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Aggregation-di�usion equations

ut −∆u = ∇ · (u∇K ∗ u)

▶ u = u(t, x) - density of particles/substance, etc.

▶ x ∈ Rd , d ≥ 1

▶ ∆u - di�usion, ∇ · (u∇K ∗ u) - aggregation*
▶ K : Rd → R - interaction kernel

∇K ∗ u =

∫
Rd

∇K (x − y)u(y) dy .

*In fact, it is not always aggregation.
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{
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u(0, x) = u0(x), x ∈ Rd ,

▶ u0(x) - initial condition
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Power-law kernel

{
ut −∆u = ∇ · (u∇Wk ∗ u), t > 0, x ∈ Rd ,

u(0, x) = u0(x), x ∈ Rd

Wk(x) =
|x |k

k
, x ∈ Rd , k > 0

▶ global-in-time solutions for su�ciently regular u0
▶ existence of steady states (and sometimes uniqueness)

▶ convergence to steady states (k ≥ 2)

J.A. Carrillo, R.J. McCann, C. Villani, (2003) Kinetic equilibration rates

for granular media and related equations.

Bolley, F., Gentil, I., Guillin, A., (2013) Uniform Convergence to

Equilibrium for Granular Media.

▶ k = 0, Wk(x) = log(x) (critical case) - chemotaxis
Keller-Segel model in R2
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Properties of the solution (1)
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▶ Local-in-time solutions

u(t) = et∆u0 +

∫ t

0

∇e(t−s)∆ · (u(s)∇Wk ∗ u(s)) ds

u ∈ C
(
[0,T ], L1(Rd) ∩ Lp(Rd)

)
for p ∈ [p1,+∞], p1 > 1

∥∇Wk ∗ v∥q ≤ Ck,p∥v∥p,
1
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1− k
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= 1+

1

q
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Properties of the solution (2)

{
ut −∆u = ∇ · (u∇Wk ∗ u), t > 0, x ∈ Rd ,

u(0, x) = u0(x), x ∈ Rd

▶ u0 ∈ L1(Rd) ∩ Lp(Rd), p > 1

▶ Parabolic regularity, p ≥ p2 > p1

u ∈ C
(
(0,T ],W 2,p(Rd)

)
∩ C 1

(
(0,T ], Lp(Rd)

)
,

▶ Mass conservation∫
Rd

u(t, x) dx =

∫
Rd

u0(x) dx
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Motivation for concentration (1)

ut − ε∆u = ∇ · (u∇Wk ∗ u), t > 0, x ∈ Rd

▶ ε = 1 - for k > 0 solutions are global in time, Lp-norms are
bounded through evolution

▶ ε = 0 - for k < 2 and some radial u0 ∈ C∞
c (Rd) - blow-up

occurs in �nite time, i.e. there exists T ∗ < +∞ such that

lim
t→T∗

∥u(·, t)∥p = +∞

Bertozzi, A., Carrillo, J., Laurent, T., (2009) Blow-up in

multidimensional aggregation equations with mildly singular

interaction kernels.
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Motivation for concentration (2)

ut − ε∆u = ∇ · (u∇Wk ∗ u), t > 0, x ∈ Rd

▶ (k = 1) P. Biler, A. Boritchev (Lanar), G. Karch, and P.
Laurençot. (2021) Concentration phenomena in a di�usive

aggregation model

▶ Can we describe the same e�ect for k ∈ (0, 1) when ε → 0?
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Concentration around the origin

{
ut − ε∆u = ∇ · (u∇Wk ∗ u), t > 0, x ∈ Rd ,

u(0, x) = u0(x), x ∈ Rd ,

▶ d ≥ 1, ε > 0, u0 ∈ L1(Rd) ∩ L∞(Rd) - non-negative, radial
▶ Wk(x) = |x |k/k , k ∈ (0, 1)

Theorem

There exists a number µk ∈ (0, 1) such that, if∫
Rd

(min {|x |, 1})2−k u0(x) dx < µkM,

then there exist numbers T∗,C∗, ε∗, ν > 0, independent of ε, such
that for all ε ∈ (0, ε∗) we have∫ T∗

0

∫
B
(νε)1/k

uε(t, x) dx dt ≥ C∗.
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Interpretation (1)

∫
Rd

(min {|x |, 1})2−k u0(x) dx < µkM,

▶ function (min {|x |, 1})2−k

∫
Rd

(min {|x |, 1})2−k u0(x) dx ≤
∫
Rd

u0(x) dx = M,

▶ Initial condition has to be su�ciently concentrated around the
origin.
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Interpretation (2)

∫ T∗

0

∫
B
(νε)1/k

uε(t, x) dx dt ≥ C∗.

