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This talk is devoted to ensure the existence of positive solutions of the
following nonlinear fourth order problem coupled to the clamped beam per-
turbed functional boundary conditions:

u (&) + Mu(t) = f(t,u(t),u/(t), tel:=][0,1],
u(0) = A\ Li(u), u(l) = Az La(u),
UI(O) = )\3 L3( ), Ul(l) = —)\4 L4(u),

where M, \; € R and L; : C(I) — R are linear and continuous func-
tionals, i =1,....,4.

[@ Cabada, A., Jebari, R., L-S, L., ‘Existence Results for a Fourth Order
Problem with Functional Perturbed Clamped Beam Boundary Condi-
tions', Mathematica Slovaca, 74(4), 895-916, 2024.
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It is very well-known that the beam is mostly used in many structures such
as aircrafts, buildings, ships, and bridges.

¥ Gazzola, F., Mathematical models for suspension bridges: Nonlinear
structural instability, Modeling, Simulations and Applications, Vol. 15,
Springer, 2015.

Many scientists focused on the study of deformations of the beam by de-
riving differential equations governing the relationship between the beam’s
deflection and the applied load as given by

88; <E1821;(f)> = w(x).
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9 <EI8 u(a:)) = w(x).

Ox? Ox?

® The curve u(x) describes the deflection of the one dimensional beam
of length L at some position z.

® w is a distributed load (a force per unit length). It may be a function
of x, u, or other variables.

® [ represents the elastic modulus and I is the second moment of area.

w(x)
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INTRODUCTION

Many authors studied the existence of positive solutions of unidimensional
equation of the beam deflection coupled with different kinds of boundary

conditions. See for example:
@ Lazer, A. C.; McKenna, P. J., Large-amplitude periodic oscillations in

suspension bridges: some new connections with nonlinear analysis,
SIAM Rev. 32 (1990), 4, 537-578.

[3] Dréibek, P., Holubova, G., Matas, A., Netesal, P., Nonlinear models of
suspension bridges: discussion of the results, Appl. Math. 48 (2003),
6, 497-514.
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INTRODUCTION

Many authors studied the existence of positive solutions of unidimensional
equation of the beam deflection coupled with different kinds of boundary
conditions. See for example:

@ Lazer, A. C.; McKenna, P. J., Large-amplitude periodic oscillations in
suspension bridges: some new connections with nonlinear analysis,
SIAM Rev. 32 (1990), 4, 537-578.

[3] Dréibek, P., Holubova, G., Matas, A., Netesal, P., Nonlinear models of
suspension bridges: discussion of the results, Appl. Math. 48 (2003),
6, 497-514.

The techniques were based on fixed point theorems on cones, critical point
theory, lower and upper solutions method or spectral theory.
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PRELIMINARIES: GREEN’S FUNCTION

Differential problem

Given X a Banach space and L a differential operator, find solutions of

Lu(t) = f(t,u(t)), tel, wuwelX.
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PRELIMINARIES: GREEN’S FUNCTION

Differential problem

Given X a Banach space and L a differential operator, find solutions of

Lu(t) = f(t,u(t)), tel, wuwelX.

® [ is nonresonant on X if and only if

has only the trivial solution.
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PRELIMINARIES: GREEN’S FUNCTION

The following conditions are equivalent:
® [ is nonresonant on X.

® There exists a unique Green’s function G related to problem
Lu=0, tel, welX.

® For each o € L!(I), problem

has a unique solution

u(t) = /IG(t, ) o(s)ds, Vel
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PROPERTIES OF THE GREEN’S FUNCTION

Definition
Given L a n-th order differential operator, G is a Green's function for

problem
Lu(t)=0, tel, wuelX,

if it satisfies the following properties:

® (G is continuous on I x I.

k . 0
° %tf exist and are continuouson I x I, k=1,...,n — 2.
q 0 0 0 or—1qg oG 0 0
The partial derivatives Sg=T and 5,7 exist and are continuous on

I xI\{(t,t), tel}.
n—1 n—1 _ n—1 _ n—1
> %tn—lG(t+7t) - é?gtT?(t at) = aatn—?(t)t ) - %tT?(t7t+) =1
® For each s € I, G(-, s) is a solution of Ly(t) =0, t € I'\ {s}.
e For each s € I, G(-, s) satisfies the corresponding initial or boundary
conditions.
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FROM DIFFERENTIAL PROBLEMS TO TOPOLOGICAL
METHODS

Differential problem
Given X a Banach space and L a differential operator, find solutions of

Lu(t) = f(t,u(t)), tel, uwelX.

