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Motivation

u0(t) = �5u(t) + �
10u(t� 1)

1 + u(t� 1)
(E1)

u0(t) = �5u(t) + �
10u(t)

1 + u(btc)
(E2)

u0(t) = �5u(t) + �
10u(t)

1 + u(t� 1)
(E3)

u0(t) = �5u(t) + �
10u(t� 3)

1 + u(t� 0:5)
(E4)

Positive equilibrium u0 = 2�� 1 exists iff � > 1=2

Critical value �� = 1=2 is the same for (E1)–(E4)

There is no positive periodic solution to (E1)–(E4) provided � � ��

There exists a positive periodic solution to (E1)–(E4) provided � > ��

R. Hakl, J. Oyarce (IM CAS, UBB) Positive periodic solutions IMDETA, November 2, 2022 3 / 27



Motivation

u0(t) = �5u(t) + �
10u(t� 1)

1 + u(t� 1)
(E1)

u0(t) = �5u(t) + �
10u(t)

1 + u(btc)
(E2)

u0(t) = �5u(t) + �
10u(t)

1 + u(t� 1)
(E3)

u0(t) = �5u(t) + �
10u(t� 3)

1 + u(t� 0:5)
(E4)

Positive equilibrium u0 = 2�� 1 exists iff � > 1=2

Critical value �� = 1=2 is the same for (E1)–(E4)

There is no positive periodic solution to (E1)–(E4) provided � � ��

There exists a positive periodic solution to (E1)–(E4) provided � > ��

R. Hakl, J. Oyarce (IM CAS, UBB) Positive periodic solutions IMDETA, November 2, 2022 3 / 27



Motivation

u0(t) = �5u(t) + �
10u(t� 1)

1 + u(t� 1)
(E1)

u0(t) = �5u(t) + �
10u(t)

1 + u(btc)
(E2)

u0(t) = �5u(t) + �
10u(t)

1 + u(t� 1)
(E3)

u0(t) = �5u(t) + �
10u(t� 3)

1 + u(t� 0:5)
(E4)

Positive equilibrium u0 = 2�� 1 exists iff � > 1=2

Critical value �� = 1=2 is the same for (E1)–(E4)

There is no positive periodic solution to (E1)–(E4) provided � � ��

There exists a positive periodic solution to (E1)–(E4) provided � > ��

R. Hakl, J. Oyarce (IM CAS, UBB) Positive periodic solutions IMDETA, November 2, 2022 3 / 27



Motivation

u0(t) = �5u(t) + �
10u(t� 1)

1 + u(t� 1)
(E1)

u0(t) = �5u(t) + �
10u(t)

1 + u(btc)
(E2)

u0(t) = �5u(t) + �
10u(t)

1 + u(t� 1)
(E3)

u0(t) = �5u(t) + �
10u(t� 3)

1 + u(t� 0:5)
(E4)

Positive equilibrium u0 = 2�� 1 exists iff � > 1=2

Critical value �� = 1=2 is the same for (E1)–(E4)

There is no positive periodic solution to (E1)–(E4) provided � � ��

There exists a positive periodic solution to (E1)–(E4) provided � > ��

R. Hakl, J. Oyarce (IM CAS, UBB) Positive periodic solutions IMDETA, November 2, 2022 3 / 27



Motivation

u0(t) = �5u(t) + �
10u(t� 1)

1 + u(t� 1)
(E1)

u0(t) = �5u(t) + �
10u(t)

1 + u(btc)
(E2)

u0(t) = �5u(t) + �
10u(t)

1 + u(t� 1)
(E3)

u0(t) = �5u(t) + �
10u(t� 3)

1 + u(t� 0:5)
(E4)

Positive equilibrium u0 = 2�� 1 exists iff � > 1=2

Critical value �� = 1=2 is the same for (E1)–(E4)

There is no positive periodic solution to (E1)–(E4) provided � � ��

There exists a positive periodic solution to (E1)–(E4) provided � > ��

R. Hakl, J. Oyarce (IM CAS, UBB) Positive periodic solutions IMDETA, November 2, 2022 3 / 27



Motivation

u0(t) = �5u(t) + �
10u(t� 1)

1 + u(t� 1)
(E1)

u0(t) = �5u(t) + �
10u(t)

1 + u(btc)
(E2)

u0(t) = �5u(t) + �
10u(t)

1 + u(t� 1)
(E3)

u0(t) = �5u(t) + �
10u(t� 3)

1 + u(t� 0:5)
(E4)

Positive equilibrium u0 = 2�� 1 exists iff � > 1=2

Critical value �� = 1=2 is the same for (E1)–(E4)

There is no positive periodic solution to (E1)–(E4) provided � � ��

There exists a positive periodic solution to (E1)–(E4) provided � > ��

R. Hakl, J. Oyarce (IM CAS, UBB) Positive periodic solutions IMDETA, November 2, 2022 3 / 27



Motivation

u0(t) = �5u(t) + �
10u(t� 1)

1 + u(t� 1)
(E1)

The equlibrium u0 = 2�� 1 is unique periodic solution to (E1) for every � > 1=2.

