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Introduction

Consider the second order system
X"(t) + fi(x(1),y(t)) =0,  (tel=10,1])
y'(t) + R(x(1), y(1)) = 0,
x(0) = x(1) =0 =y(0) = y(1),

where fi, f> : [0, 00) x [0,00) — [0, c0) are continuous functions.
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Consider the second order system
X"(t) + f(x(t),y(t)) =0,  (tel=[0,1])
y'(t) + f2(x(1), ¥ (1)) = O,
x(0) = x(1) = 0 = y(0) = y(1),

where fi, f> : [0, 00) x [0,00) — [0, c0) are continuous functions.

Main goal

Existence and localization of coexistence positive solutions (x, y) for
the system, that is, with both x and y non-trivial.
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Introduction

Consider the second order system
X"(t) + f(x(t),y(t)) =0,  (tel=[0,1])
y'(t) + R(x(1), ¥ (1)) = O,
x(0) = x(1) = 0 = y(0) = y(1),

where fi, f> : [0, 00) x [0,00) — [0, c0) are continuous functions.

We look for fixed points of T = (Ty, To) : C(I) x C(I) — C(I) x C([) given
by

1

T)(0 = [ Gy P12

where G is the Green’s function of the Dirichlet problem, i.e.,
G(t,s):{ (1-1s, fO<s<t<Tt,

t(1—s), f0<t<s<i.
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Introduction

Consider the second order system
X"(t) + fi(x(1),y(t)) =0,  (tel=10,1])
y'(t) + R(x(1), y(1)) = 0,
x(0) = x(1) =0 =y(0) = y(1),

where fi, f> : [0, 00) x [0,00) — [0, c0) are continuous functions.

First attempt
Krasnosel'skii compression—expansion fixed point theorem in cones.
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Introduction

We will say that a closed and convex subset K of a normed space X is
a cone if

@ \xeKforallxe Kandall A > 0;
@ xc Kand —x € K, then x = 0.
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Introduction

Theorem (Krasnosel’skit)

Let K be a cone of a normed space X and T : K — K a completely
continuous map.
Assume that there existr, R > 0, r # R, such that

Tx £ x for all x € K with ||x|| =r,
Tx % x for all x € K with ||x|| = R.

Then T has a fixed pointx € K s.t. min{r, R} < ||| < max{r, R}.
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Introduction

Theorem (homotopy version of Krasnosel'skir)

Let K be a cone of a normed space X and T : K — K a completely
continuous map.

Assume that there existr,R > 0, r # R, and h € K \ {0} such that

T(uy+ph#u if|lul=randu>0,
T(u)y#Au if|lul=RandX>1.

Then T has a fixed pointx € K s.t. min{r, R} < ||X|| < max{r, R}.

Compression K Expansion K

r R R r
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Introduction

Coming back to the system
X"(t) + A(x(1),y(1) =0,  (tel=[0,1])
y'(t) + f2(x(1), y(1)) = 0,
x(0) = x(1) =0 =y(0) = y(1),

we can apply Krasnosel’skil type theorem by using
@ Normed space: C(/) x C(I), [[(x, y)I| = max{[Ix[loc , 1Y ll oo }-
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Introduction

Coming back to the system

X"(t) + H(x(1),y(1)) = O,
y'(t) + f2(x(1), ¥ (1)) = O,
x(0) = x(1) =0 =y(0) = y(1),

we can apply Krasnosel’skil type theorem by using
@ Normed space: C(/) x C(I), [[(x, y)I| = max{[Ix[loc , 1Y ll oo }-

(tel=10,1])

@ Cone: K x K, with K = {x eP: min x(t)> 1 \|x||oo}.
te[1/4,3/4] 4
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Coming back to the system

X"(t) + H(x(1),y(1)) = O,
y'(t) + f2(x(1), ¥ (1)) = O,
x(0) = x(1) =0 =y(0) = y(1),

we can apply Krasnosel’skil type theorem by using
@ Normed space: C(/) x C(I), [[(x, y)I| = max{[Ix[loc , 1Y ll oo }-

