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Introduction

Domain:M smooth closed Riemannian manifold,

compact & without boundary

for simplicityM := Rn

Target: N ⊂ RL
- smooth, closed Riemannian manifold

• Gagliardo seminorm, 0 < s < 1, p ≥ 1

[u]W s,p(Ω) :=

(∫
Ω

∫
Ω

|u(x)− u(y)|p

|x − y|n+sp
dx dy

) 1

p

• Fractional Sobolev space

W s,p(Ω) :=
{
u ∈ Lp(Ω) : [u]W s,p(Ω)<∞

}
• Manifold-valued fractional Sobolev spaceW s,p(M,N )

W s,p(M,N ) :=
{
u ∈ W s,p(M,RL) : u(x) ∈ N a.e.

}This is not a linear space!
• Fractional Energy

Es,p(u,Ω) :=

∫
Ω

∫
Ω

|u(x)− u(y)|p

|x − y|n+sp
dx dy

We will be interested in maps that minimize the Es, ns energy

among maps in W s, ns (Σ,N ) in a fixed homotopy class

�
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Homotopy classes between Sobolev spaces

u, v ∈ C∞(Σ,N ) are homotopic, u ∼ v

⇔ ∃H ∈ C∞([0, 1],C∞(Σ,N )) such that H(0) = u, H(1) = v

⇔ ∃H ∈ C0([0, 1],C0(Σ,N )) such that H(0) = u, H(1) = v

Example

If Σ, N = Sn, then u ∼ v ⇔ deg u = deg v

Definition

u, v ∈ W s, ns (Σ,N ), then u ∼ v

⇔ for any uε, vε ∈ C∞(Σ,N ) such that

uε → u, vε → v in W s, ns (Σ,N )

∃ ε0 > 0 such that ∀ε ∈ (0, ε0) we have uε ∼ vε in C∞

Fact. Any map in the critical

Sobolev space w ∈ W s, ns (Σ,N )
can be approximated (in W s, ns ) by

smooth, manifold valued maps

C∞(Σ,N )

This is not true in general, for exam-

ple the map
x
|x| ∈ W 1,2(B3,S2) cannot

be approximated (in W 1,2
) by maps

C∞(B3,S2)!

⇔ ∃H ∈ C0([0, 1],W s, ns (Σ,N )) such that H(0) = u, H(1) = v

Lemma

u ∈ W s, ns (Σ,N ), ∃ ε = ε(u) > 0 such that if g0, g1 ∈ C0 ∩W s, ns (Σ,N ) with

‖u − gi‖L1(Σ) + [u − gi]W s, ns (Σ) ≤ ε then g1 ∼ g2

K. Mazowiecka, A. Schikorra Fractional harmonic maps 3 / 16
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smooth, manifold valued maps

C∞(Σ,N )
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Main Result

Theorem (Sacks, Uhlenbeck) Assume dim Σ = 2

• π2(N ) = {0} ⇒ ∃ minimizing harmonic map in every homotopy class C0(Σ,N )

• Σ = S2, π1(N ) = {0} ⇒ ∃ generating set of homotopy classes in C0(S2,N )

in which minimizing harmonic maps exist

Map that minimizes the energy E(u) :=
∫

Σ |∇u|
2

among maps inW 1,2(Σ,N )

Theorem (M., Schikorra)

Let n ≥ 1, s ∈ (0, 1), thenif n = 1 we assume additionally that s ≤ 1

2
,if n = 1 we assume additionally that s ≤ 1

2
,

• If πn(N ) = {0} then there exists a minimizingW s, ns -harmonic map

in every connected component of C0(Σ,N )

• If Σ = Sn, n ≥ 2, and π1(N ) = {0} then there exists a generating set

of homotopy classes in πn(N ) in which minimizingW s, ns -harmonic maps exist

• If Σ = S1 then there exists a generating set of homotopy classes in C0(Sn,N )

in which minimizingW s, ns -harmonic maps exist

This is a technical assumption, used only in the regularity theory

It should be possible to extend to n = 1, s ∈ (0, 1)
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What is the problem?

Loss of compactness:

Take u ∈ W s, ns (Sn,N ) — minimizer in its nontrivial homotopy class

Assume it exists

The energy Es, ns is conformally and scaling invariant

Consider a scaling similar to x 7→ λx in Rn
:

τ : Rn → Sn \ {N} — inverse stereographic projection

Let θ ∈ Sn and take uλ(θ) := u (τ(λτ−1(θ))), uλ belongs to the same homotopy class as u

Then Es, ns (uλ,S
n) = Es, ns (u,S

n),

Recall:
Es, ns (u,S

n) = [u]
n
s

W s, ns (Sn)

=
∫
Sn
∫
Sn
|u(θ)−u(ω)| ns
|θ−ω|2n

Conformal

Scaling

thus uλ is a minimizing sequence

But uλ ⇀ const. inW s, ns (Sn,N ) as λ→ 0

The constant map belongs to a di�erent (trivial) homotopy class

Saks–Uhlenbeck replaced

E(u) =

∫
Σ

|∇u|2

By considering minimizers of

Eα(u) =

∫
Σ

(|∇u|2 + 1)α

and studied limit as α→ 1
+

Idea

Consider minimizers of Et, ns (u,Σ) =

∫
Σ

∫
Σ

|u(x)− u(y)| ns
|x − y|n+t ns

dx dy

W t, ns ⊂ C0,t−s

and study limits as t → s+

We don’t haveW s, nsα 6↪→ W
s, ns
loc for α > 1, s ∈ (0, 1) but we haveW t, ns ↪→ W

s, ns
loc for t > s
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Uniform regularity

Theorem

Assume

• u ∈ W t, ns (Σ,N ) is a minimizingW t, ns -harmonic map in B(R), i.e.,

Et, ns (u,Σ) ≤ Et, ns (v,Σ) ∀v ∈ W t, ns (Σ,N ), such that:

Geodesic ball in Σ

◦ u ≡ v in Σ \ B(R)

◦ u ∼ v

• [u]W s, ns (B(R)) < ε

Then

∃ε > 0, s0 > s such that ∀t ∈ [s, s0] we have

u ∈ W s0, ns (B(R/2)) ∩ Cs0−s(B(R/2)) + Estimate

Recall: Morrey embeddingW t, ns ⊂ C0,t−s

ButW t, ns 6⊂ C0,s0−s

On the smallness condition: The condition

[u]
n
s

W s, ns (B(R))
=
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B(R)
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B(R)

|u(x)− u(y)| ns
|x − y|2n

< ε
n
s

is equivalent to∫
B(R)

