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Motivation
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L 10u(t — 3)
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Positive equilibrium ug = 2X — 1 exists iff A > 1/2

Critical value A* = 1/2 is the same for (E1)—(E4)

@ There is no positive periodic solution to (E1)—(E4) provided A < A*
@ There exists a positive periodic solution to (E1)—(E4) provided A > X*
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The equlibrium up = 2X — 1 is unique positive periodic solution to (E2) for every A € (1/2,5/6].
There are exactly three positive periodic solutions to (E2) for every A > 5/6.

(E2)

time t

(a) A =0.6

(c) A =0.82

R. Hakl, J. Oyarc Positive periodic solutions IMDETA, November 2, 2022 5/27



Motivation

Ly 10u(t)
u'(t) = —5u(t) + )\m

The equlibrium up = 2X — 1 is unique positive periodic solution to (E2) for every A € (1/2,5/6].
There are exactly three positive periodic solutions to (E2) for every A > 5/6.

M Il
AR AR R

(E2)

u(t)

Wil Ll ‘\\le il
bbbl b

VNV
/ V

(IM CAS, UBB) Positive periodic solutions IMDETA, November 2, 2022 6/27



Motivation

10u(t)

L+u(t—1) (E3)

3
25 |
: L \‘
\W\ m
‘w’s‘“ww‘\w
05\ ‘\\ |
WM
00 10 20 30 40 50
time t
(c) x=0.8

Positive periodic solutions IMDETA, November 2, 2022 7/27



Motivation

10u(t)

L+u(t—1) (E3)

Positive periodic solutions IMDETA, November 2, 2022 8/27



Motivation

10u(t — 3)

u'(t) = —5u(t) + Am

(E4)

time t

(c) x=0.8

Positive periodic solutions IMDETA, November 2, 2022 9/27



Motivation

10u(t — 3)

") = =bu(t) + A\ ———M—— E4
w(®) ult) + 1+ u(t — 0.5) (E4)
. |
40 |
20 ‘ “ I
° w‘ A \Hw \
(b)y x=1.5 () A=15

Positive periodic solutions IMDETA, November 2, 2022 10/ 27




Statement of the Problem

ui(t) = —di(t)us(t) — Hi(t)ua(t — ou(t)) + Z aij(t)u;(t — vis(t))
=1

N
+ g Z Pip(t)us(t — 7ir(t)) far(ui(t — pir(t))) (=1,...,n), (1)
k=1

R. Hakl, J. Oyarce (IM CAS, UBB) Positive periodic solutions IMDETA, November 2, 2022 11/27



Statement of the Problem

ui(t) = —di(t)us(t) — Hi(t)ua(t — ou(t)) + Z aij(t)u;(t — vis(t))
=1

N
+ g Z Pip(t)us(t — 7ir(t)) far(ui(t — pir(t))) (=1,...,n), (1)
k=1

(i) ds, Hy, as5, P : R — IR{;r ... w-periodic locally integrable,

w w N
/ [di(s) + Hl(s)] ds >0 / Z Pir(s)ds > 0,
0 0 k=1

R. Hakl, J. Oyarce (IM CAS, 3 Positive periodic solutions IMDETA, November 2, 2022 11/27



Statement of the Problem

ui(t) = —di(t)us(t) — Hi(t)ua(t — ou(t)) + Z aij(t)u;(t — vis(t))
=1

N
+ g Z Pip(t)us(t — 7ir(t)) far(ui(t — pir(t))) (=1,...,n), (1)
k=1

(i) ds, Hy, as5, P : R — IR{;r ... w-periodic locally integrable,

w w N
/ [di(s) + Hl(s)] ds >0 / Z Pir(s)ds > 0,
0 0 k=1

(i) vij, 04, Tik, ik : R — [0, 7] (7« > 0)...w-periodic locally measurable,

R. Hakl, J. Oyarce (IM C

Positive periodic solutions IMDETA, November 2, 2022 11/27



Statement of the Problem

ui(t) = —di(t)us(t) — Hi(t)ua(t — ou(t)) + Z aij(t)u;(t — vis(t))
=1

N
Y Pa(tuat — k() far(walt — par(®)) (1=1,...,m), (1)
k=1
(i) ds, Hy, as5, P : R — IR{;r ... w-periodic locally integrable,

w w N
/ [di(s) + Hl(s)] ds >0 / Z Pir(s)ds > 0,
0 0 k=1

(i) vij, 04, Tik, ik : R — [0, 7] (7« > 0)...w-periodic locally measurable,

(i) fir : ]Rar — R4 ... continuous, continuously differentiable at some neighbourhood of zero,