(tel=10,1])

@ Cone: K x K, with K = {x eP: min x(t)> 1 \|x||oo}.
te[1/4,3/4] 4

@ Operator: T = (T4, T»), with

Tf(va)(f):/O1G(t,s)ff(x(s),y(s))ds, tel, i=1,2
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Introduction

Krasnosel'skil fixed point theorem can be applied and, under suitable
assumptions, it guarantees the existence of a solution (x,y) € K x K

such that
a < ||(x, y)Il <5,

for some «, 5 > 0.

Jorge (USC) Component-wise localization of solutions 8/31



Introduction

Krasnosel'skil fixed point theorem can be applied and, under suitable
assumptions, it guarantees the existence of a solution (x,y) € K x K
such that

a< [[(x Yl <5,

for some «, 5 > 0.

That means,
a < max{|| x|, IV} < 5.

Jorge (USC) Component-wise localization of solutions 8/31



Introduction

Krasnosel'skil fixed point theorem can be applied and, under suitable
assumptions, it guarantees the existence of a solution (x,y) € K x K

such that
a < ||(x, y)Il <5,

for some «, 5 > 0.

That means,
a < max{|| x|, IV} < 5.

Hence, it could be ||x|[, = 0 or [[y| . = 0.

Jorge (USC) Component-wise localization of solutions 8/31



Introduction

Krasnosel'skil fixed point theorem can be applied and, under suitable
assumptions, it guarantees the existence of a solution (x,y) € K x K
such that

a<|[|(x,y)| <8,
for some «, 5 > 0.
That means,
a < max{[|X]| . [V} < B
Hence, it could be ||x|| ., = 0or [|y| ., = 0.

How to avoid this undesirable possibility?
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Introduction

Krasnosel'skil fixed point theorem can be applied and, under suitable
assumptions, it guarantees the existence of a solution (x,y) € K x K
such that

a<|[|(x,y)| <8,
for some «, 5 > 0.
That means,
a < max{[|X]| . [V} < B
Hence, it could be ||x|| ., = 0or [|y| ., = 0.

How to avoid this undesirable possibility?

@ R. Precup,
A vector version of Krasnosel’skii’s fixed point theorem in cones
and positive periodic solutions of nonlinear systems,
J. Fixed Point Theory Appl., 2 (2007) 141-151.
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Introduction

Krasnosel’'skil F. P. T.
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Introduction
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Krasnosel’'skil F. P. T. Vector version
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Introduction

Let Ki, K> two cones of a normed space X and K := Kj x Ka.
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Introduction

Let K1, K> two cones of a normed space X and K := K; x K>.
Forr,ReR2, r=(n,r), R= (R, R),with0<r, <R (i=1,2), we
denote

Kr’,q = {U:(U1,U2)€K i < ||U,|| <R, fOF/:1,2}.
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Introduction

Let K1, K> two cones of a normed space X and K := K; x K>.
Forr,ReR2, r=(n,r), R= (R, R),with0<r, <R (i=1,2), we
denote

K,’R = {U:(U1,U2)€K : I’,SHU,HSR, fori:1,2}.

Theorem (Krasnosel’skii-Precup)

Assume that T = (Ty, Tz) : K, r — K is a compact map and for each
i € {1,2} there exists h; € K; \ {0} such that one of the following
conditions is satisfied in K, g:
(a) Ti(u)+ phi # ujif||uil| = r and p > 0, and T;(u) # A u; if

uill = Riand X > 1;
(b) Ti(u) # Au;if||uil| = riand A > 1, and T;(u) + p h; # u; if

lluil| = Rij and 1« > 0.
Then T has at least a fixed point u = (uy, up) € K with r; < ||uj]| < R;
(i=1,2).
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Introduction

Remark
For each fixed us € (?2),2732, the operator

T1(‘7 Ug) : (R1)r17ﬂ1 — K1

is under the assumptions of Krasnosel’skil theorem.
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Remark
For each fixed us € (?2),2732, the operator

T1(‘7 U2) : (R1)r17ﬂ1 — K1
is under the assumptions of Krasnosel'skil theorem. Hence, there
exists vy, € (K1), R, such that vy, = Tq(vy,, Us).