∫
Σ

|u(x)− u(y)| ns
|x − y|2n

< ε
n
s

Roughly speaking the proof follows classical result of Morrey for minimizing harmonic maps

Remarks:
The regularity of non-minimizing W s, ns -harmonic

maps is a major open problem (even in the local

case of W 1,n
-harmonic maps)

The regularity for non-minimizing W s, ns -harmonic

maps was know for round target manifolds

K. Mazowiecka, A. Schikorra Fractional harmonic maps 6 / 16



Uniform regularity

Theorem

Assume

• u ∈ W t, ns (Σ,N ) is a minimizingW t, ns -harmonic map in B(R), i.e.,

Et, ns (u,Σ) ≤ Et, ns (v,Σ) ∀v ∈ W t, ns (Σ,N ), such that:

Geodesic ball in Σ

◦ u ≡ v in Σ \ B(R)

◦ u ∼ v

• [u]W s, ns (B(R)) < ε

Then

∃ε > 0, s0 > s such that ∀t ∈ [s, s0] we have

u ∈ W s0, ns (B(R/2)) ∩ Cs0−s(B(R/2)) + Estimate

Recall: Morrey embeddingW t, ns ⊂ C0,t−s

ButW t, ns 6⊂ C0,s0−s

On the smallness condition: The condition

[u]
n
s

W s, ns (B(R))
=

∫
B(R)

∫
B(R)

|u(x)− u(y)| ns
|x − y|2n

< ε
n
s

is equivalent to∫
B(R)

∫
Σ

|u(x)− u(y)| ns
|x − y|2n

< ε
n
s

Roughly speaking the proof follows classical result of Morrey for minimizing harmonic maps

Remarks:
The regularity of non-minimizing W s, ns -harmonic

maps is a major open problem (even in the local

case of W 1,n
-harmonic maps)

The regularity for non-minimizing W s, ns -harmonic

maps was know for round target manifolds

K. Mazowiecka, A. Schikorra Fractional harmonic maps 6 / 16



Uniform regularity

Theorem

Assume

• u ∈ W t, ns (Σ,N ) is a minimizingW t, ns -harmonic map in B(R), i.e.,

Et, ns (u,Σ) ≤ Et, ns (v,Σ) ∀v ∈ W t, ns (Σ,N ), such that:

Geodesic ball in Σ

◦ u ≡ v in Σ \ B(R)

◦ u ∼ v

• [u]W s, ns (B(R)) < ε

Then

∃ε > 0, s0 > s such that ∀t ∈ [s, s0] we have

u ∈ W s0, ns (B(R/2)) ∩ Cs0−s(B(R/2)) + Estimate

Recall: Morrey embeddingW t, ns ⊂ C0,t−s

ButW t, ns 6⊂ C0,s0−s

On the smallness condition: The condition

[u]
n
s

W s, ns (B(R))
=

∫
B(R)

∫
B(R)

|u(x)− u(y)| ns
|x − y|2n

< ε
n
s

is equivalent to∫
B(R)

∫
Σ

|u(x)− u(y)| ns
|x − y|2n

< ε
n
s

Roughly speaking the proof follows classical result of Morrey for minimizing harmonic maps

Remarks:
The regularity of non-minimizing W s, ns -harmonic

maps is a major open problem (even in the local

case of W 1,n
-harmonic maps)

The regularity for non-minimizing W s, ns -harmonic

maps was know for round target manifolds

K. Mazowiecka, A. Schikorra Fractional harmonic maps 6 / 16



Uniform regularity

Theorem

Assume

• u ∈ W t, ns (Σ,N ) is a minimizingW t, ns -harmonic map in B(R), i.e.,

Et, ns (u,Σ) ≤ Et, ns (v,Σ) ∀v ∈ W t, ns (Σ,N ), such that:

Geodesic ball in Σ

◦ u ≡ v in Σ \ B(R)

◦ u ∼ v

• [u]W s, ns (B(R)) < ε

Then

∃ε > 0, s0 > s such that ∀t ∈ [s, s0] we have

u ∈ W s0, ns (B(R/2)) ∩ Cs0−s(B(R/2)) + Estimate

Recall: Morrey embeddingW t, ns ⊂ C0,t−s

ButW t, ns 6⊂ C0,s0−s

On the smallness condition: The condition

[u]
n
s

W s, ns (B(R))
=

∫
B(R)

∫
B(R)

|u(x)− u(y)| ns
|x − y|2n

< ε
n
s

is equivalent to∫
B(R)

∫
Σ

|u(x)− u(y)| ns
|x − y|2n

< ε
n
s

Roughly speaking the proof follows classical result of Morrey for minimizing harmonic maps

Remarks:
The regularity of non-minimizing W s, ns -harmonic

maps is a major open problem (even in the local

case of W 1,n
-harmonic maps)

The regularity for non-minimizing W s, ns -harmonic

maps was know for round target manifolds

K. Mazowiecka, A. Schikorra Fractional harmonic maps 6 / 16



Uniform regularity

Theorem

Assume

• u ∈ W t, ns (Σ,N ) is a minimizingW t, ns -harmonic map in B(R), i.e.,

Et, ns (u,Σ) ≤ Et, ns (v,Σ) ∀v ∈ W t, ns (Σ,N ), such that:

Geodesic ball in Σ

◦ u ≡ v in Σ \ B(R)

◦ u ∼ v

• [u]W s, ns (B(R)) < ε

Then

∃ε > 0, s0 > s such that ∀t ∈ [s, s0] we have

u ∈ W s0, ns (B(R/2)) ∩ Cs0−s(B(R/2)) + Estimate

Recall: Morrey embeddingW t, ns ⊂ C0,t−s

ButW t, ns 6⊂ C0,s0−s

On the smallness condition: The condition

[u]
n
s

W s, ns (B(R))
=

∫
B(R)

∫
B(R)

|u(x)− u(y)| ns
|x − y|2n

< ε
n
s

is equivalent to∫
B(R)

∫
Σ

|u(x)− u(y)| ns
|x − y|2n

< ε
n
s

Roughly speaking the proof follows classical result of Morrey for minimizing harmonic maps

