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The aim of my talk is to study connected sets of nonstationary
periodic solutions of the autonomous Hamiltonian system

ż(t) = λJH ′(z(t)), (HS)

where

1 Ω ⊂ R2N is open,

2 H ∈ C 2(cl(Ω),R),

3 H ′−1(0) ∩ Ω = H ′−1(0) ∩ cl(Ω) = {s1, . . . , sk}.

Define sets T ,N ⊂ C2π([0, 2π],Ω) × (0,+∞) as follows

T = {s1, . . . , sk} × (0,+∞),

N = {(u(t), λ) : u(t) is a nonst. 2π-periodic solution of (HS)}.
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ż(t) = λJH ′(z(t)), (HS)

where

1 Ω ⊂ R2N is open,

2 H ∈ C 2(cl(Ω),R),

3 H ′−1(0) ∩ Ω = H ′−1(0) ∩ cl(Ω) = {s1, . . . , sk}.

Define sets T ,N ⊂ C2π([0, 2π],Ω) × (0,+∞) as follows

T = {s1, . . . , sk} × (0,+∞),

N = {(u(t), λ) : u(t) is a nonst. 2π-periodic solution of (HS)}.

S lawomir Rybicki (rybicki@mat.umk.pl) IMDETA  Lódź 2 / 26
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Fix (sk0 , λ0) ∈ T and denote by C(sk0 , λ0) a closed connected
component (= continuum) of cl(N ) containing (sk0 , λ0).

Definition

A point (sk0 , λ0) ∈ T is said to be a global bifurcation point of
2π-periodic solutions of the system (HS) ż(t) = λJH ′(z(t)),

if either C(sk0 , λ0) is not compact in C2π([0, 2π],Ω) × (0,+∞)

or is compact in C2π([0, 2π],Ω) × (0,+∞) and
C(sk0 , λ0) ∩ (T \ {(sk0 , λ0)}) ̸= ∅.
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Fix (sk0 , λ0) ∈ T and denote by C(sk0 , λ0) a closed connected
component (= continuum) of cl(N ) containing (sk0 , λ0).

Definition

A point (sk0 , λ0) ∈ T is said to be a global bifurcation point of
2π-periodic solutions of the system (HS) ż(t) = λJH ′(z(t)),
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For 1 ≤ k0 ≤ k define

Λk0 =

ß
k

ω
∈ (0,+∞) : ±iω ∈ σ(JH ′′(sk0)), ω > 0, k ∈ N

™
.

Theorem (Necessary condition)

If (sk0 , λ0) ∈ T is a global bifurcation point of 2π-periodic solutions
of the system (HS) ż(t) = λJH ′(z(t)), then λ0 ∈ Λk0 .

For λ0 ∈ Λk0 choose µ > 0 such that [λ0 − µ, λ0 + µ] ∩ Λk0 = {λ0}
and define a symmetric (4N × 4N)-matrix

Tj((λ0 ± µ)H ′′(sk0)) =

Ö
−λ0 ± µ

j
H ′′(sk0) −J

J −λ0 ± µ

j
H ′′(sk0)

è
,

where J is the standard symplectic matrix and j ∈ N.
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Define bifurcation index BIF(sk0 , λ0) ∈
∞⊕
j=1

Z as follows

BIF(sk0 , λ0) = (γ1(sk0 , λ0), . . . , γj(sk0 , λ0), . . .) ∈
∞⊕
j=1

Z,

where
γj(sk0 , λ0) =

= iB(sk0 ,H
′)·
(
m− (Tj((λ0 + µ)H ′′(sk0))) −m− (Tj((λ0 − µ)H ′′(sk0)))

)
,

where iB(sk0 ,H
′) = degB(H ′,B2N

ε (sk0), 0).