An equivalent problem:

Integral problem
Find fixed points of an integral operator T: X — X given by

Tu(t) = /IG(t, s) f(s,u(s))ds.

We look for fixed points of operator 1" using topological methods.
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FIXED POINTS OF INTEGRAL OPERATORS

Basic Conditions:
® (X,| - is a Banach space;
o T: (X,|-|) = (X,]-|l) a compact operator.
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FIXED POINTS OF INTEGRAL OPERATORS

Basic Conditions:
e (X,]| - is a Banach space;
o T:(X,]-]) = (X,]|-]|) a compact operator.

Theorem (Schauder)

Let E C X be bounded, closed and convex. If T' is a compact operator
such that T(E) C E, then T has a fixed point in E.

v
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FIXED POINTS OF INTEGRAL OPERATORS

Basic Conditions:
e (X,]| - is a Banach space;
o T:(X,]-]) = (X,]|-]|) a compact operator.

Theorem (Schauder)

Let E C X be bounded, closed and convex. If T' is a compact operator
such that T(E) C E, then T has a fixed point in E.

Definition (Cone)
Given a Banach space X, we say that K C X is a cone if it is a closed
and convex subset of X satisfying the two following properties:

e |f x € K, then Aoz € K forall A > 0.

e KN (—K) = {0}.
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FIXED POINTS OF INTEGRAL OPERATORS

Basic Conditions

(X, |l - |I) is a Banach space;
T (X, - ) = 6 D)

® T compact;

e K acone, T(K) C K.

Fixed Point Index in Cones
Let 1, Q9 C K.
o |f ’LK(T, 0 U Qg) =1 and iK(T, Ql) =0, then ZK(T, QQ) = 1.

o |f ’iK(T, O U Qg) =0 and iK(T, Ql) =1, then ’iK(T, Qz) = —1.
In any of the cases, there exists a fixed point of operator 1" in €)s.
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THE CLAMPLED BEAM EQUATION WITH PERTURBED
FuNcTiIONAL BOUNDARY CONDITIONS

We will prove the existence of solutions of the following problem:

) = f(tu(t),d'(t), tel:=][0,1],
U(O) = /\1 Ll(u), u(l) = )\2 Lg(u),
UI(O) = A3 L3(u ) u/(1> =M\ L4(’LL),

where M, \; € R and L; : C(I) — R are linear and continuous func-
tionals, i =1,....,4.
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EXISTENCE RESULTS

The existence results follow from two different approaches:

® |n the first one, we construct an integral operator whose kernel g/
is the Green's function of the problem with homogeneous boundary
conditions (L; =0, i =1,...,4):

1 4
Tru(t) = / gaa(t,9) (s, u(s),u/(5)) ds + 3 Awi()Li(w), t € 1. J

The existence of positive solutions follows from fixed point theory in
cones.
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EXISTENCE RESULTS

The existence results follow from two different approaches:

® |n the first one, we construct an integral operator whose kernel g/
is the Green's function of the problem with homogeneous boundary
conditions (L; =0, i =1,...,4):

1
Tlu(t)::/ogM(t,s)f( u(s) ds+Zsz Li( te[J

The existence of positive solutions follows from fixed point theory in
cones.

® On the second approach we obtain the explicit expression of the Green's
function related to the functional problem:

Tou(t) /GMts (s,u(s),u'(s)) ds. J

The existence of nontrivial solutions is based on Schauder’s fixed point
theorem.
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GREEN’S FuNCcTION OF THE HOMOGENEOUS PROBLEM

[§ Cabada, A., Enguica, R. R., Positive solutions of fourth order problems
with clamped beam boundary conditions, Nonlinear Anal. 74 (2011),
3112-3122.

The authors considered the fourth order linear operator coupled to the
homogeneous clamped beam conditions:

{u(4) + Mu=o(t), telo,1], (LP)J
w(0) =0, u(l)=0, «(0)=0, u'(1)=0.

® They obtained the values of M for which (LP) has a unique solution.