Remarks:
The regularity of non-minimizing W s, ns -harmonic

maps is a major open problem (even in the local

case of W 1,n
-harmonic maps)

The regularity for non-minimizing W s, ns -harmonic

maps was know for round target manifolds

K. Mazowiecka, A. Schikorra Fractional harmonic maps 6 / 16



Uniform regularity

Theorem

Assume

• u ∈ W t, ns (Σ,N ) is a minimizingW t, ns -harmonic map in B(R), i.e.,

Et, ns (u,Σ) ≤ Et, ns (v,Σ) ∀v ∈ W t, ns (Σ,N ), such that:

Geodesic ball in Σ

◦ u ≡ v in Σ \ B(R)

◦ u ∼ v

• [u]W s, ns (B(R)) < ε

Then

∃ε > 0, s0 > s such that ∀t ∈ [s, s0] we have

u ∈ W s0, ns (B(R/2)) ∩ Cs0−s(B(R/2)) + Estimate

Recall: Morrey embeddingW t, ns ⊂ C0,t−s

ButW t, ns 6⊂ C0,s0−s

On the smallness condition: The condition

[u]
n
s

W s, ns (B(R))
=

∫
B(R)

∫
B(R)

|u(x)− u(y)| ns
|x − y|2n

< ε
n
s

is equivalent to∫
B(R)

∫
Σ

|u(x)− u(y)| ns
|x − y|2n

< ε
n
s

Roughly speaking the proof follows classical result of Morrey for minimizing harmonic maps

Remarks:
The regularity of non-minimizing W s, ns -harmonic

maps is a major open problem (even in the local

case of W 1,n
-harmonic maps)

The regularity for non-minimizing W s, ns -harmonic

maps was know for round target manifolds

K. Mazowiecka, A. Schikorra Fractional harmonic maps 6 / 16



Uniform regularity

Theorem

Assume

• u ∈ W t, ns (Σ,N ) is a minimizingW t, ns -harmonic map in B(R), i.e.,

Et, ns (u,Σ) ≤ Et, ns (v,Σ) ∀v ∈ W t, ns (Σ,N ), such that:

Geodesic ball in Σ

◦ u ≡ v in Σ \ B(R)

◦ u ∼ v

• [u]W s, ns (B(R)) < ε

Then

∃ε > 0, s0 > s such that ∀t ∈ [s, s0] we have

u ∈ W s0, ns (B(R/2)) ∩ Cs0−s(B(R/2)) + Estimate

Recall: Morrey embeddingW t, ns ⊂ C0,t−s

ButW t, ns 6⊂ C0,s0−s

On the smallness condition: The condition

[u]
n
s

W s, ns (B(R))
=

∫
B(R)

∫
B(R)

|u(x)− u(y)| ns
|x − y|2n

< ε
n
s

is equivalent to∫
B(R)

∫
Σ

|u(x)− u(y)| ns
|x − y|2n

< ε
n
s

Roughly speaking the proof follows classical result of Morrey for minimizing harmonic maps

Remarks:
The regularity of non-minimizing W s, ns -harmonic

maps is a major open problem (even in the local

case of W 1,n
-harmonic maps)

The regularity for non-minimizing W s, ns -harmonic

maps was know for round target manifolds

K. Mazowiecka, A. Schikorra Fractional harmonic maps 6 / 16



Uniform regularity

Theorem

Assume

• u ∈ W t, ns (Σ,N ) is a minimizingW t, ns -harmonic map in B(R), i.e.,

Et, ns (u,Σ) ≤ Et, ns (v,Σ) ∀v ∈ W t, ns (Σ,N ), such that:

Geodesic ball in Σ

◦ u ≡ v in Σ \ B(R)

◦ u ∼ v

• [u]W s, ns (B(R)) < ε

Then

∃ε > 0, s0 > s such that ∀t ∈ [s, s0] we have

u ∈ W s0, ns (B(R/2)) ∩ Cs0−s(B(R/2)) + Estimate

Recall: Morrey embeddingW t, ns ⊂ C0,t−s

ButW t, ns 6⊂ C0,s0−s

On the smallness condition: The condition

[u]
n
s

W s, ns (B(R))
=

∫
B(R)

∫
B(R)

|u(x)− u(y)| ns
|x − y|2n

< ε
n
s

is equivalent to∫
B(R)

∫
Σ

|u(x)− u(y)| ns
|x − y|2n

< ε
n
s

Roughly speaking the proof follows classical result of Morrey for minimizing harmonic maps

Remarks:
The regularity of non-minimizing W s, ns -harmonic

maps is a major open problem (even in the local

case of W 1,n
-harmonic maps)

The regularity for non-minimizing W s, ns -harmonic

maps was know for round target manifolds

K. Mazowiecka, A. Schikorra Fractional harmonic maps 6 / 16



Uniform regularity

Theorem

Assume

• u ∈ W t, ns (Σ,N ) is a minimizingW t, ns -harmonic map in B(R), i.e.,

Et, ns (u,Σ) ≤ Et, ns (v,Σ) ∀v ∈ W t, ns (Σ,N ), such that:

Geodesic ball in Σ

◦ u ≡ v in Σ \ B(R)

◦ u ∼ v

• [u]W s, ns (B(R)) < ε

Then

∃ε > 0, s0 > s such that ∀t ∈ [s, s0] we have

u ∈ W s0, ns (B(R/2)) ∩ Cs0−s(B(R/2)) + Estimate

Recall: Morrey embeddingW t, ns ⊂ C0,t−s

ButW t, ns 6⊂ C0,s0−s

On the smallness condition: The condition

[u]
n
s

W s, ns (B(R))
=

∫
B(R)

∫
B(R)

|u(x)− u(y)| ns
|x − y|2n

< ε
n
s

is equivalent to∫
B(R)

∫
Σ

|u(x)− u(y)| ns
|x − y|2n

< ε
n
s

Roughly speaking the proof follows classical result of Morrey for minimizing harmonic maps

Remarks:
The regularity of non-minimizing W s, ns -harmonic

maps is a major open problem (even in the local

case of W 1,n
-harmonic maps)