R. Hakl, J. Oyarce (IM C

Positive periodic solutions IMDETA, November 2, 2022 11/27



Statement of the Problem

ui(t) = —di(t)us(t) — Hi(t)ua(t — ou(t)) + Z aij(t)u;(t — vis(t))
=1

N
+ g Z Pip(t)us(t — 7ir(t)) far(ui(t — pir(t))) (=1,...,n), (1)
k=1

(i) ds, Hy, as5, P : R — IR{;r ... w-periodic locally integrable,

w w N
/ [di(s) + Hl(s)] ds >0 / Z Pir(s)ds > 0,
0 0 k=1

(i) vij, 04, Tik, ik : R — [0, 7] (7« > 0)...w-periodic locally measurable,
(i) fir : ]Rar — R4 ... continuous, continuously differentiable at some neighbourhood of zero,
Fie(0) <0,  fir(0) > fir(z) for z >0,

lim fix(z) =0,
T— 400

R. Hakl, J. Oyarce (IM C

Positive periodic solutions IMDETA, November 2, 2022 11/27



Statement of the Problem

ui(t) = —di(t)us(t) — Hi(t)ua(t — ou(t)) + Z aij(t)u;(t — vis(t))
=1

N
+ g Z Pip(t)us(t — 7ir(t)) far(ui(t — pir(t))) (=1,...,n), (1)
k=1

(i) ds, Hy, as5, P : R — IR{;r ... w-periodic locally integrable,

w w N
/ [di(s) + Hl(s)] ds >0 / Z Pir(s)ds > 0,
0 0 k=1

(i) vij, 04, Tik, ik : R — [0, 7] (7« > 0)...w-periodic locally measurable,
(i) fir : ]Rar — R4 ... continuous, continuously differentiable at some neighbourhood of zero,
Fie(0) <0,  fir(0) > fir(z) for z >0,

lim fix(z) =0,
T— 400

(iv) A; > 0.

R. Hakl, J. Oyarce (IM CAS, 3 Positive periodic solutions IMDETA, November 2, 2022 11/27



Statement of the Problem

ui(t) = —di(t)u(t) — Hi(t)ui(t — o4(t)) + Z aij(t)u;(t — viz(¢))
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N
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Introduce a directed graph (V, A), V = {z1,...,2x}, oriented edge (arc) [z;,z;] € A iff

w
/ a;j(s)ds > 0.
0

We assume that (V, A) is a strongly connected digraph, i.e., if for every z,y € V (z # y) there
exists an oriented path from z to y.
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N
+ X Z Pg()ui(t — man () fin(wa(t — par(?))) (E=1,...,n), (1)

k=1

Introduce a directed graph (V, A), V = {z1,...,2x}, oriented edge (arc) [z;,z;] € A iff

w
/ a;j(s)ds > 0.
0

We assume that (V, A) is a strongly connected digraph, i.e., if for every z,y € V (z # y) there
exists an oriented path from z to y.

A= TA-;(B), r >0, Om € [0,#/2}

i—1 n—1
A1(8) =cosf1, Ai(8)=cosb; H sinfmym (1=2,...,n—1), An(8)= H sin B,
m=1 m=1
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Main Results

ui(t) = —di(t)ui(t) — Hi(t)ui(t — ou(t)) + Z aij(t)u;(t — vi;(¢))

j=1

N
+ rA;(6) Z P (t)ui(t — i (t)) fir(uilt — pae(t))) (G =1,...,n), (1)
k=1

Theorem 1
n
k2

Let there exist v; € AC' (R; R+) (i=1,...,n)and g = (ﬁl) - €ACy (Ri) such that
Yi(t) < —di(t)vi(t) — Hi(t)yi(t — o4(t)) fora.e teR,

ﬂ:(t) > —d;(t)Bi(t) — Hi(t)Bi(t — o4(t)) + Z a;;(t)B;(t — vi5(t)) fora. e teR,

j=1

and B is not a solution. Then, for every 8 € [0, m/2]"~ there exists a threshold 7* > 0 such that

i) there is a positive w-periodic solution to (1) provided » > r*;

ii) there is no nontrivial w-periodic solution to (1) provided r» < r*.
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Sketch of Proof
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Sketch of Proof

n t N
w(t)=ry / 035 (t, )A5(8) Y Pir(s)us(s — m5u(s)) Fyn(us (s — in(s)))ds
j=1Ytw k=1

