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MEMS devices

MEMS devices

(a) (b)

MEMS (Micro-Electro-Mechanical Systems) : precision devices
combine both mechanical processes with electrical circuits
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MEMS devices

Electrically actuated MEMS device - Configuration 1
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MEMS devices

Electrically actuated MEMS device - Configuration 2

βc

Circuit 
Connection

βc

Upper Plate
β β

Ground Plate

β : magnitude of spring force

βc : magnitude of external force (e.g gravity force).
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Deterministic MEMS Models

Local model

ut = ∆u +
λh(x)

(1− u)2
, x ∈ Ω, t > 0 (1)

∂u

∂ν
+ βu = βc , x ∈ ∂Ω, t > 0 (2)

0 ≤ u(x , 0) = u0(x) < 1, x ∈ Ω (3)

u =the displacement of the elastic membrane toward the ground plate

λ ∝ V 2, where V is the applied voltage

h(x) =dielectric profile of the elastic membrane, eg. h(x) ≡ 1

Finite-time quenching: ‖u(·, t)‖∞ → 1 as t → Tq <∞.
Quenching =⇒ Touching down (possible destruction of MEMS
device)
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Deterministic MEMS Models

Local model(Bifurcation 1−dimension)
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Finite-time quenching occurs only for “big” values of λ. (Guo 1991)

Finite-time quenching occurs only for “large” enough initial values
u0(x). (Guo 1991)
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Deterministic MEMS Models

Nonlocal model

ut = ∆u +
λ

(1− u)2
(

1 + α
∫

Ω
1

1−u dx
)2
, x ∈ Ω, t > 0 (4)

∂u

∂ν
+ βu = βc , x ∈ ∂Ω, t > 0 (5)

0 ≤ u(x , 0) = u0(x) < 1, x ∈ Ω (6)

Purpose: extend the stable operation of MEMS device

Implementation: addition of a series capacitance Cf

α = C0
Cf
, where C0 denotes the capacitance of the undeflected device.
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Deterministic MEMS Models

Nonlocal model(Bifurcation 1−dimension)
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(f)

Finite-time quenching occurs only for “big” values of λ. (Drosinou,
K., Nikolopoulos 2021)

Finite-time quenching occurs only for “large” enough initial values
u0(x). (Drosinou, K., Nikolopoulos 2021)
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MEMS model with spatio-temporal noise

Local stochastic model

λ→ λ+noise then model (4)-(6) can take the form, (K. 2016),

ut = ∆u +
λ

(1− u)2
+σ(u)∂tW , x ∈ Ω, t > 0 (7)

∂u

∂ν
+ βu = βc , x ∈ ∂Ω, t > 0 (8)

0 ≤ u(x , 0) = u0(x) < 1, x ∈ Ω (9)

W (x , t) =
∑∞

i=1 µ
1/2
i χi (x)Bi (t) : Wiener process

σ(·) locally Lipschitz with linear growth

σ(u)∂tW (x , t) : multiplicative spatial-temporal noise
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MEMS model with spatio-temporal noise

Quenching for model (7)-(9)

Finite-time quenching: lim supt→Tq
E [‖u(·, t)‖∞] = 1

Theorem 1(K. 2016)

Given that E [‖u0(·)‖∞] < 1 then the solution of (7)-(9) quenches in finite
time for “big” values of λ.

Theorem 2(K. 2016)

Take λ > 0 and E [‖u0(·)‖∞] < 1 then the solution of (7)-(9) quenches in
finite time provided that E

[∫
Ω u0(x)φ1(x) dx

]
> ζ where ζ is the largest

root of the equation g(τ) = λ
(1−τ)2 − µ1τ = 0 and (µ1, φ1) first eigenpair

of −∆R .

If finite-time quenching occurs then all solution moments quench.
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MEMS models with temporal Brownian noise

MEMS model with Brownian noise

zt = ∆z − λ

z2
−κzdBt , x ∈ Ω, t > 0 (10)

∂z

∂ν
+ βz = 0, x ∈ ∂Ω, t > 0 (11)

0 < z(x , 0) = z0(x) ≤ 1, x ∈ Ω (12)

z := 1− u

Bt one-dimensional Brownian motion

κ postive constant

β = βc

κzdBt : multiplicative linear temporal noise
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MEMS models with temporal Brownian noise

An equivalent RPDE model

Finite-time quenching for (10)-(12):
limt→τ infx∈Ω |z(x , t)| = 0, a.s. on the event {τ <∞},
Set v = eκBtz 0 ≤ t < τ then we derive the equivalent RPDE
problem

vt = ∆v − κ2

2
v + λe3κBtv−2 x ∈ Ω, t > 0, (13)

∂v

∂ν
+ βv = 0, on x ∈ ∂Ω, t > 0, (14)

v(x , 0) = z0(x), x ∈ Ω (15)

The solution to (13)-(15) should be understood trajectorywise

z quenches in time τ if and only if v quenches in random time τ.
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MEMS models with temporal Brownian noise

Finite-time quenching

Theorem 3(Drosinou, K. , Nikolopoulos 2022)

The (weak) solution of problem

zt = ∆z − λ

z2
− κzdBt , x ∈ Ω, t > 0

∂z

∂ν
+ βz = 0, x ∈ ∂Ω, t > 0

0 < z(x , 0) = z0(x) ≤ 1, x ∈ Ω,

quenches in finite time with probability one, i.e. almost surely, regardless
the size of its initial condition as well as that of parameter λ.