The regularity for non-minimizing W s, ns -harmonic

maps was know for round target manifolds

K. Mazowiecka, A. Schikorra Fractional harmonic maps 6 / 16



Uniform regularity

Theorem

Assume

• u ∈ W t, ns (Σ,N ) is a minimizingW t, ns -harmonic map in B(R), i.e.,

Et, ns (u,Σ) ≤ Et, ns (v,Σ) ∀v ∈ W t, ns (Σ,N ), such that:

Geodesic ball in Σ

◦ u ≡ v in Σ \ B(R)

◦ u ∼ v

• [u]W s, ns (B(R)) < ε

Then

∃ε > 0, s0 > s such that ∀t ∈ [s, s0] we have

u ∈ W s0, ns (B(R/2)) ∩ Cs0−s(B(R/2)) + Estimate

Recall: Morrey embeddingW t, ns ⊂ C0,t−s

ButW t, ns 6⊂ C0,s0−s

On the smallness condition: The condition

[u]
n
s

W s, ns (B(R))
=

∫
B(R)

∫
B(R)

|u(x)− u(y)| ns
|x − y|2n

< ε
n
s

is equivalent to∫
B(R)

∫
Σ

|u(x)− u(y)| ns
|x − y|2n

< ε
n
s

Roughly speaking the proof follows classical result of Morrey for minimizing harmonic maps

Remarks:

The regularity of non-minimizing W s, ns -harmonic

maps is a major open problem (even in the local

case of W 1,n
-harmonic maps)

The regularity for non-minimizing W s, ns -harmonic

maps was know for round target manifolds

K. Mazowiecka, A. Schikorra Fractional harmonic maps 6 / 16



Uniform regularity

Theorem

Assume

• u ∈ W t, ns (Σ,N ) is a minimizingW t, ns -harmonic map in B(R), i.e.,

Et, ns (u,Σ) ≤ Et, ns (v,Σ) ∀v ∈ W t, ns (Σ,N ), such that:

Geodesic ball in Σ

◦ u ≡ v in Σ \ B(R)

◦ u ∼ v

• [u]W s, ns (B(R)) < ε

Then

∃ε > 0, s0 > s such that ∀t ∈ [s, s0] we have

u ∈ W s0, ns (B(R/2)) ∩ Cs0−s(B(R/2)) + Estimate

Recall: Morrey embeddingW t, ns ⊂ C0,t−s

ButW t, ns 6⊂ C0,s0−s

On the smallness condition: The condition

[u]
n
s

W s, ns (B(R))
=

∫
B(R)

∫
B(R)

|u(x)− u(y)| ns
|x − y|2n

< ε
n
s

is equivalent to∫
B(R)

∫
Σ

|u(x)− u(y)| ns
|x − y|2n

< ε
n
s

Roughly speaking the proof follows classical result of Morrey for minimizing harmonic maps

Remarks:
The regularity of non-minimizing W s, ns -harmonic

maps is a major open problem (even in the local

case of W 1,n
-harmonic maps)

The regularity for non-minimizing W s, ns -harmonic

maps was know for round target manifolds

K. Mazowiecka, A. Schikorra Fractional harmonic maps 6 / 16



Uniform regularity

Theorem

Assume

• u ∈ W t, ns (Σ,N ) is a minimizingW t, ns -harmonic map in B(R), i.e.,

Et, ns (u,Σ) ≤ Et, ns (v,Σ) ∀v ∈ W t, ns (Σ,N ), such that:

Geodesic ball in Σ

◦ u ≡ v in Σ \ B(R)

◦ u ∼ v

• [u]W s, ns (B(R)) < ε

Then

∃ε > 0, s0 > s such that ∀t ∈ [s, s0] we have

u ∈ W s0, ns (B(R/2)) ∩ Cs0−s(B(R/2)) + Estimate

Recall: Morrey embeddingW t, ns ⊂ C0,t−s

ButW t, ns 6⊂ C0,s0−s

On the smallness condition: The condition

[u]
n
s

W s, ns (B(R))
=

∫
B(R)

∫
B(R)

|u(x)− u(y)| ns
|x − y|2n

< ε
n
s

is equivalent to∫
B(R)

∫
Σ

|u(x)− u(y)| ns
|x − y|2n

< ε
n
s

Roughly speaking the proof follows classical result of Morrey for minimizing harmonic maps

Remarks:
The regularity of non-minimizing W s, ns -harmonic

maps is a major open problem (even in the local

case of W 1,n
-harmonic maps)

The regularity for non-minimizing W s, ns -harmonic

maps was know for round target manifolds

K. Mazowiecka, A. Schikorra Fractional harmonic maps 6 / 16



Corollary: Limits of minimizers

Corollary

Let

ut : Σ→ N - minimizingW t, ns -harmonic maps in a fixed homotopy class

Then

ut −→ us locally strongly inW s0, ns (Σ \ A)

and us is aW s, ns -minimizing harmonic map in Σ \ A in its homotopy class

set of finite number of pointsup to a subsequence ti → s

i.e., us ∈ W s, ns (Σ,N ) and Es, ns (us,Σ) ≤ Es, ns (v,Σ)

∀v ∈ W s, ns (Σ,N ) such that us ∼ v & us ≡ v in a neighborhood of A

We need to study what happens in the points when the convergence fails!

(This Corollary follows from a standard covering argument)

But first let’s check what does this mean
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Removability of singularities

Assume u ∈ W s, ns (Σ,N ) - minimizing map in B(R) in homotopy away from the point 0, i.e,

For any ε > 0 and v ∈ W s, ns (Σ,N ) such that

• u ≡ v on B(ε) ∪ (Σ\B(R))

• u ∼ v

Es, ns (u,Σ) ≤ Es, ns (v,Σ)

Then, u is minimizing in all of B(R), i.e., for any w ∈ W s, ns (Σ) such that

• u ≡ w on Σ\B(R)

• u ∼ w

we have

Es, ns (u,Σ) ≤ Es, ns (w,Σ)

Remarks about removability theorems:
It is not di�icult to prove that a map satisfying theW s, ns -harmonic map equation in Σ \ {0} satisfies the equation in Σ

But as mentioned before it is a major open problem whether non-minimizing W s, ns -maps are regular

It is quick to prove such a theorem for round target manifolds (using regularity theory)
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Removability of singularities — continued

We need to construct a comparison map

Problem? Yes∫
Σ

∫
Σ

|u(x)− u(y)| ns
|x − y|2n

=

∫
B(R)

∫
B(R)

+2

∫
Σ\B(R)

∫
B(R)

