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E. Coli 



Cell persistence 



Mathematical and statistical modelling 



Simple ODE model: homogeneous population

<latexit sha1_base64="4hA7RAoFK4H7I45QP4hNewyx8qU="></latexit>

dN
dt = 2µN � µN

N(0) = n0

N(t) = n0eµt

ln(N(t)) = ln(n0) + µt



Models of persistence



2-phenotype ODE system

• Assume we have two phenotypes 𝑁! and 𝑁" with division rates 𝜇! and 𝜇".
• Probability p that any newly born cell belongs to phenotype 1 and (1-p) to 

phenotype 2. 
• Antibiotic stress reduces cell viability from new births. 

Gomes MGM, King JG, Nunes A, Colegrave N, Hoffmann AA (2019) The effects of individual 
nonheritable variation on fitness estimation and coexistence. Ecol Evol 9, 8995-9004.



2-phenotype model

Growth rate determined by 𝜆!



Equivalent homogeneous model 

Equivalent one phenotype (homogeneous) system 



Solution behaviour in zero and high stress 



Theoretical growth rate bounds



Growth rates over stress gradient



n-phenotype ODE model



Example of n-phenotype system

𝜆!𝜆"𝜆#𝜆$𝜆% 𝑛 = 5



Continuous phenotype model



Growth rate of continuous model

Growth rate equation



Example continuous phenotype

<



Numerical simulations 

Normalised profile



Time to subdivision data



E.O Powell 1958



Hashimoto et al: Probabilistic model 

<latexit sha1_base64="eKUFuLuY+XlRI+OIXvwPC6mWlS4="></latexit>

b(⌧) = g(⌧)R 1
⌧ g(⌧ 0) d⌧ 0



Age-structured PDE model (homogeneous)

<latexit sha1_base64="ObQAElQRpwwWvl03ml8bsQgGVhg="></latexit>

Age-structured population N(t, ⌧). Assume d⌧/dt = 1.

@N

@t
+

@N

@⌧
= �b(⌧)N

Birth process

N(t, 0) = 2

Z 1

0
b(⌧)N d⌧

Initial condition
N(0, ⌧) = N0(⌧)



Connection to ODE model
<latexit sha1_base64="ki9uzpZY3K0l2vYS1bK25gQ4k5Q="></latexit>

If g(⌧) = µe�µt then b(⌧) = µ.
Age-structured PDE:

@N

@t
+

@N

@⌧
= �µN

Integrate wrt ⌧ and use boundary condition for birth. Denote population

N tot(t) =

Z 1

0
N(t, ⌧) d⌧

d

dt
N tot(t) = 2µN tot(t)� µN tot(t)

N tot(t) = N tot(0)eµt



Age-structured model results

<latexit sha1_base64="SUqdZW/qgz7Yrk6wYx2v9l9Cpe4=">AAACBXicbVDLSgNBEJz1GeMr6lEPg0ZIUMKu4OsgBD3oMYIxgewSeiezyeDM7jIzK4QlFy/+gB/hxYMiXv0Hb/kbJ4+DRgsaiqpuurv8mDOlbbtvTU3PzM7NZxayi0vLK6u5tfVbFSWS0CqJeCTrPijKWUirmmlO67GkIHxOa/7dxcCv3VOpWBTe6G5MPQHtkAWMgDZSM7eVz7cLroakeJa6UuBLEAJ6haP902I+38zt2CV7CPyXOGOyU95295765W6lmftyWxFJBA014aBUw7Fj7aUgNSOc9rJuomgM5A7atGFoCIIqLx1+0cO7RmnhIJKmQo2H6s+JFIRSXeGbTgG6oya9gfif10h0cOKlLIwTTUMyWhQkHOsIDyLBLSYp0bxrCBDJzK2YdEAC0Sa4rAnBmXz5L7k9KDlHpcNrk8Y5GiGDNtE2KiAHHaMyukIVVEUEPaBn9IrerEfrxXq3PkatU9Z4ZgP9gvX5Dbn7mSU=</latexit>

g(⌧) = Gamma(6, 9) Data from Hashimoto et al



Age-structured PDE model (homogeneous with stress)