R(6) = {r > 0: the system (1) has a positive w-periodic solution}
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Sketch of Proof

n t N
u(t) =7 Z/ 9:5(t, $)A5(8) Z Pik(s)uj(s — Tir(s)) fir(uj(s — pje(s)))ds
Jj=1 t-w k=1
R(6) = {r > 0: the system (1) has a positive w-periodic solution}

r1 € 7?,(0), r2 > Tl — r2 € 7?,(9)
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Sketch of Proof

n t N
w(t)=ry / 035 (t, )A5(8) Y Pir(s)us(s — m5u(s)) Fyn(us (s — in(s)))ds
j=1 Vit-w k=1
R(6) = {r > 0: the system (1) has a positive w-periodic solution}
r1 € R(B), r2>r1 = 72 € R(H)

R(6) #0
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Sketch of Proof

ui(t) =r i /tt 9i5(t, $)A5(6) i Pjr(s)uj(s — 75(s)) fir(us(s — pjr(s)))ds
j=1Ytw k=1
R(6) = {r > 0: the system (1) has a positive w-periodic solution}
r1 € R(B), m2>r1 — 72 € R(H)
R(6) £ D

r* = inf R(6)
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ui(t) =r i /tt 9i5(t, $)A5(6) i Pjr(s)uj(s — 75(s)) fir(us(s — pjr(s)))ds
j=1Ytw k=1
R(6) = {r > 0: the system (1) has a positive w-periodic solution}
r1 € R(B), m2>r1 — 72 € R(H)
R(6) £ D

r* = inf R(6)

*

7* is continuous with respect to 8
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Dependence on Parameter

By S(r,8) we denote the set of all positive w-periodic solutions to (1) for corresponding r and 6.
Further, we put

S(r) = U S(r,6).

oelo,m/2]n—1
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By S(r,8) we denote the set of all positive w-periodic solutions to (1) for corresponding r and 6.
Further, we put

S(r) = U S(r,6).

oelo,m/2]n—1

Theorem 2

Let all the assumptions of Theorem 1 be fulfilled. Then, all positive w-periodic solutions to (1)
uniformly tends to infinity as r tends to infinity, i.e.,

lim inf{min{ui(t) teER,2E{L,...,n}}:u€E S(r)} = +o0.

r—+00
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By S(r,8) we denote the set of all positive w-periodic solutions to (1) for corresponding r and 6.
Further, we put

S(r) = U S(r,6).

oelo,m/2]n—1

Theorem 2

Let all the assumptions of Theorem 1 be fulfilled. Then, all positive w-periodic solutions to (1)
uniformly tends to infinity as r tends to infinity, i.e.,

lim inf{min{ui(t) teER,2E{L,...,n}}:u€E S(r)} = +o0.

r—+00

Theorem 3

Let all the assumptions of Theorem 1 be fulfilled, and let 8o = [0, /2]~ be a fixed vector.
Then
1i sup 4 ||ullc, : v € S(r,8); =0.
(r,6)—(r" (60),60) { }
r>7*(0)
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Dependence on Parameter

Theorem 4

Let all the assumptions of Theorem 1 be fulfilled. Let, moreover, » > 0, and let 8 € [0, 7/2]" !
be a fixed vector. Then, the system of linear differential equations

ui(t) = —di(t)uq(t) — Hi(t)ui(t — o4(t)) + Z aij(t)u;(t — vi(¢))

j=1
N
+ rAi(6) Z P (t) fie(0)us(t — () (i=1,...,n) (2)
k=1

has a positive w-periodic solution uw* iff » = 7*(8). Moreover, the set of w-periodic solutions to
(2) is one-dimensional, generated by u*.
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Theorem 4

Let all the assumptions of Theorem 1 be fulfilled. Let, moreover, » > 0, and let 8 € [0, 7/2]" !
be a fixed vector. Then, the system of linear differential equations

ui(t) = —di(t)uq(t) — Hi(t)ui(t — o4(t)) + Z aij(t)u;(t — vi(¢))

j=1
N
+ rAi(6) Z P (t) fie(0)us(t — () (i=1,...,n) (2)
k=1

has a positive w-periodic solution uw* iff » = 7*(8). Moreover, the set of w-periodic solutions to
(2) is one-dimensional, generated by u*.