+

∫
Σ\B(R)

∫
Σ\B(R)

|u(x)− u(y)| ns
|x − y|2n

≤
∫
B(R)

∫
B(R)

+2

∫
Σ\B(R)

∫
B(R)

+

∫
Σ\B(R)

∫
Σ\B(R)

|v(x)− v(y)| ns
|x − y|2n

mixed terms

u

v

c1 c2

c1 ∈ N , c2 ∈ N

Opening technique by Brezis–Li

connects u ∈ W s, ns to a constant

connects v ∈ W s, ns to a constant

Opening technique by Brezis–Li

Connecting points in critical Sobolev space is cheap

(energywise)

Glueing along a bu�er zone, η ∈ (0, 1)

Es,p(u,Σ) ≤
(
1 + C

(1−η)sp+1

)
Es,p(u,Σ ∩ B(r))

+
(
1 + Cηn

1−η

)
Es,p(u,Σ \ B(ηr))

C independent of Σ, r, η

Sets Σ ∩ B(r), Σ \ B(ηr) overlap

Construction similar to the one by Monteil–Van Scha�ingen
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Balanced energy estimates for Σ = Sn

Theorem

• 0 < s < s0 < 1 • ρ ∈ (0,
√

4

5
) • t ∈ (s, s0]

• ut ∈ W t, ns (Sn,N ) - minimizing map in its own homotopy class

Then for any y0 ∈ Sn∫
B(y0,ρ)

∫
Sn

|ut(x)− ut(y)| ns
|x − y|n+ tn

s
dx dy ≤ C ρ−n( t

s−1)

∫
Sn\B(y0,ρ)

∫
Sn

|ut(x)− ut(y)| ns
|x − y|n+ tn

s
dx dy

C = C(s, s0, ρ), independent of t

Theorem

• p0 ∈ (n,∞) • ρ ∈ (0,
√

4

5
) • p ∈ (n, p0]

• up ∈ W 1,p(Sn,N ) - p-minimizing harmonic map in its own homotopy class

Then for any y0 ∈ Sn ∫
D(y0,ρ)

|∇up|p dx ≤ C ρ−(p−n)

∫
Sn\D(y0,ρ)

|∇up|p dx

Minimizing the Ep(u) =
∫
Sn |∇u|

p
energy

C = C(n, p0, ρ)

As a consequence we get that the energy of our approximate map cannot concentrate only

in a single point and vanish everywhere else
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Balanced energy estimates — idea of proof

Consider the simple case Σ = Rn

Let v ∈ W t, ns (Rn,N ) be minimizing in its homotopy class

Since t > s the energy Et, ns is not scaling invariant

Consider the rescaled map vλ(x) = v(λx)

Then u and uλ belong to the same homotopy class

∫
Rn

∫
Rn

|v(x)− v(y)| ns
|x − y|n+ tn

s
dx dy ≤

∫
Rn

∫
Rn

|vλ(x)− vλ(y)| ns
|x − y|n+ tn

s
dx dy

= λn(
t−s
s )
∫
Rn

∫
Rn

|v(x)− v(y)| ns
|x − y|n+ tn

s
dx dy

Which is only possible if v = const

For ut ∈ W t, ns (Sn,N ) consider comparison map constructed as

Sn

Not conformally invariant

Rn
rescale

Not conformally invariant

Sn

K. Mazowiecka, A. Schikorra Fractional harmonic maps 11 / 16



Balanced energy estimates — idea of proof

Consider the simple case Σ = Rn

Let v ∈ W t, ns (Rn,N ) be minimizing in its homotopy class

Since t > s the energy Et, ns is not scaling invariant

Consider the rescaled map vλ(x) = v(λx)

Then u and uλ belong to the same homotopy class

∫
Rn

∫
Rn

|v(x)− v(y)| ns
|x − y|n+ tn

s
dx dy ≤

∫
Rn

∫
Rn

|vλ(x)− vλ(y)| ns
|x − y|n+ tn

s
dx dy

= λn(
t−s
s )
∫
Rn

∫
Rn

|v(x)− v(y)| ns
|x − y|n+ tn

s
dx dy

Which is only possible if v = const

For ut ∈ W t, ns (Sn,N ) consider comparison map constructed as

Sn

Not conformally invariant

Rn
rescale

Not conformally invariant

Sn

K. Mazowiecka, A. Schikorra Fractional harmonic maps 11 / 16



Balanced energy estimates — idea of proof

Consider the simple case Σ = Rn

Let v ∈ W t, ns (Rn,N ) be minimizing in its homotopy class

Since t > s the energy Et, ns is not scaling invariant

Consider the rescaled map vλ(x) = v(λx)

Then u and uλ belong to the same homotopy class

∫
Rn

∫
Rn

|v(x)− v(y)| ns
|x − y|n+ tn

s
dx dy ≤

∫
Rn

∫
Rn

|vλ(x)− vλ(y)| ns
|x − y|n+ tn

s
dx dy

= λn(
t−s
s )
∫
Rn

∫
Rn

|v(x)− v(y)| ns
|x − y|n+ tn

s
dx dy

Which is only possible if v = const

For ut ∈ W t, ns (Sn,N ) consider comparison map constructed as

Sn

Not conformally invariant

Rn
rescale

Not conformally invariant

Sn

K. Mazowiecka, A. Schikorra Fractional harmonic maps 11 / 16



Balanced energy estimates — idea of proof

Consider the simple case Σ = Rn

Let v ∈ W t, ns (Rn,N ) be minimizing in its homotopy class

Since t > s the energy Et, ns is not scaling invariant

Consider the rescaled map vλ(x) = v(λx)

Then u and uλ belong to the same homotopy class

∫
Rn

∫
Rn

|v(x)− v(y)| ns
|x − y|n+ tn

s
dx dy ≤

∫
Rn

∫
Rn

|vλ(x)− vλ(y)| ns
|x − y|n+ tn

s
dx dy

= λn(
t−s
s )
∫
Rn

∫
Rn

|v(x)− v(y)| ns
|x − y|n+ tn

s
dx dy

Which is only possible if v = const

For ut ∈ W t, ns (Sn,N ) consider comparison map constructed as

Sn

Not conformally invariant

Rn
rescale

Not conformally invariant

Sn

K. Mazowiecka, A. Schikorra Fractional harmonic maps 11 / 16



Balanced energy estimates — idea of proof

Consider the simple case Σ = Rn

Let v ∈ W t, ns (Rn,N ) be minimizing in its homotopy class

Since t > s the energy Et, ns is not scaling invariant

Consider the rescaled map vλ(x) = v(λx)