® They obtained the values of M for which the related Green's function
is strictly positive in (0,1) x (0,1).
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Lemma
Let o0 € C(I) and M € R such that the following condition does not hold

M <0 and cos (C/—]\f[) cosh ({‘/—M) — 1, (SC)
Then problem (LP) has a unique solution u € C*(I), given by
1
u(t) = [ au(t5)o(s)ds
0

where gy is the so-called Green's function.
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Lemma |
Let 0 € C(I) and M € R such that the following condition does not hold

M <0 and cos ( v ,]\,[) cosh (m) =1 (SO)
Then problem (LP) has a unique solution u € C*(I), given by
u(t) = /01 gm(t,s)o(s)ds,
where gy is the so-called Green's function.

Lemma

gum(t,s) >0 V(ts)€(0,1) x (0,1) & M € (—m{,mg] .

—_

® m; = 4.73 is the smallest positive solution of cos(m) cosh(m) =

® mg = 5.55 is the smallest positive solution of tan (%) tanh (%)
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PROPERTIES OF THE GREEN’S FUNCTION

Lemma

If condition (SC) does not hold, then gys satisfies the following properties:
® gr(t,s) =gm(s,t) forallt,sel.
® gn(0,8) = aQ—M(O s)=gm(l,s) = 8g—M(l s)=0 forall s € I.
© gur(t,1) = 28 (t,1) = gar(t,0) = 284(¢,0) = 0 forall t € I.
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PROPERTIES OF THE GREEN’S FUNCTION

Lemma

If condition (SC) does not hold, then gys satisfies the following properties:
® gr(t,s) =gm(s,t) forallt,sel.
® g(0,5) = 28(0,5) = gy (1,5) = (1, 5) =0 for all s € I.
© gur(t,1) = 28 (t,1) = gar(t,0) = 284(¢,0) = 0 forall t € I.

Moreover, the following inequalities are fulfilled for all M € (—m$, mg):

O gr(t,s) >0 forallt,s e (0,1).

6 291(0,5) > 0 and 9L (1,5) >0, forall s € (0,1).

6 Z80(t,1) > 0 and Z981(t,0) > 0, forallt € (0,1).
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FUNDAMENTAL SOLUTIONS

Lemma
The following problem:

{u<4)(t) + Mu(t)=0, tel,
w(0) =1, w(l)='(0) = /(1) = 0,

has no solution if and only (SC) holds.
In any other case, it has a unique solution, denoted by w;.

Moreover, wy; > 0 on [0,1) if and only if M € (—m{,4m?].

Remark

Note that 47* < m{. So, the interval on M of the positiveness of the
function wyy in [0,1) is smaller than the corresponding one for the Green's
function.
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FUNDAMENTAL SOLUTIONS

Similarly, we consider the other fundamental solutions.
Lemma

The following problem:

u® (t) + Mu(t) =0, t e,

W'(0) =1, wu(0)=u(l)=1u(1)=0,
has no solution if and only if (SC) holds.
In any other case, it has a unique solution, denoted by x ;.

Moreover, x); > 0 on (0,1) if and only if M € (—mf, mj].
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FUNDAMENTAL SOLUTIONS

Using the symmetries of the problem, we have that:

Lemma
The following problem:
u®(t) + Mu(t) =0, t e,
u(l) =1, u(0)=1v'(0) =v'(1) =0,
has no solution if and only if (SC) holds. In any other case, its unique
solution is wys(1 — t).

Lemma
The following problem:
u®(t) + Mu(t) =0, tel,
W'(1) =1, u(0)=u(l)=u(0)=0,
has no solution if and only if (SC) holds. In any other case, its unique
solution is —x (1 —t).
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DECOMPOSITION OF THE SOLUTION

As a consequence, we obtain the following property:

Lemma

Leto € C(I), i €R,i=1,...,4, and M € R be such that (SC) does
not hold. Then wys is a solution of the problem

{ u®(t) + Mu(t) = o(t), tel,
U(O) = )\1L1(u), U(].) = )\QLQ(’U), ’U/(O) = /\3L3(u), ’LLI(].) = —/\4L4(’U),

if and only if it satisfies the following equality

UM(t) :/0 gM(t7S)O'<S> ds + M\ wM(t) Ll(uM) + Ao wM(l = t) LQ(UM)

+ A3 LCM(t) Lg(uM) + M\ .TM(]. = t) L4(7.LM)
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NONLINEAR PROBLEM

We will prove the existence of positive solutions of the following problem:

u(t) + Mu(t) = f(t,u(t),u'(t), tel:=][0,1],
u(0) = A1 Li(u), u(l) = A2 La(u), (P)
u'(0) = A3 Ly(u), u'(1) = =g La(u),

where M, A\; € R, and L; : C(I) — R are linear and continuous opera-
tors for all i € {1,...,4}.

