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Fractional World: from calculus to nonlinear 
differential equations

• Fractional calculus

• Fractional Differential Equations

• Nonlinear Fractional Differential Equations

• Some models and applications



Fractional calculus is the study 
of integrals and derivatives of 

any order, not only integer. 
There are several definitions of 
fractional integral and fractional 

derivative due to Riemann, 
Liouville, Weyl, Hilbert, etc.



In 1695 Leibniz wrote a letter to 
L’Hôpital: Can the meaning of 

derivatives with integer order be 
generalized to derivatives with 

non-integer orders?



It will lead to a paradox, from
which one day useful

consequences will be drawn
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Riemann-Liouville fractional derivative Liouville-Caputo fractional derivative





u’ > 0  u increasing

Dau > 0  u increasing? 

Mean Value Theorem

Many Fractional Mean Value Theorem?
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Mittag-Leffler function
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Fractional logistic ODE







x(0)=1/2

Classical Logistic ODE
a = 1

Caputo fractional
DE a = 1/2

Caputo-Fabrizio
fractional DE a = 1/2

Caputo-Fabrizio
fractional DE a = 0.1
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Classical Liouville-Caputo fractional derivative



Classical Liouville-Caputo fractional derivative

Caputo-Fabrizio derivative
&
Losada-Nieto integral















Future directions
Sobolev spaces of fractional order

Fractional logistic equation

Fractional Laplacian

General M-L functions

Fractional models





Mathematical Methods in the Applied Sciences



Digital Twin
for epidemic of COVID-19

Video at

https://onlinelibrary.wiley.com/doi/10.1002/mma.8252

https://twitter.com/CITMAga/status/1511267398405570562

https://onlinelibrary.wiley.com/doi/10.1002/mma.8252
https://twitter.com/CITMAga/status/1511267398405570562


Open Problems
Control of fractional systems

Sobolev spaces of fractional order

Fractional logistic equation

Fractional Laplacian

General M-L functions

Fractional models

Fractional Lax-Milgram Theorem

Fractional Navier-Stokes equations

Fractional nonlinear models

Digital Twins

COVID-19 and future epidemics
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Conclusion: We have many new 
theoretical and applied

problems to explore
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