Then u and uλ belong to the same homotopy class

∫
Rn

∫
Rn

|v(x)− v(y)| ns
|x − y|n+ tn

s
dx dy ≤

∫
Rn

∫
Rn

|vλ(x)− vλ(y)| ns
|x − y|n+ tn

s
dx dy

= λn(
t−s
s )
∫
Rn

∫
Rn

|v(x)− v(y)| ns
|x − y|n+ tn

s
dx dy

Which is only possible if v = const

For ut ∈ W t, ns (Sn,N ) consider comparison map constructed as

Sn

Not conformally invariant

Rn
rescale

Not conformally invariant

Sn

K. Mazowiecka, A. Schikorra Fractional harmonic maps 11 / 16



Balanced energy estimates — idea of proof

Consider the simple case Σ = Rn

Let v ∈ W t, ns (Rn,N ) be minimizing in its homotopy class

Since t > s the energy Et, ns is not scaling invariant

Consider the rescaled map vλ(x) = v(λx)

Then u and uλ belong to the same homotopy class

∫
Rn

∫
Rn

|v(x)− v(y)| ns
|x − y|n+ tn

s
dx dy ≤

∫
Rn

∫
Rn

|vλ(x)− vλ(y)| ns
|x − y|n+ tn

s
dx dy

= λn(
t−s
s )
∫
Rn

∫
Rn

|v(x)− v(y)| ns
|x − y|n+ tn

s
dx dy

Which is only possible if v = const

For ut ∈ W t, ns (Sn,N ) consider comparison map constructed as

Sn

Not conformally invariant

Rn
rescale

Not conformally invariant

Sn

K. Mazowiecka, A. Schikorra Fractional harmonic maps 11 / 16



Balanced energy estimates — idea of proof

Consider the simple case Σ = Rn

Let v ∈ W t, ns (Rn,N ) be minimizing in its homotopy class

Since t > s the energy Et, ns is not scaling invariant

Consider the rescaled map vλ(x) = v(λx)

Then u and uλ belong to the same homotopy class

∫
Rn

∫
Rn

|v(x)− v(y)| ns
|x − y|n+ tn

s
dx dy ≤

∫
Rn

∫
Rn

|vλ(x)− vλ(y)| ns
|x − y|n+ tn

s
dx dy

= λn(
t−s
s )
∫
Rn

∫
Rn

|v(x)− v(y)| ns
|x − y|n+ tn

s
dx dy

Which is only possible if v = const

For ut ∈ W t, ns (Sn,N ) consider comparison map constructed as

Sn

Not conformally invariant

Rn
rescale

Not conformally invariant

Sn

K. Mazowiecka, A. Schikorra Fractional harmonic maps 11 / 16



Balanced energy estimates — idea of proof

Consider the simple case Σ = Rn

Let v ∈ W t, ns (Rn,N ) be minimizing in its homotopy class

Since t > s the energy Et, ns is not scaling invariant

Consider the rescaled map vλ(x) = v(λx)

Then u and uλ belong to the same homotopy class

∫
Rn

∫
Rn

|v(x)− v(y)| ns
|x − y|n+ tn

s
dx dy ≤

∫
Rn

∫
Rn

|vλ(x)− vλ(y)| ns
|x − y|n+ tn

s
dx dy

= λn(
t−s
s )
∫
Rn

∫
Rn

|v(x)− v(y)| ns
|x − y|n+ tn

s
dx dy

Which is only possible if v = const

For ut ∈ W t, ns (Sn,N ) consider comparison map constructed as

Sn

Not conformally invariant

Rn
rescale

Not conformally invariant

Sn

K. Mazowiecka, A. Schikorra Fractional harmonic maps 11 / 16



Balanced energy estimates — idea of proof

Consider the simple case Σ = Rn

Let v ∈ W t, ns (Rn,N ) be minimizing in its homotopy class

Since t > s the energy Et, ns is not scaling invariant

Consider the rescaled map vλ(x) = v(λx)

Then u and uλ belong to the same homotopy class

∫
Rn

∫
Rn

|v(x)− v(y)| ns
|x − y|n+ tn

s
dx dy ≤

∫
Rn

∫
Rn

|vλ(x)− vλ(y)| ns
|x − y|n+ tn

s
dx dy

= λn(
t−s
s )
∫
Rn

∫
Rn

|v(x)− v(y)| ns
|x − y|n+ tn

s
dx dy

Which is only possible if v = const

For ut ∈ W t, ns (Sn,N ) consider comparison map constructed as

Sn

Not conformally invariant

Rn
rescale

Not conformally invariant

Sn

K. Mazowiecka, A. Schikorra Fractional harmonic maps 11 / 16



Balanced energy estimates — idea of proof

Consider the simple case Σ = Rn

Let v ∈ W t, ns (Rn,N ) be minimizing in its homotopy class

Since t > s the energy Et, ns is not scaling invariant

Consider the rescaled map vλ(x) = v(λx)

Then u and uλ belong to the same homotopy class

∫
Rn

∫
Rn

|v(x)− v(y)| ns
|x − y|n+ tn

s
dx dy ≤

∫
Rn

∫
Rn

|vλ(x)− vλ(y)| ns
|x − y|n+ tn

s
dx dy

= λn(
t−s
s )
∫
Rn

∫
Rn

|v(x)− v(y)| ns
|x − y|n+ tn

s
dx dy

Which is only possible if v = const

For ut ∈ W t, ns (Sn,N ) consider comparison map constructed as

Sn

Not conformally invariant

Rn

rescale

Not conformally invariant

Sn

K. Mazowiecka, A. Schikorra Fractional harmonic maps 11 / 16



Balanced energy estimates — idea of proof

Consider the simple case Σ = Rn

Let v ∈ W t, ns (Rn,N ) be minimizing in its homotopy class

Since t > s the energy Et, ns is not scaling invariant

Consider the rescaled map vλ(x) = v(λx)