The reason why is that f(x) = 10x
1+x

is an increasing function.
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Motivation

u0(t) = �5u(t) + �
10u(t)

1 + u(btc)
(E2)

The equlibrium u0 = 2�� 1 is unique positive periodic solution to (E2) for every � 2 (1=2; 5=6].

There are exactly three positive periodic solutions to (E2) for every � > 5=6.
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u0(t) = �5u(t) + �
10u(t)
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Motivation
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Statement of the Problem

u0i(t) = �di(t)ui(t)�Hi(t)ui(t� �i(t)) +

nX
j=1

aij(t)uj(t� �ij(t))

+ �i

NX
k=1

Pik(t)ui(t� �ik(t))fik(ui(t� �ik(t))) (i = 1; : : : ; n); (1)

(i) di, Hi, aij , Pik : R! R+
0 . . .!-periodic locally integrable,

Z !

0

�
di(s) +Hi(s)

�
ds > 0

Z !

0

NX
k=1

Pik(s)ds > 0;

(ii) �ij ; �i; �ik; �ik : R! [0; ��] (�� � 0). . .!-periodic locally measurable,

(iii) fik : R+
0 ! R+ . . . continuous, continuously differentiable at some neighbourhood of zero,

f 0ik(0) < 0; fik(0) > fik(x) for x > 0;

lim
x!+1

fik(x) = 0;

(iv) �i � 0.
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NX
k=1
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Introduce a directed graph (V;A), V = fx1; : : : ; xng, oriented edge (arc) [xi; xj ] 2 A iffZ !

0

aij(s)ds > 0:

We assume that (V;A) is a strongly connected digraph, i.e., if for every x; y 2 V (x 6= y) there
exists an oriented path from x to y.

�i = r�i(�); r > 0; �m 2 [0; �=2]

�1(�) = cos �1; �i(�) = cos �i

i�1Y
m=1

sin �m (i = 2; : : : ; n� 1); �n(�) =

n�1Y
m=1

sin �m;
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i�1Y
m=1

sin �m (i = 2; : : : ; n� 1); �n(�) =

n�1Y
m=1

sin �m;
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Main Results

u0i(t) = �di(t)ui(t)�Hi(t)ui(t� �i(t)) +

nX
j=1

aij(t)uj(t� �ij(t))

+ r�i(�)

NX
k=1

Pik(t)ui(t� �ik(t))fik(ui(t� �ik(t))) (i = 1; : : : ; n); (1)

Theorem 1

Let there exist 
i 2 AC
�
R;R+

�
(i = 1; : : : ; n) and � =

�
�i
�n
i=1

2 AC!

�
Rn+
�
such that


0i(t) � �di(t)
i(t)�Hi(t)
i(t� �i(t)) for a. e. t 2 R;

�0i(t) � �di(t)�i(t)�Hi(t)�i(t� �i(t)) +

nX
j=1

aij(t)�j(t� �ij(t)) for a. e. t 2 R;

and � is not a solution. Then, for every � 2 [0; �=2]n�1 there exists a threshold r� > 0 such that

i) there is a positive !-periodic solution to (1) provided r > r�;

ii) there is no nontrivial !-periodic solution to (1) provided r � r�.
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Sketch of Proof

ui(t) = r

nX
j=1

Z t

t�!

gij(t; s)�j(�)

NX
k=1

Pjk(s)uj(s� �jk(s))fjk(uj(s� �jk(s)))ds

R(�) = fr � 0 : the system (1) has a positive !-periodic solutiong

r1 2 R(�); r2 > r1 =) r2 2 R(�)

R(�) 6= ;

r� = infR(�)

r� is continuous with respect to �
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Dependence on Parameter

By S(r; �) we denote the set of all positive !-periodic solutions to (1) for corresponding r and �.
Further, we put

S(r) =
[

�2[0;�=2]n�1

S(r; �):

Theorem 2

Let all the assumptions of Theorem 1 be fulfilled. Then, all positive !-periodic solutions to (1)
uniformly tends to infinity as r tends to infinity, i.e.,

lim
r!+1

inf
�
minfui(t) : t 2 R; i 2 f1; : : : ; ngg : u 2 S(r)

	
= +1:

Theorem 3

Let all the assumptions of Theorem 1 be fulfilled, and let �0 = [0; �=2]n�1 be a fixed vector.
Then

lim
(r;�)!(r�(�0);�0)

r>r�(�)

sup
�
kukC! : u 2 S(r; �)

	
= 0:
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Dependence on Parameter

Theorem 4

Let all the assumptions of Theorem 1 be fulfilled. Let, moreover, r > 0, and let � 2 [0; �=2]n�1

be a fixed vector. Then, the system of linear differential equations

u0i(t) = �di(t)ui(t)�Hi(t)ui(t� �i(t)) +

nX
j=1

aij(t)uj(t� �ij(t))

+ r�i(�)

NX
k=1

Pik(t)fik(0)ui(t� �ik(t)) (i = 1; : : : ; n) (2)

has a positive !-periodic solution u� iff r = r�(�). Moreover, the set of !-periodic solutions to
(2) is one-dimensional, generated by u�.