If detH ′′(sk0) ̸= 0, then iB(sk0 ,H
′) = sign detH ′′(sk0)
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Define bifurcation index BIF(sk0 , λ0) ∈
∞⊕
j=1

Z as follows

BIF(sk0 , λ0) = (γ1(sk0 , λ0), . . . , γj(sk0 , λ0), . . .) ∈
∞⊕
j=1

Z,

where
γj(sk0 , λ0) =

= iB(sk0 ,H
′)·
(
m− (Tj((λ0 + µ)H ′′(sk0))) −m− (Tj((λ0 − µ)H ′′(sk0)))

)
,

where iB(sk0 ,H
′) = degB(H ′,B2N

ε (sk0), 0).

If detH ′′(sk0) ̸= 0, then iB(sk0 ,H
′) = sign detH ′′(sk0)

S lawomir Rybicki (rybicki@mat.umk.pl) IMDETA  Lódź 7 / 26
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Theorem (Global bifurcation theorem for autonomous Hamiltonian
systems)

Fix (sk0 , λ0) ∈ T such that BIF(sk0 , λ0) ̸= Θ. Then (sk0 , λ0) is a
global bifurcation point of nonstationary 2π-periodic solutions of the
system (HS). Moreover,

1 either the continuum C(sk0 , λ0) is not compact in
C2π([0, 2π],Ω) × (0,+∞),

2 or the continuum C(sk0 , λ0) is compact in
C2π([0, 2π],Ω) × (0,+∞) and additionally

1 C(sk0 , λ0) ∩ T is finite,

2

∑
(x̂ ,λ̂)∈C(sk0

,λ0)∩T

BIF(x̂ , λ̂) = Θ.
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We have proved a version of the above theorem in

E. N. Dancer, S. R., A note on periodic solutions of autonomous
Hamiltonian systems emanating from degenerate stationary solutions,
Differential Integral Equations 12(2) (1999), 147-160.
Define a family of C 2-functionals Φ : H1/2(S1,R2N) × (0,∞) → R as
follows

Φ(z , λ) =

∫ 2π

0

1

2
(Jż(t), z(t)) + λH(z(t)) dt.

The functional Φ is S1-invariant, where the S1-action is given by shift
in time.
The gradient

∇zΦ : H1/2(S1,R2N) × (0,∞) → H1/2(S1,R2N)

is a family of S1-equivariant operators of the form compact
perturbation of a strongly indefinite operator.
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S1-orbits of solutions of the equation

∇zΦ(z , λ) = 0 (E)

are in one-to-one correspondence with 2π-periodic solutions of the
Hamiltonian system

ż(t) = λJH ′(z(t)). (HS)

We study S1-orbits of solutions of the equation (E) using the degree
for S1-equivariant gradient maps.

H. Amann, E. Zehnder, Periodic solutions of asymptotically linear
Hamiltonian systems, Manuscripta Mathematicae 32 (1980),
149-189,

K. Gȩba, Degree for gradient equivariant maps and equivariant
Conley index, Topological Nonlinear Analysis, Degree, Singularity and
Variations PNDLE 27, Birkhauser, (1997), 247-272,
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A. Golȩbiewska and S. R., Generalization of Lyapunov Center
Theorem for Hamiltonian systems via normal forms theory, (2024),
presented for publication,

Our latest article
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Remark

1 the Lyapunov Center Theorem is a direct consequence of our
theorem,

2 we obtain global description of bifurcating continua!,

3 the stationary solution sk0 can be degenerate i.e.
H ′(sk0) = 0, detH ′′(sk0) = 0,

4 the stationary solution sk0 must satisfy the condition
iB(sk0 ,H

′) ̸= 0.
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Applications

Generalized Hénon-Héiles system in a rotating reference frame.

joint work with Igor Bia lecki
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M. Iñarrea, V. Lanchares, J. F. Palacián,A. I. Pascual, J. P. Salas,
P. Yanguas, Lyapunov stability for a generalized Hénon-Héiles system
in a rotating reference frame, Applied Mathematics and
Computations 253 (2015), 159-171,

V. Lanchares, A. I. Pascual, M. Iñarrea, J. P. Salas, J. F. Palacian &
P. Yanguas, Reeb’s theorem and teriodic trbits for a totating
Hénon-Héiles potential, Springer Science 33(1) (2019), 445-461,

H(x , y ,X ,Y ) =
1

2
(X 2 +Y 2)−ω(xY −yX )+

1

2
(x2 +y 2)+ax2y +by 3,

where a, b ∈ R, ω > 0.