We will consider two different approaches. J
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APPROACH 1: HYPOTHESES

(Ho) f:1x]0,00) x R— [0,00) is a continuous function.
(Hy) Li(u) > 0 wheneveru >0on I,i=1,...,4.

(Hs) There exist a strictly positive function a € C(I), and two continuous
and increasing functions v, ¢ : [0,00) — [0, 00), such that

ft,u,v) < alt) (P(u) + e(Jv|) for all (t,u,v) € I x[0,00) x R,

e() _ .

v

with lim
V—00

(Hz) \; > 0foralli=1,...,4.
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APPROACH 1: HYPOTHESES

By introducing the following notation
wl(t) = /LU]\,,{(t)’ ’wg(t) = ’wM(l — t), w;g(t) = :L'M(f/), w4(t) = LL‘]\,,/[(I — t).

We denote by Ty : C*(I) — CY(I) the operator defined by

1
Tyu(t) == /0 g (t,s) f(s,u(s) ))ds + Z)\ wi(t) Li(u), t € 1.
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APPROACH 1: HYPOTHESES

By introducing the following notation
w1 (t) = /LU]\,,{(t)’ ’wg(t) = ’wM(l — t), w;g(t) = :L'M(f/), w4(t) = LL’]\,,/[(I — t).

We denote by Ty : C*(I) — CY(I) the operator defined by
1
Tyu(t) == / g (t,s) f(s,u(s) ))ds + Z)\ wi(t) Li(u), t € 1.
0

e Fixed points of operator T} coincide with the solutions of (P).

® As a direct application of the Arzela-Ascoli Theorem we can deduce
that operator T} is compact.
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DEFINITION OF A SUITABLE CONE

If equality (SC) does not hold, then the following boundary value problem

2(0) = 2(1) = #(0) = #'(1) = 0,

has a unique solution z;; given by

{z<4>( Y+ Mza(t) =1, tel,

1
zy(t) :/ gu(t,s)ds, tel.
0
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DEFINITION OF A SUITABLE CONE

If equality (SC) does not hold, then the following boundary value problem

{z(4)()—|—Mz() 1, tel,
2(0) = 2(1) = 2'(0) = /(1) =0,

has a unique solution z;; given by

1
zy(t) :/ gu(t,s)ds, tel.
0

o If M € (—mi,mg), then 2y (t) > 0 for all t € (0,1), 2{,(0) > 0 and
27,(1) > 0.
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DEFINITION OF A SUITABLE CONE

Theorem
Assume that equality (SC) does not hold and M € (—m{, m3).

Then there exist Ry > 0 and hyy € C(I), such that hps(0) = hp(1) =0
and hps > 0 on (0, 1), for which the following inequalities are fulfilled:

h]\,{(t) Z]\/[(S) < gM(t,s) < Ry Z]W(S), for all (t, 8) el xI.
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DEFINITION OF A SUITABLE CONE

Proof.

Since M € (—m$,m§) we know that gy (t,5) > 0 for all (£,s) € (0,1) x
(0,1). Now, we denote

onr(ts) = P o 10.1] % (0, 1),
zn ()
® )y is continuous on [0,1] x (0, 1).

® op >00n (0,1) x (0,1) and ppr(0,5) = pp(l,8) =0, s € (0,1).
® For any t € (0, 1) fixed, we have

2 2
gm (t 3) T aazéw (tv S) . a@iéw (t7 O)
= lim — = — >0
s—0+ 2m(S) s—o+ 27 (s) z3(0)

and

2 2,
lim gum(t,s) _ li 5 (t,s) (1)




NONLINEAR PROBLEM
000000

DEFINITION OF A SUITABLE CONE

Proof.
® We can extend ¢, continuously to @y on [0, 1] x [0, 1].
® & will be positive on (0,1) x [0,1] and @as(0, ) = @ar(1,s) = 0 for
all s € [0, 1].
¢ We define h(t) = minse[o,l] @M(t, S) and Ry = maxy seo,1] @M(t, S).

gu(t,S)/zu(s)