We have

Therefore,

1
r*(6) = lim

roee 3/ i0)l
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Dependence on Parameter

Theorem 5

Let all the assumptions of Theorem 1 be fulfilled. Let, moreover, 8 € [0,7/2]"~! be a fixed
vector, and let there exist z,y € AC,, (Ri) and 71 > 0, o > 0 such that

zi(8) > —di(t)ei(t) — Hilt)zi(t — os(t)) + Zau Jos(t — vij(t))

+ r1A4(6) Z Pi(t) fir(0)zs(t — Tan(t)) (G=1,...,n),

k=1

yi(t) < —di(t)yi(t) — Hi(t)yi(t — ou(t)) + Z aij(t)y; (t — vi5(2))

j=1
N
+ r2Ai(6) Z Pie(t) fir(0)yi(t — 7i(t)) (i=1,...,7n).
k=1

Then,
r1 < r*(8) < ra.
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Examples

ui(t) = —3u1(t) + 2ua(t) + A2u1(t — 1) exp(—ui(t — 2))
uh(t) = u1(t) — 2uz2(t) + Az2ua(t — 3) exp(—ua(t — 4))
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ui(t) = —3u1(t) + 2ua(t) + A2u1(t — 1) exp(—ui(t — 2))
uh(t) = u1(t) — 2uz2(t) + Az2ua(t — 3) exp(—ua(t — 4))

ui(t) = —3ui(t) + 2u2(t) + A12u1(t — 1)
ug(t) = ul(t) — 2u2(t) + Azug(t — 2)
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Examples
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uh(t) = u1(t) — 2uz2(t) + Az2ua(t — 3) exp(—ua(t — 4))

ui(t) = —3ui(t) + 2u2(t) + A12u1(t — 1)
ug(t) = ul(t) — 2u2(t) + Azug(t — 2)

(2A1 = 3)(A2—2)—2=0, 0<A1<3/2, 0<A2<2
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Examples

ui(t) = —3u1(t) + 2ua(t) + A2u1(t — 1) exp(—ui(t — 2))
uh(t) = u1(t) — 2uz2(t) + Az2ua(t — 3) exp(—ua(t — 4))

ui(t) = —3ui(t) + 2u2(t) + A12u1(t — 1)
ug(t) = ul(t) — 2u2(t) + )\guz(t — 2)

(2A1 = 3)(A2—2)—2=0, 0<A1<3/2, 0<A2<2

A
A2
4
3
< >
0 1 A
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Examples

ui(t) = —3u1(t) + 2ua(t) + A2u1(t — 1) exp(—ui(t — 2))
uh(t) = u1(t) — 2uz2(t) + Az2ua(t — 3) exp(—ua(t — 4))

©

-

0 20 40 60 80 100
time t

(a) (M\1,X2) = (0.5,0.9)

0 20 40 60 80 100
time t

(c) (A1,A2) = (0.5,1.5)

R. Hakl, J Positive periodic solutions

05 &’\&

0 20 40 60 80 100
time t

(b) (A\1,22) =(0.5,1)

(d) (A1,22)= (0.5;5)
IMDETA, November 2, 2022
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Examples

uwi(t) = —3u1(t) + 2u2(t) + rcos(8)(2 + 0.Lcost)ui(t — 1) exp(—u1(t — 2))
ug(t) = u1(t) — 2uz(t) + rsin(8)(1 + 0.05sint)us(t — 3) exp(—ua(t — 4))
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Examples

uwi(t) = —3u1(t) + 2u2(t) + rcos(8)(2 + 0.Lcost)ui(t — 1) exp(—u1(t — 2))
ug(t) = u1(t) — 2uz(t) + rsin(8)(1 + 0.05sint)us(t — 3) exp(—ua(t — 4))

u}(t) = —3u1(t) + 2u2(t) + r cos(6)(2 + 0.1cost)uy (t — 1)
us(t) = u1(t) — 2ua(t) + rsin(8)(1 + 0.05sint)ua(t — 3)
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Examples

uwi(t) = —3u1(t) + 2u2(t) + rcos(8)(2 + 0.Lcost)ui(t — 1) exp(—u1(t — 2))
ug(t) = u1(t) — 2uz(t) + rsin(8)(1 + 0.05sint)us(t — 3) exp(—ua(t — 4))

u}(t) = —3u1(t) + 2u2(t) + r cos(6)(2 + 0.1cost)uy (t — 1)
us(t) = u1(t) — 2ua(t) + rsin(8)(1 + 0.05sint)ua(t — 3)