The authors study the existence and properties of the equilibrium
positions of the the system (HS) ż(t) = JH ′(z(t) depending on the
parameters ω, a, b. They exist at most four stationary solutions of the
system (HS).
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M. Iñarrea, V. Lanchares, J. F. Palacián,A. I. Pascual, J. P. Salas,
P. Yanguas, Lyapunov stability for a generalized Hénon-Héiles system
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Theorem

Classification of the critical points of the Hamiltonian H is as follows:

1 if ω = 1, ab ̸= 0 or ω ̸= 1, a = 0, b = 0, there there is one critical point E1 = (0, 0, 0, 0),

2 if ω ̸= 1, b ̸= 0 and a(2a− 3b) ≤ 0, then there are two critical points E1 and

E2 =

Ç
0,

ω2 − 1

3b
,−

ω(ω2 − 1)

3b
, 0

å
,

3 if ω ̸= 1, a ̸= 0, b = 0, then there are three critical points E1 and

F3 =

Ç
(ω2 − 1)

√
a2

√
2a2

,
ω2 − 1

2a
,−

ω(ω2 − 1)

2a
,
ω(ω2 − 1)

√
a2

√
2a2

å
,

F4 =

Ç
−

(ω2 − 1)
√
a2

√
2a2

,
ω2 − 1

2a
,−

ω(ω2 − 1)

2a
,−

ω(ω2 − 1)
√
a2

√
2a2

å
,

4 if ω ̸= 1, b ̸= 0 oraz a(2a− 3b) > 0, then there are four critical points E1,E2 and

E3 =

Ç
(ω2 − 1)

√
a(2a− 3b)

2a2
,
ω2 − 1

2a
,−

ω(ω2 − 1)

2a
,
ω(ω2 − 1)

√
a(2a− 3b)

2a2

å
,

E4 =

Ç
−

(ω2 − 1)
√
a(2a− 3b)

2a2
,
ω2 − 1

2a
,−

ω(ω2 − 1)

2a
,−

ω(ω2 − 1)
√

a(2a− 3b)

2a2

å
.
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Theorem

Classification of the critical points of the Hamiltonian H is as follows:

1 if ω = 1, ab ̸= 0 or ω ̸= 1, a = 0, b = 0, there there is one critical point E1 = (0, 0, 0, 0),

2 if ω ̸= 1, b ̸= 0 and a(2a− 3b) ≤ 0, then there are two critical points E1 and

E2 =

Ç
0,

ω2 − 1

3b
,−

ω(ω2 − 1)

3b
, 0

å
,

3 if ω ̸= 1, a ̸= 0, b = 0, then there are three critical points E1 and

F3 =

Ç
(ω2 − 1)

√
a2

√
2a2

,
ω2 − 1

2a
,−

ω(ω2 − 1)

2a
,
ω(ω2 − 1)

√
a2

√
2a2

å
,

F4 =

Ç
−

(ω2 − 1)
√
a2

√
2a2

,
ω2 − 1

2a
,−

ω(ω2 − 1)

2a
,−

ω(ω2 − 1)
√
a2

√
2a2

å
,

4 if ω ̸= 1, b ̸= 0 oraz a(2a− 3b) > 0, then there are four critical points E1,E2 and

E3 =

Ç
(ω2 − 1)

√
a(2a− 3b)

2a2
,
ω2 − 1

2a
,−

ω(ω2 − 1)

2a
,
ω(ω2 − 1)

√
a(2a− 3b)

2a2

å
,

E4 =

Ç
−

(ω2 − 1)
√
a(2a− 3b)

2a2
,
ω2 − 1

2a
,−

ω(ω2 − 1)

2a
,−

ω(ω2 − 1)
√

a(2a− 3b)

2a2

å
.