0 S 1

Figure: Graph of @a(t,-), t € (0,1) fixed.
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DEFINITION OF A SUITABLE CONE

Corollary

Assume that (SC) does not hold and M € (—m{,m3). Then, for every
[a,b] C (0,1), there exists v% € (0,1) such that

;M zy(8) < gum(t, s), forall (t,s) € [a,b] x I.
M




NONLINEAR PROBLEM
000000

DEFINITION OF A SUITABLE CONE

Corollary
Assume that (SC) does not hold and M € (—m{,m3). Then, for every
[a,b] C (0,1), there exists v% € (0,1) such that

;M zy(8) < gum(t, s), forall (t,s) € [a,b] x I.
M

We look for fixed points of operator 77 in the cone

K& = {u eCY(I): u(t)>0 on I, and min u(t) > %/ ||u||oo},
M tela,b]

where

a,b :

7 min w; (T

6§lv}b — min L\Q/f’ M, i=1,...,4%.
Ry [Jwill oo
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DEFINITION OF A SUITABLE CONE

Corollary

Assume that (SC) does not hold and M € (—m{,m3). Then, for every
[a,b] C (0,1), there exists v% € (0,1) such that

~ab
I'M

Ry

zy(8) < gum(t, s), forall (t,s) € [a,b] x I.

We look for fixed points of operator 77 in the cone

Kgb =<ueCYI): u(t)>0 on I, and min u(t) > O}’\[b llu]|oo ¢
M t€(a,b]
where

a,b :

by mingep wilt)

(;;l\/[ ._HllIl{R27 W’ZZl".'74 .
M Ll1oo

Lemma

IfM € (—m?, 47" and (Hy), (H1) and (Hs) hold, then Tt <K§1’5> c K%

Y
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FIiXED POINT INDEX PROPERTIES

Lemma
Let X be a Banach space, K C X be a cone, and ) be an open bounded
set with Qi = QN K # 0 and Qi # K. Assume that T : Qi — K is a
compact map such that x # Tx for x € 0Qx = 0Q N K. Then the fixed
point index i (T, ) has the following properties:
@ If there exists e € K \ {0} such that x # Tx + ue for all x € 00k and all
w>0, then 7A(T QK) = 0.
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FIiXED POINT INDEX PROPERTIES

Lemma
Let X be a Banach space, K C X be a cone, and ) be an open bounded
set with Qi = QN K # 0 and Qi # K. Assume that T : Qi — K is a
compact map such that x # Tx for x € 0Qx = 0Q N K. Then the fixed
point index i (T, ) has the following properties:

@ If there exists e € K \ {0} such that x # Tx + ue for all x € 00k and all

w> 0, then i (T, Qx) = 0.
@ Ifx # Tz for all x € 0N and for every u < 1, then ix(T,Qx) = 1.
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FIiXED POINT INDEX PROPERTIES

Lemma
Let X be a Banach space, K C X be a cone, and ) be an open bounded
set with Qi = QN K # 0 and Qi # K. Assume that T : Qi — K is a
compact map such that x # Tx for x € 0Qx = 0Q N K. Then the fixed
point index i (T, ) has the following properties:

@ If there exists e € K \ {0} such that x # Tx + ue for all x € 00k and all

w > 0, then iK(T, QK) = 0.
@ Ifx £ uTx for all x € 00k and for every u < 1, then ix (T, Qk) = 1.
© Ifix(T,Qk) #0, then T has a fixed point in Q.
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FIiXED POINT INDEX PROPERTIES

Lemma
Let X be a Banach space, K C X be a cone, and ) be an open bounded
set with Qi = QN K # 0 and Qi # K. Assume that T : Qi — K is a
compact map such that x # Tx for x € 0Qx = 0Q N K. Then the fixed
point index i (T, ) has the following properties:
@ If there exists e € K \ {0} such that x # Tx + ue for all x € 00k and all
w> 0, then i (T, Qx) = 0.
@ Ifx £ uTx for all x € 00k and for every u < 1, then ix (T, Qk) = 1.
© Ifix(T,QK) #0, then T has a fixed point in Q.
O Let Q' be an open set with QL. € Q. Ifig (T, Q) =1 and
ix (T, QL) =0, then T has a fixed point in Qg \ QL. The same result
holds if iy (T, Qx) = 0 and ix (T, QL) = 1.
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EXISTENCE OF POSITIVE SOLUTIONS

We introduce the following notations:

O (4 )

" la(s)|ds.