▶ For every su�ciently small ε, in time interval [0,T∗], on the
ε-small ball there is a part of the mass of the solution

C∗ ≤
∫ T∗

0

∫
B
(νε)1/k

uε(x , t) dx dt ≤ εd/kCT∗ sup
t∈[0,T∗]

∥uε(t)∥∞.

sup
t∈[0,T∗]

∥uε(t)∥∞ → +∞ when ε → 0.
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A priori estimates for Lp-norms

{
ut − ε∆u = ∇ · (u∇Wk ∗ u), t > 0, x ∈ Rd ,

u(0, x) = u0(x), x ∈ Rd ,

▶ d ≥ 1, k ∈ (0, 1) and p ≥ pk (2 or 1/k)

▶ uε - non-negative solution with ε > 0 and u0 ∈ L1 ∩ Lp(Rd)

∥uε(t)∥p ≤ max
{
∥u0∥p,C (k , p)M1+ 1

η ε
− 1

η

}
,

where η = kp/(d(p − 1))
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1

q
+

1− k

d
=
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A priori estimates - proof (2)

∥up/2∥s ≤ C∥u∥(α+β−αβ)p/2
p M(1−α)(1−β)p/2

1

s
= 1− 1

2
α and

2

p
= 1−

(
1− 1

p

)
β, α, β ∈ [0, 1].

∥u∥q ≤ C∥u∥γpM1−γ , where
1

q
= 1−

(
1− 1

p

)
γ, γ ∈ [0, 1].

∥∇up/2∥2 ≥ CM(β−1)p/d∥u∥(d/2+1−β)p/d
p .
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∥uε(t)∥p ≤ max
{
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η ε
− 1

η

}
,



A priori estimates - proof (3)

1

p(p − 1)

d

dt
∥u∥pp ≤ 4

p2
∥∇up/2∥2×

(
−εC1M

(β−1)p/d∥u∥(d/2+1−β)p/d
p

+ C2M
(1−α)(1−β)p/2+1−γ∥u∥(α+β−αβ)p/2+γ

p

)

= C∥∇up/2∥2M(1−α)(1−β)p/2+1−γ∥u∥(α+β−αβ)p/2+γ
p

×
(
− εC (k, p)M−η−1∥u∥ηp + 1

)

∥uε(t)∥p ≤ max
{
∥u0∥p,C (k , p)M1+ 1

η ε
− 1

η

}
,



A priori estimates - proof (3)

1

p(p − 1)

d

dt
∥u∥pp ≤ 4

p2
∥∇up/2∥2×

(
−εC1M

(β−1)p/d∥u∥(d/2+1−β)p/d
p

+ C2M
(1−α)(1−β)p/2+1−γ∥u∥(α+β−αβ)p/2+γ

p

)

= C∥∇up/2∥2M(1−α)(1−β)p/2+1−γ∥u∥(α+β−αβ)p/2+γ
p

×
(
− εC (k, p)M−η−1∥u∥ηp + 1

)

∥uε(t)∥p ≤ max
{
∥u0∥p,C (k , p)M1+ 1

η ε
− 1

η

}
,



Di�erential inequality (1)

ut − ε∆u = ∇ · (u∇Wk ∗ u)

▶ φ ∈ C 1([0,+∞))

φ(s) =

{
s for 0 ≤ s ≤

(
1

2

)2−k
,

1 for s ≥
(
3

2

)2−k

▶ 0 ≤ φ(s) ≤ min{s, 1}, 0 ≤ φ′(s) ≤ 1 and φ′′(s) ≤ 0.

▶ φ(|x |2−k) = |x |2−k for |x | ≤ 1

2

▶ φ(|x |2−k) = 1 for |x | ≥ 3

2

▶ φ′′ is not necessarily continuous, but it is bounded
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Di�erential inequality (2)

ut − ε∆u = ∇ · (u∇Wk ∗ u)

∫
Rd

utφ(|x |2−k) dx −
∫
Rd

ε∆uφ(|x |2−k) dx

=

∫
Rd

∇ · (u∇Wk ∗ u)φ(|x |2−k) dx

I (t) =

∫
Rd

φ(|x |2−k)u(t, x) dx

I ′(t) =

∫
Rd

utφ(|x |2−k) dx
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Di�erential inequality (4)

= −σd(2− k)

∫ +∞

0

φ′
(
r2−k

)
rd−kur (t, r) dr

=

∫ +∞

0

(
σd(2− k)2φ′′

(
r2−k

)
rd+1−2k

+σd(2− k)(d − k)φ′
(
r2−k

)
rd−k−1

)
u(t, r) dr

− σd(2− k)
[
φ′
(
r2−k

)
rd−ku(t, r)

]r=+∞

r=0

≤ σd(2− k)(d − k)

∫
3/2

0

u(t, r)rd−k−1
dr = D(u)(t)

or else
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Thank you

Thank you for your attention.