Then u and uλ belong to the same homotopy class

∫
Rn

∫
Rn

|v(x)− v(y)| ns
|x − y|n+ tn

s
dx dy ≤

∫
Rn

∫
Rn

|vλ(x)− vλ(y)| ns
|x − y|n+ tn

s
dx dy

= λn(
t−s
s )
∫
Rn

∫
Rn

|v(x)− v(y)| ns
|x − y|n+ tn

s
dx dy

Which is only possible if v = const

For ut ∈ W t, ns (Sn,N ) consider comparison map constructed as

Sn

Not conformally invariant

Rn
rescale

Not conformally invariant

Sn

K. Mazowiecka, A. Schikorra Fractional harmonic maps 11 / 16



Balanced energy estimates — idea of proof

Consider the simple case Σ = Rn

Let v ∈ W t, ns (Rn,N ) be minimizing in its homotopy class

Since t > s the energy Et, ns is not scaling invariant

Consider the rescaled map vλ(x) = v(λx)

Then u and uλ belong to the same homotopy class

∫
Rn

∫
Rn

|v(x)− v(y)| ns
|x − y|n+ tn

s
dx dy ≤

∫
Rn

∫
Rn

|vλ(x)− vλ(y)| ns
|x − y|n+ tn

s
dx dy

= λn(
t−s
s )
∫
Rn

∫
Rn

|v(x)− v(y)| ns
|x − y|n+ tn

s
dx dy

Which is only possible if v = const

For ut ∈ W t, ns (Sn,N ) consider comparison map constructed as

Sn

Not conformally invariant

Rn
rescale

Not conformally invariant

Sn

K. Mazowiecka, A. Schikorra Fractional harmonic maps 11 / 16



The case when πn(N ) = 0

Fix a homotopy class X in C0(Σ,N )

Take ut - sequence of minimizers of Et, ns in X

From regularity: ∃us ∈ W s, ns (Σ,N ) such that

ut → us strongly in W s0, ns (Σ \ A), A - set of points

From removability: us ∈ W s0, ns (Σ)

It is enough to show that the convergence is strong everywhere

We construct a comparison map vtus

ut

glue

x0 ∈ A

The map vt for Σ = Sn

This map is homotopic to ut because πn(N ) = 0

Comparing the energies we obtain∫
Σ

∫
B(x0,r)

|ut(x)− ut(y)| ns
|x − y|n+t ns

< ε

From regularity theory we have strong convergence in x0
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The case when πn(N ) 6= 0 & Σ = Sn

There exists a θ = θ(s, n,N ) such that the following holds

Let Γ0 ∈ π0C0(Sn,N ). Then at least one of the following cases holds:

Set of free homotopy classes of C0(Sn,N )

• There exists a minimizer of Es, ns (·,S
n) in Γ0

• For every δ > 0, there exist nontrivial free homotopy classes Γ1 = π1(N )γ1 and Γ2 = π1(N )γ2

such that

Action of π1(N ) on πn(N )

Γ0 = π1(N )γ0 ⊂ π1(N )γ1 + π1(N )γ2

#Γ1 + #Γ2 ≤ #Γ0 + δ

θ < #Γ1 < #Γ0 −
θ

2

θ < #Γ2 < #Γ0 −
θ

2

where #Γ := infu∈Γ∩W s, ns (Sn,N ) Es, ns (u,S
n) = limt→s+ infu∈Γ∩W t, ns (Sn,N ) Et, ns (u,S

n)
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n) = limt→s+ infu∈Γ∩W t, ns (Sn,N ) Et, ns (u,S

n)
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Corollary

There exists a number k ∈ Z, k 6= 0 such that

inf
{
Es, ns (u,S

n) : u ∈ C0 ∩W s, ns (Sn,Sn), deg u = k
}

is a�ained

Of course πn(Sn) 6= 0

Still open

Is

inf
{
Es, ns (u,S

n) : u ∈ C0 ∩W s, ns (Sn,Sn), deg u = 1

}
a�ained?

Yes, if
n
s = 2 (Mironescu)
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Idea of the proof, πn(N ) 6= 0

Fix a homotopy class Γ0 in C0(Sn,N )

take ut - sequence of minimizers of Et, ns in Γ0

From regularity: ∃us ∈ W s, ns (Sn,N ) such that ut → us strongly in W s0, ns (Sn \ A),

A - set of points

From removability: us ∈ W s0, ns (Sn)

Either A is empty (first case)

Or there is a blow-up point

Say, the North Pole

Then if Γ1 - homotopy class of vt

Γ2 - homotopy class of wt

π1(N )γ0 ⊂ π1(N )γ1 + π1(N )γ2

Careful application

of previous results

give the estimates

K. Mazowiecka, A. Schikorra Fractional harmonic maps 15 / 16



Idea of the proof, πn(N ) 6= 0

Fix a homotopy class Γ0 in C0(Sn,N ) take ut - sequence of minimizers of Et, ns in Γ0

From regularity: ∃us ∈ W s, ns (Sn,N ) such that ut → us strongly in W s0, ns (Sn \ A),

A - set of points

From removability: us ∈ W s0, ns (Sn)

Either A is empty (first case)

Or there is a blow-up point

Say, the North Pole

Then if Γ1 - homotopy class of vt

Γ2 - homotopy class of wt

π1(N )γ0 ⊂ π1(N )γ1 + π1(N )γ2

Careful application

of previous results

give the estimates

K. Mazowiecka, A. Schikorra Fractional harmonic maps 15 / 16



Idea of the proof, πn(N ) 6= 0

Fix a homotopy class Γ0 in C0(Sn,N ) take ut - sequence of minimizers of Et, ns in Γ0

From regularity: ∃us ∈ W s, ns (Sn,N ) such that ut → us strongly in W s0, ns (Sn \ A),

A - set of points

From removability: us ∈ W s0, ns (Sn)

Either A is empty (first case)

Or there is a blow-up point

Say, the North Pole

Then if Γ1 - homotopy class of vt

Γ2 - homotopy class of wt

π1(N )γ0 ⊂ π1(N )γ1 + π1(N )γ2

Careful application

of previous results

give the estimates

K. Mazowiecka, A. Schikorra Fractional harmonic maps 15 / 16



Idea of the proof, πn(N ) 6= 0

Fix a homotopy class Γ0 in C0(Sn,N ) take ut - sequence of minimizers of Et, ns in Γ0

From regularity: ∃us ∈ W s, ns (Sn,N ) such that ut → us strongly in W s0, ns (Sn \ A),

