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NONLINEAR FRACTIONAL DIFFERENTIAL EQUATIONS

Juan J. WNieto

We present some basic aspects of fractional caleulus and fractional differential equ-
ALlONS.

Some simple nonlinear fractional equations are considered. Some of them are easily
solved, but others present some new difficulties and problems. As a model we focus on
the nonlinear logistic equation.
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Fractional World: from calculus to nonlinear
differential equations

* Fractional calculus
* Fractional Differential Equations
* Nonlinear Fractional Differential Equations
 Some models and applications



Fractional calculus is the study
of integrals and derivatives of
any order, not only integer.
There are several definitions of
fractional integral and fractional
derivative due to Riemann,
Liouville, Weyl, Hilbert, etc.



In 1695 Leibniz wrote a letter to
['Hopital: Can the meaning of
derivatives with integer order be
generalized to derivatives with
non-integer orders?
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't will lead to a paradox, from
which one day useful
consequences will be drawn



I'f(t) = /D £(s)ds

Pit)=TNI'f)(t) = | (t—s)f(s)ds

0

1

(n—

0 = / (t — s)"" f(s)ds

I f(t) = ﬁ / (t — ) f(s)ds

a>0,feLY0,T)



a>0,feLY0,T)

[*: L'(0,T) — L'(0,T)

a>0,>0:1%]° =[*"F

a>0\>—1:71%% =

F'A+1) ..

'A+a+1)



. —i t — 5)* 1 f(s)ds
(0 = 1 f (i — 5" £(5) "

The Prabhakar fractional i_ntegral with base int 0 is defined h}f

£
PY g0 (t) =f:. el 5(A;t — s)o(s)ds.



. —i t - — 5)* 1 f(s)ds
(0 = 1 / (i — 5" £(5) "

The Prabhakar fractional integral with base point 0 is defined by

£
mgﬁﬂg(f}zf eY 5(Ast — s)or(s)ds.
B, o Ca,

]

_ () 2" _ o
Eap(2) = 2 Frmy gyt elpg(Ast) = tF71EY (Ar™)

PY oo (t) — /DE e? 4(0,t — s)or(s)ds — []E{f _ 5)Flo(s)ds — 1B (t).

1
L(g)



I o = — P o
o, 5 —
LA {f}
dt
o |

]II]"T
Aﬂ"{f
) = P
o’
()

a1 —BA



D(t"
) =nt
n—1

I)?
(t")
n(n — 1)
D= |
(") Fr(n
| o +1
HSH+U _leﬁﬂ
—a+ l)tn_ )
Dl;'lz
th = H
. (2) |
I]lfg (% +_1}t1f2
1: ! }\/E
ﬁt_”g 7
0

[jljitlfi
_|'(1 =
__|_
5 Nt°=r
(3/
2)



0<a<l:D*f=DI=f

pofty=— 4

Riemann-Liouville fractional derivative
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Fractional
Differential Equations
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Nonlinear Fractional
Differential Equations



Lp
o :> u(t) = . , =0
u'(t) = ku(e)(1 —u(t)). t=0 Ug + (1 — ug) exp(—kt)

Fractional logistic ODE

—

I
e

—




Phy=zica A 573 (1021) 125047

Contents lists awvailahle st Sciencalirect

Physica A

jowrmal homepage: wanw_elsevier. comflocate'physa

Power series solution of the fractional logistic equarion 7
I. Area *'-*, ].J. Nieto ™"’ | =5 |

? lnrrersidodre de Vipg Depoioments de Motemdhice Apbonds [ FF Asrondutiog & do Fsporo, Compus Az
Lopoes (horemze, 33K Curemse, Spoin

¥ bostiastn de Motemdtions Uiniversidade de Smtioge de Composteg 15782 Sontioge de Compostels Spaim

I3 (1l —w), 0= o<1,

ol t) an{u}{z*j"
e =il

[(na + 1) — . -
M + Tja + 1) b)) — Zb_r-l:_ﬂ}bn__r-i_f.tj .o =0,

=0

brt1(ex)

bop(c) = »(0)



D (t) — =(t) - [1 — x(1)]

x(t) — x=(t) To — Tj :

(I —z@)¥= ~ (1—=zg)2/= °



Caputo-Fabrizio Clasgical Logistic ODE
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Solution of a fractional logistic ordinary differential equation
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Classical Liouville-Caputo fractional derivative

Differential Equations and Dynamical Systems
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Classical Liouville-Caputo fractional derivative

Differential Equations and Dynamical Systems
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Mathematical analysis of Hepatitis C Virus infection
model in the framework of non-local and non-singular
kernel fractional derivative
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Future directions
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An optimal neural network design for fractional deep learning
of logistic growth
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Abstract

This paper suggests a multi-layer neural network for deep leaming based on fractional differential equations, and parallel
computing is used to search an optimal structure. First, the Caputo derivative is approximated by I.;, numerical scheme and
an unconstrained discretzation minimization problem is presented. Then, parameters are adjusted by use of the Adam
algorithm. Analytical approximate solutions of two fractional logistic equations (FLEs) are obtained which demonstrate the
method’ s efficiency. Furthermore, with real-life data, fracuonal order and other parameters of FLLEs are estimated by the
sradient descent algorithm meanwhile. The proposed optimal NN method is used in forecasting. Through the comparat ve
study, FLEs have more parameter freedom degrees and performm better than the classical logistic model.
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A Digital Twin of a Compartmental Epidemiological Model based
on a Stieltjes Differential Equation

Ivan Area?®, F.J. Fernandez?, Juan J. NietoP*, F. Adridan F. Tojo"
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A bstract

We introduce a digital twin of the classical compartmental SIR (Susceptible, Infected,
Recovered) epidemic model and study the interrelation between the digital twin and the
system. In doing so, we use Stieltjes derivatives to feed the data from the real system to
the virtual model which, in return, improves it in real time. As a byproduct of the model,
we present a precise mathematical definition of solution to the problem. We also analyze
the existence and uniqueness of solutions, introduce the concept of Main Digital Twin and
present some numerical simulations with real data of the COVID-19 epidemic, showing the
accuracy of the proposed ideas.
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Open Problems

Control of fractional systems
Sobolev spaces of fractional order
Fractional logistic equation
Fractional Laplacian
General M-L functions
Fractional models
Fractional Lax-Milgram Theorem
Fractional Navier-Stokes equations
Fractional nonlinear models
Digital Twins
COVID-19 and future epidemics
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Conclusion: We have many new
theoretical and applied
oroblems to explore
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