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» Au - diffusion, V- (uVK % u) - aggregation*
> K :R? — R - interaction kernel

VKxu= VK(x—y)u(y)dy.
Rd

*In fact, it is not always aggregation.
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up —Au =V - (uVK * u), t>0, xR,
(0, %) = uo(x), x € RY,

» wup(x) - initial condition

diffusion

t=0 u(0,x)

aggregation
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Wi (x) xeRY k>0

> existence of steady states (and sometimes uniqueness)

> convergence to steady states (k > 2)

J.A. Carrillo, R.J. McCann, C. Villani, (2003) Kinetic equilibration rates
for granular media and related equations.

Bolley, F., Gentil, I., Guillin, A., (2013) Uniform Convergence to
Equilibrium for Granular Media.

> k=0, Wi(x) = log(x) (critical case) - chemotaxis
Keller-Segel model in R?
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up — Au =V - (uVWj xu), t>0, x€RY,
u(0, x) = up(x), x € R

> up € LLY(RY)NLP(RY), p>1
» Parabolic regularity, p > p» > p1

ue C((0, T], W2P(R)) N C*((0, T], LP(RY)),

> Mass conservation

/Rd u(t, x) dx = /Rd up(x) dx
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up—eAu=V-(uVWexu), t>0, xeR?

» (k =1) P. Biler, A. Boritchev (Lanar), G. Karch, and P.
Laurengot. (2021) Concentration phenomena in a diffusive
aggregation model

» Can we describe the same effect for k € (0,1) when € — 07
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> d>1,¢>0, up € L1Y(RY) N L®(RY) - non-negative, radial
> Wi(x) = [x|*/k, k € (0,1)

Theorem
There exists a number iy € (0,1) such that, if

/R *(min {1x], 12 o (x) dx < M,

then there exist numbers Ty, C,,e.,v > 0, independent of €, such
that for all € € (0,¢.) we have

T*
/ / us(t, x)dxdt > C,.
0o JB,
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/R (min (1], )2 o(x) dx < M,

> function (min {|x|,1})*>7¥

u0(x)

(min{Jx],13)"

|
/Rd (min {|x|,1})?> "  up(x) dx < / up(x)dx = M,

Rd

> Initial condition has to be sufficiently concentrated around the
origin.
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T
/ / us(t,x)dxdt > C,.
0 B, i

» For every sufficiently small €, in time interval [0, T,], on the
e-small ball there is a part of the mass of the solution

T*
C*g/ / ue(x, t)dxdt < 5 CT, sup ||uc(t)]]oo-
0 B(us)l/k tel0, T

sup |lug(t)]looc = +00 when e — 0.
te[0,Ty]
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ur —eAu =V - (uV Wy * u), t>0, xeRY,
U(O,X) = UO(X)7 X € Rda

> d>1, ke (0,1)and p > pi (2 or 1/k)
> 1. - non-negative solution with ¢ > 0 and ug € L} N LP(RY)

1 _1
()15 < max { luollp, C(k, pYM* 127 |

where n = kp/(d(p — 1))
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» possible generalization for full range of parameter k € (0, 2)



Thank you

Thank you for your attention.