21 (t) = —3z1(t) + 2z2(t) + r1(8) cos(8)2.1z1 (¢t — 1)
zh(t) = z1(t) — 2z2(t) + r1(6) sin(8)1.05z2(t — 3)
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21 (t) = —3z1(t) + 2z2(t) + r1(8) cos(8)2.1z1 (¢t — 1)
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z (t) > —3z1(t) + 2z2(t) + r1(6) cos(8)(2 + 0.1cost)zy (¢t — 1)
zh(t) > z1(t) — 2za(t) + 71(8) sin(8)(1 + 0.05sint)za(t — 3)
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Examples

uwi(t) = —3u1(t) + 2u2(t) + rcos(8)(2 + 0.Lcost)ui(t — 1) exp(—u1(t — 2))
5(t) = u1(t) — 2u2(t) + rsin(8)(1 + 0.05sint)us(t — 3) exp(—ua(t — 4))
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u}(t) = —3u1(t) + 2u2(t) + r cos(6)(2 + 0.1cost)uy (t — 1)
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z (t) > —3z1(t) + 2z2(t) + r1(6) cos(8)(2 + 0.1cost)zy (¢t — 1)
zh(t) > z1(t) — 2za(t) + 71(8) sin(8)(1 + 0.05sint)za(t — 3)

y1(t) = —3y1(t) + 2y2(t) + r2(6) cos(6)1.9y1(t — 1)
ya(t) = y1(t) — 2y2(t) + 72(8) sin(8)0.95y2 (¢t — 3)
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Examples
uwi(t) = —3u1(t) + 2u2(t) + rcos(8)(2 + 0.Lcost)ui(t — 1) exp(—u1(t — 2))
ug(t) = u1(t) — 2uz(t) + rsin(8)(1 + 0.05sint)us(t — 3) exp(—ua(t — 4))
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ya(t) = y1(t) — 2y2(t) + 72(8) sin(8)0.95y2 (¢t — 3)

y1(t) < —3y1(t) + 2y2(t) + 72(8) cos(8)(2 + 0.1 cost)y1 (t — 1)
ya(t) < yi1(t) — 2y2(t) + 72(#) sin(8)(1 + 0.05sint)ya(t — 3)
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Examples

uwi(t) = —3u1(t) + 2u2(t) + rcos(8)(2 + 0.Lcost)ui(t — 1) exp(—u1(t — 2))
ug(t) = u1(t) — 2uz(t) + rsin(8)(1 + 0.05sint)us(t — 3) exp(—ua(t — 4))

u}(t) = —3u1(t) + 2u2(t) + r cos(6)(2 + 0.1cost)uy (t — 1)

us(t) = u1(t) — 2ua(t) + rsin(8)(1 + 0.05sint)ua(t — 3)
21 (t) = —3z1(t) + 2z2(t) + r1(8) cos(8)2.1z1 (¢t — 1)
zh(t) = z1(t) — 2z2(t) + r1(6) sin(8)1.05z2(t — 3)

z (t) > —3z1(t) + 2z2(t) + r1(6) cos(8)(2 + 0.1cost)zy (¢t — 1)
zh(t) > z1(t) — 2za(t) + 71(8) sin(8)(1 + 0.05sint)za(t — 3)

y1(t) = —3y1(t) + 2y2(t) + r2(6) cos(6)1.9y1(t — 1)
ya(t) = y1(t) — 2y2(t) + 72(8) sin(8)0.95y2 (¢t — 3)

y1(t) < —3y1(t) + 2y2(t) + 72(8) cos(8)(2 + 0.1 cost)y1 (t — 1)
ya(t) < yi1(t) — 2y2(t) + 72(#) sin(8)(1 + 0.05sint)ya(t — 3)

r1(8) <r*(8) <r2(6)
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Examples

ul(t) = —3u1(t) + 2u2(t) + rcos(8)(2 + 0.1 cost)us (t — 1) exp(—u1(t — 2))
uh(t) = u1(t) — 2ua(t) + rsin(8)(1 + 0.05sint)ua(t — 3) exp(—ua(t — 4))
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Examples

ul(t) = —3u1(t) + 2u2(t) + rcos(8)(2 + 0.1 cost)us (t — 1) exp(—u1(t — 2))
uh(t) = u1(t) — 2ua(t) + rsin(8)(1 + 0.05sint)ua(t — 3) exp(—ua(t — 4))

A A
1.4 »
" V) 14
o J 1.2
>
0.95 y=11(60)
< g L < 0 0.95 1.05 A
2
v v

0.92371 < r*(7/6) < 1.02095
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Examples

/
1
up

R. Hakl, J

wy(t) = —3u1(t) + 2ua(t) + rcos(8)(2 + 0.1cost)ui(t — 1) exp(—ui(t — 2))

(t) = u1(t) — 2u2(t) + rsin(8)(1 + 0.05sint)ua(t — 3) exp(—ua(t — 4))

I 05
0

20 40 60 80 100
time t

(a) (r,6) = (0.5,7/6)

= 1
EX
05

0 20 40 60 80 100
time t

(c) (r,6) = (1.5,7/6)

Positive periodic solutions
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time t

(b) (r,0) = (1,7/6)
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time t

(d) (r,8) =(5,7/6)

IMDETA, November 2, 2022
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Examples