A - set of points

From removability: us ∈ W s0, ns (Sn)

Either A is empty (first case)

Or there is a blow-up point

Say, the North Pole

Then if Γ1 - homotopy class of vt

Γ2 - homotopy class of wt

π1(N )γ0 ⊂ π1(N )γ1 + π1(N )γ2

Careful application

of previous results

give the estimates

K. Mazowiecka, A. Schikorra Fractional harmonic maps 15 / 16



Idea of the proof, πn(N ) 6= 0

Fix a homotopy class Γ0 in C0(Sn,N ) take ut - sequence of minimizers of Et, ns in Γ0

From regularity: ∃us ∈ W s, ns (Sn,N ) such that ut → us strongly in W s0, ns (Sn \ A),

A - set of points

From removability: us ∈ W s0, ns (Sn)

Either A is empty (first case)

Or there is a blow-up point

Say, the North Pole

Then if Γ1 - homotopy class of vt

Γ2 - homotopy class of wt

π1(N )γ0 ⊂ π1(N )γ1 + π1(N )γ2

Careful application

of previous results

give the estimates

K. Mazowiecka, A. Schikorra Fractional harmonic maps 15 / 16



Idea of the proof, πn(N ) 6= 0

Fix a homotopy class Γ0 in C0(Sn,N ) take ut - sequence of minimizers of Et, ns in Γ0

From regularity: ∃us ∈ W s, ns (Sn,N ) such that ut → us strongly in W s0, ns (Sn \ A),

A - set of points

From removability: us ∈ W s0, ns (Sn)

Either A is empty (first case)

Or there is a blow-up point

Say, the North Pole

Then if Γ1 - homotopy class of vt

Γ2 - homotopy class of wt

π1(N )γ0 ⊂ π1(N )γ1 + π1(N )γ2

Careful application

of previous results

give the estimates

K. Mazowiecka, A. Schikorra Fractional harmonic maps 15 / 16



Idea of the proof, πn(N ) 6= 0

Fix a homotopy class Γ0 in C0(Sn,N ) take ut - sequence of minimizers of Et, ns in Γ0

From regularity: ∃us ∈ W s, ns (Sn,N ) such that ut → us strongly in W s0, ns (Sn \ A),

A - set of points

From removability: us ∈ W s0, ns (Sn)

Either A is empty (first case)

Or there is a blow-up point

Say, the North Pole

Then if Γ1 - homotopy class of vt

Γ2 - homotopy class of wt

π1(N )γ0 ⊂ π1(N )γ1 + π1(N )γ2

Careful application

of previous results

give the estimates

K. Mazowiecka, A. Schikorra Fractional harmonic maps 15 / 16



Idea of the proof, πn(N ) 6= 0

Fix a homotopy class Γ0 in C0(Sn,N ) take ut - sequence of minimizers of Et, ns in Γ0

From regularity: ∃us ∈ W s, ns (Sn,N ) such that ut → us strongly in W s0, ns (Sn \ A),

A - set of points

From removability: us ∈ W s0, ns (Sn)

Either A is empty (first case)

Or there is a blow-up point

Say, the North Pole

Then if Γ1 - homotopy class of vt

Γ2 - homotopy class of wt

π1(N )γ0 ⊂ π1(N )γ1 + π1(N )γ2

Careful application

of previous results

give the estimates

K. Mazowiecka, A. Schikorra Fractional harmonic maps 15 / 16



Idea of the proof, πn(N ) 6= 0

Fix a homotopy class Γ0 in C0(Sn,N ) take ut - sequence of minimizers of Et, ns in Γ0

From regularity: ∃us ∈ W s, ns (Sn,N ) such that ut → us strongly in W s0, ns (Sn \ A),

A - set of points

From removability: us ∈ W s0, ns (Sn)

Either A is empty (first case)

Or there is a blow-up point

Say, the North Pole

Then if Γ1 - homotopy class of vt

Γ2 - homotopy class of wt

π1(N )γ0 ⊂ π1(N )γ1 + π1(N )γ2

Careful application

of previous results

give the estimates

K. Mazowiecka, A. Schikorra Fractional harmonic maps 15 / 16



Idea of the proof, πn(N ) 6= 0

Fix a homotopy class Γ0 in C0(Sn,N ) take ut - sequence of minimizers of Et, ns in Γ0

From regularity: ∃us ∈ W s, ns (Sn,N ) such that ut → us strongly in W s0, ns (Sn \ A),

A - set of points

From removability: us ∈ W s0, ns (Sn)

Either A is empty (first case)

Or there is a blow-up point

Say, the North Pole

Then if Γ1 - homotopy class of vt

Γ2 - homotopy class of wt

π1(N )γ0 ⊂ π1(N )γ1 + π1(N )γ2

Careful application

of previous results

give the estimates

K. Mazowiecka, A. Schikorra Fractional harmonic maps 15 / 16



Idea of the proof, πn(N ) 6= 0

Fix a homotopy class Γ0 in C0(Sn,N ) take ut - sequence of minimizers of Et, ns in Γ0

From regularity: ∃us ∈ W s, ns (Sn,N ) such that ut → us strongly in W s0, ns (Sn \ A),

A - set of points

From removability: us ∈ W s0, ns (Sn)

Either A is empty (first case)

Or there is a blow-up point

Say, the North Pole

Then if Γ1 - homotopy class of vt

Γ2 - homotopy class of wt

π1(N )γ0 ⊂ π1(N )γ1 + π1(N )γ2

Careful application

of previous results

give the estimates

K. Mazowiecka, A. Schikorra Fractional harmonic maps 15 / 16



Idea of the proof, πn(N ) 6= 0

Fix a homotopy class Γ0 in C0(Sn,N ) take ut - sequence of minimizers of Et, ns in Γ0

From regularity: ∃us ∈ W s, ns (Sn,N ) such that ut → us strongly in W s0, ns (Sn \ A),

A - set of points

From removability: us ∈ W s0, ns (Sn)

Either A is empty (first case)

Or there is a blow-up point

Say, the North Pole

Then if Γ1 - homotopy class of vt

Γ2 - homotopy class of wt

π1(N )γ0 ⊂ π1(N )γ1 + π1(N )γ2

Careful application

of previous results

give the estimates

K. Mazowiecka, A. Schikorra Fractional harmonic maps 15 / 16



Thank you for your a�ention!
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