Analogously, for each fixed u; € (?1),1791 the operator
T2(U1a‘) : (RZ)rzﬂz - K2

has a fixed point in (K2),.,, that is, there is wy, € (K2)r, g, such that
WU1 = T2(U17 WU1)'

Precup’s result ensures that there is (v, w) € (K1),.p, X (?2),27,32 such
that
(V7 W) = (T1(V7 W)7 T2(V7 W))
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Introduction

Remark

The operator T may exhibit a different behavior (compression or ex-
pansion) in each component. More exactly, the following options are
possible:

(/) both operators Ty and T, are compressive;
(i) both operators Ty and T, are expansive;

(i) one of the operators Ty or T, is compressive, while the other one
is expansive.
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Introduction

Remark

The operator T may exhibit a different behavior (compression or ex-
pansion) in each component. More exactly, the following options are
possible:

(/) both operators Ty and T, are compressive;
(/i) both operators Ty and T, are expansive;

(i) one of the operators Ty or T, is compressive, while the other one
is expansive.

Remark
The proof due to Precup is based on
@ Schauder fixed point theorem;
@ a trick to transform expansion conditions into compression ones.
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e Fixed point theorems: a fixed point index approach
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Fixed point theorems

Fixed point index

Let P be a cone of a normed linear space, U C P be a bounded rela-
tively open setand T : U — P be a compact map such that T has no
fixed points on the boundary of U (denoted by o U).
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Fixed point theorems

Fixed point index

Let P be a cone of a normed linear space, U C P be a bounded rela-
tively open setand T : U — P be a compact map such that T has no
fixed points on the boundary of U (denoted by o U).

The fixed point index of T in P over U, ip(T, U), is well-defined.

Roughly speaking, it can be seen as an algebraic count of the fixed
points of T in U.

[ H. Amann,
Fixed point equations and nonlinear eigenvalue problems in
ordered Banach spaces,
SIAM Rev., 18 4 (1976), 620—709.
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Fixed point theorems

Proposition
The fixed point index ip( T, U) has the following properties:

Q@ (Additivity) Let U be the disjoint union of two open sets U, and Us.
Ifog (I—T)(U\ (Uy U Uy)), then

in(T,U) = ip(T, Us) + ip(T, Us).
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Q@ (Additivity) Let U be the disjoint union of two open sets U, and Us.
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© (Existence) If ip(T, U) # 0, then there exists u € U such that
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Jorge (USC) Component-wise localization of solutions 15/31



Fixed point theorems

Proposition
The fixed point index ip( T, U) has the following properties:
@ (Additivity) Let U be the disjoint union of two open sets Uy and U.

If0 ¢ (I— T)(U\ (Uy U Us)), then
in(T,U) = ip(T, Us) + ip(T, Uy).

© (Existence) If ip(T, U) # 0, then there exists u € U such that
u=Tu.

© (Homotopy invariance) If H : U x [0,1] — P is a compact
homotopy and 0 & (I — H)(8 U x [0,1]), then

iP(H(" 0)7 U) = IP(H(7 1 )’ U)
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Fixed point theorems

Proposition
The fixed point index ip( T, U) has the following properties:

Q@ (Additivity) Let U be the disjoint union of two open sets U, and Us.
Ifog (I—T)(U\ (Uy U Uy)), then

ip(T,U) = ip(T,Uy) +ip(T, Us).
© (Existence) If ip(T, U) # 0, then there exists u € U such that
u=Tu.