() = —3ui(t) + 2u2(t) + 7 cos(8)(2 + cost)ui (t — 1) exp(—u1i(t — 2))
uh(t) = ui(t) — 2u2(t) + 7 sin(8)(1 + sint)ua(t — 3) exp(—u2(t — 4))
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Examples

() = —3ui(t) + 2u2(t) + 7 cos(8)(2 + cost)ui (t — 1) exp(—u1i(t — 2))
uh(t) = ui(t) — 2u2(t) + 7 sin(8)(1 + sint)ua(t — 3) exp(—u2(t — 4))

i (t) = —3ui(t) + 2u2(t) + r cos(8)(2 + cost)ui(t — 1)
ug(t) = u1(t) — 2uz(t) + rsin()(1 + sint)ua(t — 3)
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Examples

() = —3ui(t) + 2u2(t) + 7 cos(8)(2 + cost)ui (t — 1) exp(—u1i(t — 2))
uh(t) = ui(t) — 2u2(t) + 7 sin(8)(1 + sint)ua(t — 3) exp(—u2(t — 4))

i (t) = —3ui(t) + 2u2(t) + r cos(8)(2 + cost)ui(t — 1)
5(t) = u1(t) — 2ua(t) + rsin(8)(1 + sint)ua(t — 3)

U

z)(t) = —3z1(t) + 2z2(t) + 71(6) cos(8)3z1(t — 1)
z4(t) = z1(t) — 2z2(t) + r1(0) sin(6)2z2(t — 3)
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Examples

() = —3ui(t) + 2u2(t) + 7 cos(8)(2 + cost)ui (t — 1) exp(—u1i(t — 2))
uh(t) = ui(t) — 2u2(t) + 7 sin(8)(1 + sint)ua(t — 3) exp(—u2(t — 4))

i (t) = —3ui(t) + 2u2(t) + r cos(8)(2 + cost)ui(t — 1)
ug(t) = u1(t) — 2uz(t) + rsin()(1 + sint)ua(t — 3)

z)(t) = —3z1(t) + 2z2(t) + 71(6) cos(8)3z1(t — 1)
z4(t) = z1(t) — 2z2(t) + r1(0) sin(6)2z2(t — 3)

y1(8) = —3y1(t) + 2y2(t) + 72(6) cos(8)y1 (¢t — 1)
ya(t) = y1(t) — 2y2(t)
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Examples

() = —3ui(t) + 2u2(t) + 7 cos(8)(2 + cost)ui (t — 1) exp(—u1i(t — 2))
uh(t) = ui(t) — 2u2(t) + 7 sin(8)(1 + sint)ua(t — 3) exp(—u2(t — 4))

i (t) = —3ui(t) + 2u2(t) + r cos(8)(2 + cost)ui(t — 1)
ug(t) = u1(t) — 2uz(t) + rsin()(1 + sint)ua(t — 3)

z)(t) = —3z1(t) + 2z2(t) + 71(6) cos(8)3z1(t — 1)
z4(t) = z1(t) — 2z2(t) + r1(0) sin(6)2z2(t — 3)

y1(8) = —3y1(t) + 2y2(t) + 72(6) cos(8)y1 (¢t — 1)
ya(t) = y1(t) — 2y2(t)

0.597 < r*(r/4) < 2.828
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Examples

u}(t) = —3u1(t) + 2ua(t) + r cos(6)(2 + cost)u (t — 1) exp(—u1(t — 2))
uy(t) = u1(t) — 2ua(t) + rsin(8)(1 + sint)ua(t — 3) exp(—ua(t — 4))

ul(t) = —3u1(t) + 2uz(t) + rcos(6)(2 + cost)ui(t — 1)
uh(t) = u1(t) — 2ua(t) + rsin(8)(1 + sint)ua(t — 3)

z1(t) =1+ asint + bcost, z2(t) = k(1 + csint + dcost),
~07<a,bc,d<07, 01<k<2
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Examples

u}(t) = —3u1(t) + 2ua(t) + r cos(6)(2 + cost)u (t — 1) exp(—u1(t — 2))
uy(t) = u1(t) — 2ua(t) + rsin(8)(1 + sint)ua(t — 3) exp(—ua(t — 4))

ul(t) = —3u1(t) + 2uz(t) + rcos(6)(2 + cost)ui(t — 1)
uh(t) = u1(t) — 2ua(t) + rsin(8)(1 + sint)ua(t — 3)

z1(t) =1+ asint + bcost, z2(t) = k(1 + csint + dcost),
~07<a,bc,d<07, 01<k<2

2} (t) + 3z1(t) — 2z2(t)
cos(8)(2 + cost)z1(t — 1)