The impact of noise is vital into quenching! Note that the
corresponding deterministic problem quenches only for “big” λ or
“large enough” initial data z0(x).

Nikos I. Kavallaris (Karlstad University) Stochastic MEMS models May 18, 2023 14 / 23



MEMS models with temporal Brownian noise

Regularizing effect

Theorem 4(Drosinou, K. , Nikolopoulos 2022)

The (weak) solution of problem

zt = ∆z − λe−3γt

z2
− κzdBt , x ∈ Ω, t > 0 (16)

∂z

∂ν
+ βz = 0, x ∈ ∂Ω, t > 0, (17)

0 < z(x , 0) = z0(x) ≤ 1, x ∈ Ω. (18)

quenches in finite time with positive probability
P [τ < +∞] ≥ 1

Γ(−µ)

∫ θ
0 e−yy−µ−1 dy , for given θ, when γ ≥ µ1 + κ2

2 ,

quenches in finite time almost surely provided that γ < µ1 + κ2

2 .
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MEMS models with temporal Brownian noise

Global existence

Theorem 5(Drosinou, K. , Nikolopoulos 2022)

Consider initial data 0 < z0(x) ≤ 1 such that∫ ∞
0

e3κBrρ−3(r) dr <
1

4λ
,

where ρ(t) := infx∈Ω eγtStv0(x) > 0. Then, with probability 1, problem
(16)-(18) admits a global in time solution satisfying

0 < eγt−κBtStv0(x)G(t) ≤ z(x , t) < 1, x ∈ Ω, t ≥ 0,

where G(t) :=
[
1− 4λ

∫ t
0 e3κBrµ−3(r) dr

]1/4
< 1 and St stands for the

semigroup generated by −∆R .
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MEMS models with temporal Brownian noise

Estimates of Quenching time

Theorem 6(Drosinou, K. , Nikolopoulos 2022)

Consider now v0(x) = K1e
−µ1ηφ1(x), for some K1, η > 0 then the

quenching time (stopping time) τ for problem (16)-(18) is bounded by
τ∗ < τ < τ∗ where

τ∗ := inf

{
t > 0 :

∫ t

0
e3[(µ1−γ)s+κBs ]ds ≥ K 3

1 (infx∈Ω φ1(x))3 e−3λ1η

4λ

}
,

and

τ∗ := inf

{
t > 0 :

∫ t

0
e3[(µ1−γ)s+κBs ]ds ≥

K 3
1 e
−3λ1η

(∫
Ω φ

2
1(x) dx

)3

3λ

}
.
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Numerical Results

Numerical Results
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Figure 1: (a) Realisation of the numerical solution of problem (10)-(12) for λ = 0.3, κ = 1,
initial condition u(x , 0) = c x(1− x) for c = 0.1 and with β = βc = 1 in the nonhomogeneous
boundary condition. (b) Plot of ‖u(·, t)‖∞. The quenching behaviour is apparent.
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Numerical Results

Numerical Results - Cont.
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Figure 2: (a) Realisation of the ‖u(·, t)‖∞ of the numerical solution of problem (10)-(12) or
λ = 2, κ = 1 and initial condition u(x , 0) = c x(1− x) for c = 0.1. (b) Plot of u(x , ti ) from a
different realization with the same values of the parameters at five time instants.
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MEMS models with alternative types of temporal noises

Fractional Brownian noise

zt = ∆z − λe−γtz−2 − κzdBH
t , x ∈ Ω, t > 0,

∂z

∂ν
+ βz = 0, x ∈ ∂Ω, t > 0,

0 < z(x , 0) = z0(x) ≤ 1, x ∈ Ω.

(Drosinou, Nikolopoulos, Matzavinos, K., (2023))

BH
t one-dimensional fractional Brownian motion with Hurst index H.

H > 1
2 long-range effects, stochastic integral is defined as a

Riemann-Stieltje integral

Estimation of quenching probability

Estimation of quenching time

Estimation of probability of global existence
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MEMS models with alternative types of temporal noises

Nonlocal diffusion and mixed noise

zt = −1

2
k2(t)Lz − g(x , z)− zdNt , x ∈ Ω, t > 0,

N z(x , t) + β(x)z(x , t) = 0, x ∈ Ωc := Rd \ Ω, t > 0,

0 ≤ z(x , 0) = z0(x) < 1, x ∈ Ω,

(K., Nikolopoulos, Yannacopoulos (2023))

Lu(x , t) := p.v .
∫
Rd (u(x , t)− u(y , t))k(x , y)dy , x ∈ Rd ,

Λ̃−1ν(x − y) ≤ k(x , y) ≤ Λ̃ν(x − y), x , y ∈ Rd , Λ̃ > 0,

ν : Rd \ {0} → [0,∞) density of a symmetric Lévy measure.

Nu(y , t) :=
∫

Ω(u(y , t)− u(x), t)k(x , y)dx , y ∈ Ωc

g(x , z) = λζ(x)z−2 − γz for γ, λ, ζ(x) > 0 and g →∞ as z → 0

Nt :=
∫ t

0 a(s)dBs +
∫ t

0 b(s)dBH
s , H > 1

2
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