1
® (' = max
tel J,

4
® 6,(t) = C(p) + > N | Lill lwjlloc p + Cip(t) =, £ >0, p>0.
i=1
® Let o, > 0 be the biggest zero of ¢, (we note that such zero exists since
¢,(0) >0 and tlim ¢p(t) = —00).
—00



EXISTENCE OF POSITIVE SOLUTIONS

Kg]’; = {u e CYI): u(t) >0 on I, and rrfn}) u(t) > 5;’; ]uHOO}
€la,

t€la,b]

For any [a,b] C I, 5;;7 and p > 0, we introduce the following subsets:

0, = {ue Kzt min ) <o, Wl < ap 1},

K, = {u e Kb lulloe < py 1 lloc < ap+ 1}.
Lemma

The following properties hold for any p > 0:
(a) Q, is open relative to Ky’
(b) Ksan, CQp C Ky

(c) u e a9, if and only if Hfir})] u(t) = 857 p.
t€|a,

d) Ifueof,, thenéa’bpguon a,bl and u < p on I.
P M
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EXISTENCE OF POSITIVE SOLUTIONS

Let

P = sup{f(t’pu’v) 2 (t,u,v) €10,1] x [0, p] x [—ap,ap]}.
Lemma

4
Assume (Ho)~(Hs), M € (—m$,47%], and Y~ \i [|willoo | Lil| < 1. If there
=1
exists p > 0 such that

f? < D,

with
-1

D Har 1
1= . zyv(s)ds ,
(1= S X lwilloo 12T o

then the fixed point index, i

(Tla KP) =1

b
K&
S
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EXISTENCE OF POSITIVE SOLUTIONS

Let

fp = inf {f(t,pu, v)

: (t,u,v) € [a,b] X [5Mp,} [Ozp,ap]}.

Lemma

Assume that (Ho)—(H3) hold, M € (—m7,4 "], and there exists p > 0
such that
fp > d17

rya,b b -1
di = M/ r(s)d .
! {RM a 2 () S}

Then the fixed point index, zKa v (1T1,9,) = 0.

with
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EXISTENCE OF POSITIVE SOLUTIONS

We deduce the following existence result.

Theorem

4
Assume (Ho)~(Hs), M € (—m$, 474, and Y~ \i ||lwiloo || Lil| < 1.
i=1
If there exist p1, p2 > 0 such that one of the following conditions holds:

P1
6@,1)
M
® pa < p1, fP? <Dy and f,, > di,
then problem (P) has at least one positive solution on I.

< p2, fP* < Dy and f,, > dy,
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APPROACH 2: NON TRIVIAL SOLUTIONS

Now, we will present an alternative approach to prove the existence of
solutions of problem (P).

e We will use Schauder’s fixed point theorem to prove the existence of
nontrivial solutions.

® We will give a sufficient condition for the solutions to be positive.
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APPROACH 2: NON TRIVIAL SOLUTIONS

Now, we will present an alternative approach to prove the existence of
solutions of problem (P).
e We will use Schauder’s fixed point theorem to prove the existence of
nontrivial solutions.
® We will give a sufficient condition for the solutions to be positive.

We will use a particular case of a formula given for the general Green's
function related to any n-th order nonlocal linear problem and proved on
the following work:

[§] Cabada, A., L-S, L., Yousfi, M., ‘Existence of solutions of nonlinear
systems subject to arbitrary linear non-local boundary condition’, J.
Fixed Point Theory Appl. 25 (2023), no. 4, Paper No. 81, 24 pp.
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EXPRESSION OF THE GREEN’S FUNCTION

Theorem

Let o € C(I), M € R, be such that condition (SC) does not hold, and
Xi € R, i =1,...,4, be such that det(I — A) # 0, with I the identity
matrix of dimension four and A = (a;j)ax4 given by a;j = \j Li(w;).