© (Homotopy invariance) If H : U x [0,1] — P is a compact
homotopy and 0 & (I — H)(8 U x [0,1]), then

iP(H(" 0)7 U) = ’P(H(7 1 )’ U)

© (Normalization) If T is a constant map with T(u) = uq for every
u e U, then
) [ 1, ifueU,
’“tw—{o,#wgu
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Fixed point theorems

Proposition

Let U be a bounded relatively open subset of a cone P such that0 € U
and T : U — P be a compact map.

Q@ IfT(u)#\uforalluedUandall\ > 1, thenip(T,U) =1.
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@ Ifthere exists h € P\ {0} such that T(u) + A h # u forevery A > 0
and allu € o U, thenip(T,U) = 0.

Jorge (USC) Component-wise localization of solutions 16/31



Fixed point theorems

Proposition
Let U be a bounded relatively open subset of a cone P such that0 € U
and T : U — P be a compact map.

Q@ IfT(u)#\uforalluedUandall\ > 1, thenip(T,U) =1.

@ Ifthere exists h € P\ {0} such that T(u) + A h # u forevery A > 0
and allu € o U, thenip(T,U) = 0.

Remark

The homotopy version of Krasnosel’skii fixed point theorem can be
easily proven by means of fixed point index theory.
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Fixed point theorems

In the case of systems we need the following auxiliary result.

Lemma

Let U and V be bounded relatively open subsets of Ky and K., respec-
tively, such that0 € U.

AssumethatT : Ux V — K, T =(Ty, T»), is a compact map and there
exists h € Ky \ {0} such that

Ti(u,v) #Au forue o U, veVandi>1;
To(u,v)+ph#v forue U, veodkVandu>0.

Then ix(T, U x V) = 0.
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In the case of systems we need the following auxiliary result.

Lemma

Let U and V be bounded relatively open subsets of Ky and K., respec-
tively, such that0 € U.

AssumethatT : Ux V — K, T =(Ty, T»), is a compact map and there
exists h € Ky \ {0} such that

Ti(u,v) £ A u forue ok U, veVand>1;
To(u,v)+ph#v forue U, veodkVandu>0.

Then ix(T, U x V) = 0.

[§ R.Precup and J. R-L,
Multiplicity Results for Operator Systems via Fixed Point Index,
Results Math., 74:25 (2019), 1-14.
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Fixed point theorems

K>
To(u,v) +ph#v (n>0)
T T T T T T
(_
4 index=0 —
(_

Ti(u,v) # A\u
(Az1)
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Fixed point theorems

Forr,R ¢ ]R?r, 0<r< R (i=1,2),fixed, our aim is to compute the

fixed point index of a compact operator T = (T4, T) : K; g — K in the
relatively open set

Kip:={u=(u,p) e K :rp<|uj <R fori=1,2}

under the conditions of Krasnosel’skii-Precup fixed point theorem.
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Forr,R ¢ ]Ri, 0<r< R (i=1,2),fixed, our aim is to compute the

fixed point index of a compact operator T = (T4, T) : K; g — K in the
relatively open set

Kip:={u=(u,p) e K :rp<|uj <R fori=1,2}

under the conditions of Krasnosel’skii-Precup fixed point theorem.

Case 1: Tq, T, are compressive.

Theorem

Assume that T = (Tq, T2) : K, g — K is a compact map and for each
i € {1,2} there exists h; € K; \ {0} such that the following conditions
are satisfied in K, g:

(1) Ti(u) + ph; # u; if |uil| = r; and p > 0;
(1) Ti(u) £ Ay if |uil| = By and A > 1.
Then

ik(T,Krp) = 1.
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Fixed point theorems
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Fixed point theorems
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Fixed point theorems
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Fixed point theorems
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N(u)+ph#u, p>0
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Fixed point theorems
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Fixed point theorems
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R, index=1
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Fixed point theorems

Kz
R, index=1
index=0
] Additivity property
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Fixed point theorems

Ko
ik(T, K,,R) =1
Ro
N=Tink g
p)

g R K

Jorge (USC) Component-wise localization of solutions 20/31



Fixed point theorems

Case 2: T is compressive and T is expansive.