S lawomir Rybicki (rybicki@mat.umk.pl) IMDETA  Lódź 16 / 26
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Theorem

Classification of the critical points of the Hamiltonian H is as follows:

1 if ω = 1, ab ̸= 0 or ω ̸= 1, a = 0, b = 0, there there is one critical point E1 = (0, 0, 0, 0),

2 if ω ̸= 1, b ̸= 0 and a(2a− 3b) ≤ 0, then there are two critical points E1 and

E2 =

Ç
0,

ω2 − 1

3b
,−

ω(ω2 − 1)

3b
, 0

å
,

3 if ω ̸= 1, a ̸= 0, b = 0, then there are three critical points E1 and

F3 =

Ç
(ω2 − 1)

√
a2

√
2a2

,
ω2 − 1

2a
,−

ω(ω2 − 1)

2a
,
ω(ω2 − 1)

√
a2

√
2a2

å
,

F4 =

Ç
−

(ω2 − 1)
√
a2

√
2a2

,
ω2 − 1

2a
,−

ω(ω2 − 1)

2a
,−

ω(ω2 − 1)
√
a2

√
2a2

å
,

4 if ω ̸= 1, b ̸= 0 oraz a(2a− 3b) > 0, then there are four critical points E1,E2 and

E3 =

Ç
(ω2 − 1)

√
a(2a− 3b)

2a2
,
ω2 − 1

2a
,−

ω(ω2 − 1)

2a
,
ω(ω2 − 1)

√
a(2a− 3b)

2a2

å
,

E4 =

Ç
−

(ω2 − 1)
√

a(2a− 3b)

2a2
,
ω2 − 1

2a
,−

ω(ω2 − 1)

2a
,−

ω(ω2 − 1)
√

a(2a− 3b)

2a2

å
.

S lawomir Rybicki (rybicki@mat.umk.pl) IMDETA  Lódź 16 / 26
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If ω = 1 and ab ̸= 0, then

1 H ′−1(0) = {E1} = {0, 0, 0, 0},
2 detH ′′(E1) = 0,

3 iB(E1,H
′) =

ß
−2, if ab < 0

0, if ab > 0
,

4 if ab > 0, then we can not apply our theorem because
iB(E1,H

′) = 0 and consequently BIF(E1, λ0) = Θ,

5 σ(JH ′′(E1)) = {0, 0,±2i},

6 Λ1 =

ß
k

2
: k ∈ N

™
.
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If ω = 1 and ab ̸= 0, then

1 H ′−1(0) = {E1} = {0, 0, 0, 0},
2 detH ′′(E1) = 0,

3 iB(E1,H
′) =

ß
−2, if ab < 0

0, if ab > 0
,

4 if ab > 0, then we can not apply our theorem because
iB(E1,H

′) = 0 and consequently BIF(E1, λ0) = Θ,

5 σ(JH ′′(E1)) = {0, 0,±2i},

6 Λ1 =

ß
k

2
: k ∈ N

™
.

S lawomir Rybicki (rybicki@mat.umk.pl) IMDETA  Lódź 17 / 26
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From now on we assume that ω = 1, ab < 0.

Fix
(
E1,

k
2

)
∈ {E1} × Λ1 ⊂ T .

Computing the bifurcation index

BIF
(
E1,

k
2

)
= (γ1

(
E1,

k
2

)
, . . . , γj

(
E1,

k
2

)
, . . .),

we obtain

γj
(
E1,

k
2

)
=

iB(E1,H
′) ·

(
m− (Tj((k

2
+ µ)H ′′(E1))) −m− (Tj((k

2
− µ)H ′′(E1)))

)
=

−2 ·
(
m− (Tj((k

2
+ µ)H ′′(E1))) −m− (Tj((k

2
− µ)H ′′(E1)))

)
=ß

0 = −2 · 0 if j ̸= k
−4 = −2 · 2 if j = k

BIF
(
E1,

k
2

)
= (0, . . . , 0,−4, 0, . . .).
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From now on we assume that ω = 1, ab < 0.

