The normal form of matrices of the linearization of system (3.1) at the Lagrange
stationary solutions L, L5 depends only on jz. We describe them in the next
lemma. Let g = (1/2)(1 — +/69/9) be the Routh critical mass ratio.

LEMMA 3.2. Let us fix [ € {4,5}. Then

(1) if i € (0, ur), then there is S' € Sp(R*) such that

0 0 o 0
iy it 0 0 0 —of
ISTEHANS = | e g g N
0 oy 0 0

where ' > /2/2 > @} > 0. Moreover, for any j € N
o (QU AV H, (L)) = (=2ef' £ j, o} + j},
where the mulnphczty of any e:genvalue equals 2.
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Figure 3. The bifurcations of periodic solutions in the planar restricted three body problem on
‘level j°. The black lines denote the i continua. The figures 3 to six

possibilities given in Theorem 3.1.
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