Theorem

Assume that T = (T, T2) : K, g — K is a compact map and for each
i € {1,2} there exists h; € K; \ {0} such that the following conditions
are satisfied in K, g:
(1) Ty(u) 4+ phy # uq if||ug|| = and p > 0, and Ty (u) # A\ uq if
llui|| = Ry and A > 1;
(i) To(u)+ pho # ug if ||us|| = Ro and > 0, and To(u) # A up if
|Uz|| = ro and A > 1.
Then
ik(T,Krg) = —1.
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Fixed point theorems

Case 3: Both Ty, T, are expansive.

Theorem

Assume that T = (Tq, T2) : K, r — K is a compact map and for each
i € {1,2} there exists h; € K; \ {0} such that the following conditions
are satisfied in K, p:

(1) Ti(u) + phi # u; if||uill = Ry and pu > 0;
(i) Ti(u) # Aujif||uj|| =rand A > 1.
Then

ik(T,Krg)=1.
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Fixed point theorems

Several generalizations are possible:
@ Different domains for the operator T:
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Fixed point theorems

Several generalizations are possible:
@ Different domains for the operator T:
T defined in (U1 \ V1) X (Uz\ Vg), where
> Qe V, C V,‘ C U,‘,
» U; and V; bounded and (relatively) open in Kj,
> U\ V;is aretract of U,.
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Fixed point theorems

Several generalizations are possible:

@ Different domains for the operator T:
T defined in (U1 \ V1) X (Uz\ Vg), where

> OEV,‘CV,'CU,',

» U; and V; bounded and (relatively) open in K;,

> U;\ V;is aretract of U;.

@ Multiple fixed points of T.

index=+41

index==+1

index==+1
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Fixed point theorems

Several generalizations are possible:
@ Different domains for the operator T:
T defined in (U1 \ V1) X (Uz\ Vg), where
> Qe V, C V,‘ C U,‘,
» U; and V; bounded and (relatively) open in Kj,
> U\ V;is aretract of U,.

@ Multiple fixed points of T.
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Fixed point theorems

In the case X = R and K; = K> = R,, we obtain an equivalent version
of Poincaré-Miranda theorem:

Theorem

Assume that g = (91, 92) : [a1, b1] x [az, ba] — R? is a continuous
function and for each i € {1,2} one of the following conditions is
satisfied:

(a) gi(x1,x2) > 0 if x; = aj, and gi(x1, x2) < 0 if x; = bj;
(b) gi(x1, %) < 0if x; = a;, and gi(xq, X2) > 0 if x; = b;.
Then there exists (X1, X2) such that g(xq, X2) = 0.
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Fixed point theorems

In the case X = R and K; = K> = R,, we obtain an equivalent version
of Poincaré-Miranda theorem:

Theorem

Assume that g = (91, 92) : [a1, b1] x [az, ba] — R? is a continuous
function and for each i € {1,2} one of the following conditions is
satisfied:

(a) gi(x1,x2) > 0 if x; = &;, and gi(x1, X2) < 0 if x; = b;;
(b) gi(x1, %) < 0if x; = a;, and gi(xq, X2) > 0 if x; = b;.
Then there exists (X1, X2) such that g(xq, X2) = 0.