r11(k,a,b,¢,d) = min{ 1te [0,2#]} ,

(t 2 t) — t
r12(k,a,b,c,d)defmin{ 23(t) + 222(t) — 21(t) -te[o,zﬂ},

sin(8)(1 + sint)z1 (¢t — 3)
d, .
ri(k,a,b,¢c,d) et min{rii(k,a,b,¢,d),r12(k,a,b,c,d)},

r1(0) def max{ri(k,a,b,c,d) : k,a,b,c,d}
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Examples

u}(t) = —3u1(t) + 2ua(t) + r cos(6)(2 + cost)u (t — 1) exp(—u1(t — 2))
uy(t) = u1(t) — 2ua(t) + rsin(8)(1 + sint)ua(t — 3) exp(—ua(t — 4))

ul(t) = —3u1(t) + 2uz(t) + rcos(6)(2 + cost)ui(t — 1)
uh(t) = u1(t) — 2ua(t) + rsin(8)(1 + sint)ua(t — 3)
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~07<a,bc,d<07, 01<k<2
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Examples

u}(t) = —3u1(t) + 2ua(t) + r cos(6)(2 + cost)u (t — 1) exp(—u1(t — 2))
uy(t) = u1(t) — 2ua(t) + rsin(8)(1 + sint)ua(t — 3) exp(—ua(t — 4))

ul(t) = —3u1(t) + 2uz(t) + rcos(6)(2 + cost)ui(t — 1)
uh(t) = u1(t) — 2ua(t) + rsin(8)(1 + sint)ua(t — 3)

y1(t) =1+ asint + bcost, y2(t) = k(1 + csint + dcost),
~07<a,bc,d<07, 01<k<2

r21(k,a,b,¢,d) =4 max{ vi(®) +3uit) — 2u:(t) S [0,2#]} ,

cos(8)(2 + cost)y1(t — 1)

def Ya(t) +292(8) — w1 (¢)
ra2(k,a,b,¢,d) = max { sinz(e)(l T sint)yi(t—3)

1t € [0,2%]} ,

d
T2(k7 a, b: ¢, d) ;f max{rgl(k, a, br 3 d)r r22(k7 a, b: ¢, d)}7

r2(0) aef min{r2(k,a,b,c,d) : k,a,b,c,d}
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Examples

uf () = —3u(t) + 2ua(t) + rcos(8)(2 + cost)ui (t — 1) exp(—u1i(t — 2))
uh(t) = u1(t) — 2uz2(t) + rsin(8)(1 + sint)ua(t — 3) exp(—ua(t — 4))

ui(t) = —3ui(t) + 2uz(t) + 7 cos(8)(2 + cost)ui (t — 1)
uh(t) = u1(t) — 2ua(t) + rsin(8)(1 + sint)ua(t — 3)

z1(t) =1+ a1 sint + by cost, z2(t) = k1(1 4 c1 sint 4 di cost),
y1(t) = 1+ azsint + by cost, y2(t) = k2(1l + casint + da cost),
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Examples

uf () = —3u(t) + 2ua(t) + rcos(8)(2 + cost)ui (t — 1) exp(—u1i(t — 2))
uh(t) = u1(t) — 2uz2(t) + rsin(8)(1 + sint)ua(t — 3) exp(—ua(t — 4))

ui(t) = —3ui(t) + 2uz(t) + 7 cos(8)(2 + cost)ui (t — 1)
uh(t) = u1(t) — 2ua(t) + rsin(8)(1 + sint)ua(t — 3)

z1(t) =1+ a1 sint + by cost, z2(t) = k1(1 4 c1 sint 4 di cost),
y1(t) = 1+ azsint + by cost, y2(t) = k2(1l + casint + da cost),

—3z1(¢) + 2z2(t) + 71(6) cos(8)(2 + cost)z1(t — 1)
z1(t) — 2z2(t) + r1(8) sin(8)(1 + sint)z2(t — 3)
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Examples

uf () = —3u(t) + 2ua(t) + rcos(8)(2 + cost)ui (t — 1) exp(—u1i(t — 2))
5(t) = u1(t) — 2uz2(t) + rsin(8)(1 + sint)ua(t — 3) exp(—ua(t — 4))

U

ui(t) = —3ui(t) + 2uz(t) + 7 cos(8)(2 + cost)ui (t — 1)
uh(t) = u1(t) — 2ua(t) + rsin(8)(1 + sint)ua(t — 3)

z1(t) =1+ a1 sint + by cost, z2(t) = k1(1 4 c1 sint 4 di cost),
y1(t) = 1+ azsint + by cost, y2(t) = k2(1l + casint + da cost),