Then the nonlocal fourth order linear problem

{ u® () + Mu(t) =o(t), tel,
w(0) = ALy (u), u(l) = AaLo(u), v'(0) = A3 Lg(u), ' (1) = =Xy La(u),

has a unique solution given by uys(t) = fol G (t,s)o(s)ds, where

4 4
Gt s) = gu(t,s) + > > Xibijwi(t) Li(gm(-5))

i=1 j=1

with B = (bij)axa = (I — A)~L.
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CONSTRUCTION OF THE OPERATOR

We define operator Ty : C*(I) — C(I):
1
Tou(t) = / Gu(t,s)f(s,u(s),u'(s))ds
0
1

B /gM(tvs)f(Sau(S)vul(S))ds

0

4 4 1
30D Ny wnlt) [ Lyanr(es) s uls)u(s) s

i=1 j=1

® Fixed points of T5 coincide with the solutions of problem (P).
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HYPOTHESES

We assume the following conditions:
(E)) f:IxRxR—[0,00) is a continuous function.

(f[v]) There exist a strictly positive function a € C(I), and two continuous
and increasing functions ¢, ¢ : [0,00) — [0, 00), such that

f(t,u,v) <a(t) (W(|u]) +¢(v])) forall (t,u,v) € I xR xR.
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NONTRIVIAL SOLUTIONS

Notations:
o C = maxwes [, lgm(t, s)| |a(s)| ds.
= 1
o Ki=C+ Y0, iy illbisl lwilloo fy 125 (a1 (-, 5))la(s)| ds.

1
© Ko=C+Y i Sy il il llwilloo fy 1Z(gn1 (-5 8))] la(s)] ds.
° K3 = max{Kl, KQ}

Theorem
Assume that (Ho)—- (Hy) hold, M € R such that (SC) does not hold,
det (I — A) #0, f(¢,0,0) # 0 on [0, 1], and

h(t f
i Y000 _ 1
t—o0 t K3

Then problem (P) has at least one non trivial solution.
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NONTRIVIAL SOLUTIONS

Proof.

After obtaining suitable inequalities, we deduce that for all p > 0, if
[ullo < p and [[t/[sc < p, then

IToulloo < K1 (¥(p) +0(p)), and [[(Taw)[leo < K2 (¥(p) + ¢ (p)) -

Moreover, we have that there exists some pg > 0 such that for all p > po,

vlp) +elp) 1
P K3
As a consequence, if p > po, then T5(B[0, p]) C BI0, p].

Therefore, from Schauder’s fixed point theorem, taking into account that
f(t,0,0) £ 0 on [0, 1], we deduce that T, has a nontrivial fixed point, that
is, problem (P) has at least one nontrivial solution.
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POSITIVE SOLUTIONS

As a consequence, we obtain the following result to ensure the existence of
a positive solution.

Corollary
Under the hypotheses of previous theorem, if M € (—m71, 47| and, more-
over,

e\ >0,i=1,...,4,

® Li(gm(-,8)) >0 fora.e. s€[0,1],i=1,...,4,

° p(4) <1,

then problem (P) has at least one positive solution on (0, 1).
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EXAMPLES

Example

u@(t) =1t ((u(t))2 + 0.5\/|u’(t)|> , tel,
1 1

u(0) = 0.25/O u(s)ds, u(l) = 0.5/0 u(s)ds,

1

1
u'(0) = 0.25/ u(s)ds, u'(1) = —0.5/ u(s)ds.
0 0
o M =0, A =025 Ay = 0.5, A3 = 0.25, Ay = 0.5.
1
® Li(u) :/ u(s)ds fori=1,...,4.
0

o f(tu,v) =t (u® +0.5y/P).
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EXAMPLES

Example

Cp = 142.248 ¢ = 2540.36,

for = 0.00494385 p1,

vV %p2

2p2

If p2 =40 and p; = 600000, then o, = 41.2919.

Thus, p2 < p1, fP? =40.0803 < C1, and f,, = 2966.31 > c;.

As a consequence this problem has at least one positive solution.

[P =pa+
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EXAMPLES

Example

p

\

e M =0, A\{ =0.25, Ay = 0.5, A3 =0.75, \y = 1.

1
o Li(u):/ u(s)s'ds fori=1,...,4.
0

) 2
o f(tuv) = (1+1)2 (Il + 2.
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EXAMPLES

Example
By simple calculus, we have

O ~ 0.0248669, C' ~ 0.20846, K; ~ 0.0260751, Ko ~ 0.211064,
K3 ~ 0.211064.

4(t+1)2

TES e we have

By defining ¢(t) = \/|t| and ¢(t)

lim M =4< KL ~ 4.7378.

t—o0 t 3

Then the considered problem has at least one non trivial solution.
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