Fix
(
E1,

k
2

)
∈ {E1} × Λ1 ⊂ T .

Computing the bifurcation index

BIF
(
E1,

k
2

)
= (γ1

(
E1,

k
2

)
, . . . , γj

(
E1,

k
2

)
, . . .),

we obtain

γj
(
E1,

k
2

)
=

iB(E1,H
′) ·

(
m− (Tj((k

2
+ µ)H ′′(E1))) −m− (Tj((k

2
− µ)H ′′(E1)))

)
=

−2 ·
(
m− (Tj((k

2
+ µ)H ′′(E1))) −m− (Tj((k

2
− µ)H ′′(E1)))

)
=ß

0 = −2 · 0 if j ̸= k
−4 = −2 · 2 if j = k

BIF
(
E1,

k
2

)
= (0, . . . , 0,−4, 0, . . .).

S lawomir Rybicki (rybicki@mat.umk.pl) IMDETA  Lódź 18 / 26
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From now on we assume that ω = 1, ab < 0.

Fix
(
E1,

k
2

)
∈ {E1} × Λ1 ⊂ T .

Computing the bifurcation index

BIF
(
E1,

k
2

)
= (γ1

(
E1,

k
2

)
, . . . , γj

(
E1,

k
2

)
, . . .),

we obtain

γj
(
E1,

k
2

)
=

iB(E1,H
′) ·

(
m− (Tj((k

2
+ µ)H ′′(E1))) −m− (Tj((k

2
− µ)H ′′(E1)))

)
=

−2 ·
(
m− (Tj((k

2
+ µ)H ′′(E1))) −m− (Tj((k

2
− µ)H ′′(E1)))

)
=ß

0 = −2 · 0 if j ̸= k
−4 = −2 · 2 if j = k

BIF
(
E1,

k
2

)
= (0, . . . , 0,−4, 0, . . .).

S lawomir Rybicki (rybicki@mat.umk.pl) IMDETA  Lódź 18 / 26
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Corollary

From the above formula it follows that for any choice k1, . . . , kr ∈ N
the following formula holds true

BIF
Å
E1,

k1

2

ã
+ . . . + BIF

Å
E1,

kr
2

ã
̸= Θ

Theorem

Assume that ω = 1, ab < 0. Then for any k ∈ N the continuum
C
(
E1,

k
2

)
is unbounded in C2π([0, 2π],R4) × (0,+∞).

S lawomir Rybicki (rybicki@mat.umk.pl) IMDETA  Lódź 19 / 26
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The authors study local families of periodic solutions of the system
(HS) in a neighbourhood of E1 = (0, 0, 0, 0) under assumption ω ̸= 1
close to 1.
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Open question (Strong version)

Are there any continua of periodic solutions of the system (HS)
emanating from the equilibrium E1 = (0, 0, 0, 0), when ω = 1 and
ab > 0?

Open question (Weak version)

Is it true that
(
E1,

k
2

)
∈ cl(N )? i.e. is there a sequence

{(ur , λr )} ⊂ N converging to
(
E1,

k
2

)
in L∞-norm, when ω = 1 and

ab > 0?

S lawomir Rybicki (rybicki@mat.umk.pl) IMDETA  Lódź 21 / 26
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Open question (Strong version)

Are there any continua of periodic solutions of the system (HS)
emanating from the equilibrium E1 = (0, 0, 0, 0), when ω = 1 and
ab > 0?

Open question (Weak version)

Is it true that
(
E1,

k
2

)
∈ cl(N )? i.e. is there a sequence

{(ur , λr )} ⊂ N converging to
(
E1,

k
2

)
in L∞-norm, when ω = 1 and

ab > 0?

S lawomir Rybicki (rybicki@mat.umk.pl) IMDETA  Lódź 21 / 26
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