—3z1(¢) + 2z2(t) + 71(6) cos(8)(2 + cost)z1(t — 1)
1(t) — 2z2(t) + 71(8) sin(0)(1 + sint)za(t — 3)

8
RS
—
(3
=
\2NAY
5]

< —3y1(t) + 2y2(t) + r2(0) cos(8)(2 + cost)yi (t — 1)
¥a(t) < y1(t) — 2u2(t) + 72(8) sin(6)(1 + sint)ya(t — 3)
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Examples

uf () = —3u(t) + 2ua(t) + rcos(8)(2 + cost)ui (t — 1) exp(—u1i(t — 2))
5(t) = u1(t) — 2uz2(t) + rsin(8)(1 + sint)ua(t — 3) exp(—ua(t — 4))

U

ui(t) = —3ui(t) + 2uz(t) + 7 cos(8)(2 + cost)ui (t — 1)
uh(t) = u1(t) — 2ua(t) + rsin(8)(1 + sint)ua(t — 3)

z1(t) =1+ a1 sint + by cost, z2(t) = k1(1 4 c1 sint 4 di cost),
y1(t) = 1+ azsint + by cost, y2(t) = k2(1l + casint + da cost),

—3z1(¢) + 2z2(t) + 71(6) cos(8)(2 + cost)z1(t — 1)
1(t) — 2z2(t) + 71(8) sin(0)(1 + sint)za(t — 3)

8
RS
—
(3
=
\2NAY
5]

< —3y1(t) + 2y2(t) + r2(0) cos(8)(2 + cost)yi (t — 1)
¥2(t) < ya(t) — 2y2(¢) + r2(8) sin(6)(1 + sint)ya(t - 3)

71(8) < 77(8) < 72(6)
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Examples
ui(t) = —3u1(t) + 2ua(t) + 7 cos(8)(2 + cost)ui(t — 1) exp(—ui(t — 2))
uh(t) = u1(t) — 2uz2(t) + rsin(8)(1 + sint)ua(t — 3) exp(—ua(t — 4))
For § = m/4 we can choose

z1(t) =1+ 0.24sint — 0.15cos't, z2(t) = 0.95(1 + 0.46sint + 0.26 cos t),
y1(t) =1+ 0.27sint — 0.06 cos't, y2(t) = 0.66(1 + 0.44sint — 0.05 cost),
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Examples
ui(t) = —3u1(t) + 2ua(t) + 7 cos(8)(2 + cost)ui(t — 1) exp(—ui(t — 2))
uh(t) = u1(t) — 2uz2(t) + rsin(8)(1 + sint)ua(t — 3) exp(—ua(t — 4))
For § = m/4 we can choose

z1(t) =1+ 0.24sint — 0.15cos't, z2(t) = 0.95(1 + 0.46sint + 0.26 cos t),
y1(t) =1+ 0.27sint — 0.06 cos't, y2(t) = 0.66(1 + 0.44sint — 0.05 cost),

Then

0.712 < 7*(7/4) < 1.391
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Examples
ui(t) = —3u1(t) + 2ua(t) + 7 cos(8)(2 + cost)ui(t — 1) exp(—ui(t — 2))
uh(t) = u1(t) — 2uz2(t) + rsin(8)(1 + sint)ua(t — 3) exp(—ua(t — 4))
For § = m/4 we can choose

z1(t) =1+ 0.24sint — 0.15cos't, z2(t) = 0.95(1 + 0.46sint + 0.26 cos t),
y1(t) =1+ 0.27sint — 0.06 cos't, y2(t) = 0.66(1 + 0.44sint — 0.05 cost),

Then
0.712 < r*(mw/4) < 1.391

Comparison with autonomous systems
0.597 < r*(m/4) < 2.828
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Examples
ui(t) = —3u1(t) + 2ua(t) + 7 cos(8)(2 + cost)ui(t — 1) exp(—ui(t — 2))
uh(t) = u1(t) — 2uz2(t) + rsin(8)(1 + sint)ua(t — 3) exp(—ua(t — 4))
For § = m/4 we can choose

z1(t) =1+ 0.24sint — 0.15cos't, z2(t) = 0.95(1 + 0.46sint + 0.26 cos t),
y1(t) =1+ 0.27sint — 0.06 cos't, y2(t) = 0.66(1 + 0.44sint — 0.05 cost),

Then
0.712 < r*(mw/4) < 1.391

Comparison with autonomous systems

0.597 < r*(7/4) < 2.828

Other angles

0.779 < r*(m/3) < 1.801
0.812 < r*(n/5) < 1.432
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