§ J.R-L,
A fixed point index approach to Krasnosel'skii-Precup fixed point
theorem in cones and applications,
Nonlinear Anal., 226 No. 113138 (2023), 1-19.
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Coexistence positive solutions

Q Coexistence positive solutions
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Coexistence positive solutions

Consider the second order system
X'(0)+ A(x(t),y(1)) =0, (tel=[0,1])
y'(t) + R(x(1), y(1)) = 0,
x(0) = x(1) =0 =y(0) = y(1),

where fi, f; : [0, 00) x [0,00) — [0, c0) are continuous functions.
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Coexistence positive solutions

Consider the second order system

xX"(t) + f(x(t),y(t)) =0,  (tel=][0,1])

y'(t) + f2(x(1), y(1)) = 0,

x(0) = x(1) =0 = y(0) = y(1),
where fi, f; : [0, 00) x [0,00) — [0, c0) are continuous functions.
We look for fixed points of T = (T1, T2) : K x K — K x K given by

1
T = [ Gt s Ms)ds,  i=1.2,

where

K:{xeP: x(t)zl||x||oo}.

min
te[1/4,3/4]
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Coexistence positive solutions

Now, let us fix some notations:

3/4 1
m:= min / G(t,s)ds, M:= max/ G(t, s) ds.
te[1/4,3/41 /14 te[0,1] Jo
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Coexistence positive solutions

Now, let us fix some notations:
3/4

]
m:= min / G(t,s)ds, M := max]/ G(t, s) ds.
1 0

te[1/4,3/41 J1/4 te[0.1

In addition, for «, 5; > 0, « # Bj, i = 1,2, denote

£0 i= min{fi(u, Up) : ¢ B < Uy < By, a2 < Up < Ra},
7 = min{fa(us, Up) : c1 ry <ty < Ry, C2fa < Up < P},
F?’ﬁ = max{fi(u1,U2) : 0 <u <ay, 0 < < Rol,

an’ﬁ = max{fh(ur,u) : 0<us <Ry, 0< <anl,

where r; := min{«;, f;} and R; := max{«;, i}
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Coexistence positive solutions

Theorem

Suppose that there exist positive numbers «;, 3; > 0 with o # S;,
i=1,2, such that

P > gi/m, FP < ai/M (i=1,2).

Then the system has at least one positive solution (uy, u2) € K x K
such thatr; < ||uil|, < Ri (I =1,2).
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Coexistence positive solutions

Theorem

Suppose that there exist positive numbers «;, 3; > 0 with o # S;,
i=1,2, such that

P > gi/m, FP < ai/M (i=1,2).

Then the system has at least one positive solution (uy, u2) € K x K
such thatr; < ||uil|, < Ri (I =1,2).

Idea of proof

o 7> Bi/m= Ti(ur,up) + 1 # ;i ||ujl| . = B and i > 0.
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Coexistence positive solutions

Theorem

Suppose that there exist positive numbers «;, 3; > 0 with o # S;,
i=1,2, such that

fF > gi/m, FP <ay/M (i=1,2).
Then the system has at least one positive solution (uy, u2) € K x K

such that ri < ||ui|l,, < Ri (i = 1,2).

Idea of proof
o £ > Bi/m = Ti(ur, up) + 1 # v if ||uj], = B; and pu > 0.
o F < ai/M = Ti(ur,up) # Ay if i, = aj and A > 1.
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Coexistence positive solutions

Example
Consider the system

—x" = h(x)(1 +sin®(y)),
_y// _ y2(1 + sinz(x))7
x(0) = x(1) = 0 = y(0) = y(1),

with
Ix, if x € [0, 1],
h(x) =<{ x3, if x € (1,10),
x —10 + 1000, if x € [10, 4+00).
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Coexistence positive solutions

Example
Consider the system

—x" = h(x)(1 +sin®(y)),
_y// _ y2(1 + sinz(x))7
x(0) = x(1) = 0 = y(0) = y(1),

with
Ix, if x € [0, 1],
h(x) =<{ x3, if x € (1,10),
x —10 + 1000, if x € [10, 4+00).

Based on the multiplicity results the system has at least three positive
solutions (uy, Up), (v4, v2) and (wq, wn) such that

1/512 < [t < 1/4, 2 < |t <512,
64 < ||lvy]l, <522, 2 < | v, <512,
1/4 <||wy||, <64, 2<|w, <512

Jorge (USC) Component-wise localization of solutions 29/31



Thank you for your attention!
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