We have
u�

r�(�)
= A(u�; �):

Therefore,

r�(�) = lim
n!+1

1

n

p
kAn(�; �)k

:
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Dependence on Parameter

Theorem 5

Let all the assumptions of Theorem 1 be fulfilled. Let, moreover, � 2 [0; �=2]n�1 be a fixed

vector, and let there exist x; y 2 AC!

�
Rn+
�
and r1 > 0, r2 > 0 such that

x0i(t) � �di(t)xi(t)�Hi(t)xi(t� �i(t)) +

nX
j=1

aij(t)xj(t� �ij(t))

+ r1�i(�)

NX
k=1

Pik(t)fik(0)xi(t� �ik(t)) (i = 1; : : : ; n);

y0i(t) � �di(t)yi(t)�Hi(t)yi(t� �i(t)) +

nX
j=1

aij(t)yj(t� �ij(t))

+ r2�i(�)

NX
k=1

Pik(t)fik(0)yi(t� �ik(t)) (i = 1; : : : ; n):

Then,
r1 � r�(�) � r2:
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Examples

u01(t) = �3u1(t) + 2u2(t) + �12u1(t� 1) exp(�u1(t� 2))

u02(t) = u1(t)� 2u2(t) + �2u2(t� 3) exp(�u2(t� 4))

u01(t) = �3u1(t) + 2u2(t) + �12u1(t� 1)

u02(t) = u1(t)� 2u2(t) + �2u2(t� 2)

(2�1 � 3)(�2 � 2)� 2 = 0; 0 � �1 < 3=2; 0 � �2 < 2
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(d) (�1; �2) = (0:5; 5)
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Examples

u01(t) = �3u1(t) + 2u2(t) + r cos(�)(2 + 0:1 cos t)u1(t� 1) exp(�u1(t� 2))

u02(t) = u1(t)� 2u2(t) + r sin(�)(1 + 0:05 sin t)u2(t� 3) exp(�u2(t� 4))

u01(t) = �3u1(t) + 2u2(t) + r cos(�)(2 + 0:1 cos t)u1(t� 1)

u02(t) = u1(t)� 2u2(t) + r sin(�)(1 + 0:05 sin t)u2(t� 3)

x01(t) = �3x1(t) + 2x2(t) + r1(�) cos(�)2:1x1(t� 1)

x02(t) = x1(t)� 2x2(t) + r1(�) sin(�)1:05x2(t� 3)

x01(t) � �3x1(t) + 2x2(t) + r1(�) cos(�)(2 + 0:1 cos t)x1(t� 1)

x02(t) � x1(t)� 2x2(t) + r1(�) sin(�)(1 + 0:05 sin t)x2(t� 3)

y01(t) = �3y1(t) + 2y2(t) + r2(�) cos(�)1:9y1(t� 1)

y02(t) = y1(t)� 2y2(t) + r2(�) sin(�)0:95y2(t� 3)

y01(t) � �3y1(t) + 2y2(t) + r2(�) cos(�)(2 + 0:1 cos t)y1(t� 1)

y02(t) � y1(t)� 2y2(t) + r2(�) sin(�)(1 + 0:05 sin t)y2(t� 3)

r1(�) � r�(�) � r2(�)
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u02(t) = u1(t)� 2u2(t) + r sin(�)(1 + sin t)u2(t� 3) exp(�u2(t� 4))

u01(t) = �3u1(t) + 2u2(t) + r cos(�)(2 + cos t)u1(t� 1)

u02(t) = u1(t)� 2u2(t) + r sin(�)(1 + sin t)u2(t� 3)

x1(t) = 1 + a1 sin t+ b1 cos t; x2(t) = k1(1 + c1 sin t+ d1 cos t);

y1(t) = 1 + a2 sin t+ b2 cos t; y2(t) = k2(1 + c2 sin t+ d2 cos t);

x01(t) � �3x1(t) + 2x2(t) + r1(�) cos(�)(2 + cos t)x1(t� 1)

x02(t) � x1(t)� 2x2(t) + r1(�) sin(�)(1 + sin t)x2(t� 3)
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u01(t) = �3u1(t) + 2u2(t) + r cos(�)(2 + cos t)u1(t� 1) exp(�u1(t� 2))

u02(t) = u1(t)� 2u2(t) + r sin(�)(1 + sin t)u2(t� 3) exp(�u2(t� 4))

For � = �=4 we can choose

x1(t) = 1 + 0:24 sin t� 0:15 cos t; x2(t) = 0:95(1 + 0:46 sin t+ 0:26 cos t);

y1(t) = 1 + 0:27 sin t� 0:06 cos t; y2(t) = 0:66(1 + 0:44 sin t� 0:05 cos t);

Then
0:712 � r�(�=4) � 1:391

Comparison with autonomous systems

0:597 � r�(�=4) � 2:828

Other angles

0:779 � r�(�=3) � 1:801

0:812 � r�(�=5) � 1:432
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