<latexit sha1_base64="toh9wlNJoEj/Dyv5mo3OMniBbz0="></latexit>

Antibiotic (stress) negatively impacts cells at birth:

@N

@t
+

@N

@⌧
= �b(⌧)N

Birth process

N(t, 0) = 2(1� �a)

Z 1

0
b(⌧)N d⌧

Initial condition
N(0, ⌧) = N0(⌧)



Selection in age as a function of stress
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g(⌧) = Gamma(6, 9)
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g(⌧) = Exp(1/9)



Age-structured (heterogeneous)
<latexit sha1_base64="q/KwRXLMlY87fQzf518EgOWWn6E="></latexit>

Two sub-populations N1(t, ⌧) and N2(t, ⌧)

@N1

@t
+

@N1

@⌧
= �b1(⌧)N1

@N2

@t
+

@N2

@⌧
= �b2(⌧)N2

Birth process

N1(t, 0) = 2p1

Z 1

0
(b1(⌧)N1 + b2(⌧)N2)d⌧

N2(t, 0) = 2p2

Z 1

0
(b1(⌧)N1 + b2(⌧)N2)d⌧



2 phenotype age-structured results
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Microfluidics (Rozan, Michele, Paul)
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Data analysis

Frame 3
(t=5 min.) 

Frame 97
(t=194 min.) 

SuperSegger – Omnipose
MATLAB & Python based machine learning segmentation software

Time to subdivision (mins)



Simulation of dynamic cytometer



Homogeneous distribution
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g(⌧) = Gamma(k, ✓) = Gamma(6, 9)

ML estimates

k = 6.3, CI = [5.8, 6.7]

✓ = 7.7, CI = [7.2, 8.3]

𝑁! = 10 𝑁" = 1



2-Phenotypes  

Quick to subdivide cells
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Gamma(6, 20)
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Gamma(6, 9)
𝑝 = 0.1

Probability of slow cell birth



Inference of heterogeneity
<latexit sha1_base64="zOOLRMsULMYHL32HhTKmhnRMg+s="></latexit>

Assume cell time to subdivision x is generated from mixture of K models

p(x; ⌘) =
KX

l=1

wl p(x; ✓l)

✓1, . . . , ✓K pdf parameters

w1, . . . , wK , non-negative weights with
KX

l=1

wl = 1

Model parameters

⌘ = (✓1, w1, . . . , ✓K , wK)



Snob: finite mixture model (Matlab)

Assume two sub-populations:

Class 1: 85.8%  (90%), k=6.6 (6), 𝜃=7.2 (9)
Class 2: 14.2%  (10%), k=4.1 (6), 𝜃=18.0 (20)

Assume one population:  k=5.1, 𝜃=10



AIC and BIC (model selection)
<latexit sha1_base64="bkZedlVplexKnV3AZcBW6qL9g6Q="></latexit>

AIC = 2np � 2ln(L̂)

BIC = np ln(N)� 2ln(L̂)

<latexit sha1_base64="icNUlMF7hpid9cQIv7z7M+MzqZ8="></latexit>

AIC1 = 28164 AIC2 = 28092

BIC1 = 28171 BIC2 = 28108

Strong evidence data generated  from of 2-phenotype model



Conclusions 

• Range of modeling frameworks for heterogeneous population growth.
• Simple ODE model suggest mechanism for cell persistence.
• Homogeneous age-structured PDE model agrees well with 

Hashimoto.
• Included stress at birth. Selection effect depending on age.
• Extended to 2-phenotype age-structured. Reduced growth v 

homogeneous.
• Simple probabilistic model of dynamic cytometer.
• Synthetic data generated fitted by ML and finite mixture models
• Promising ability to do model selection AIC and BIC


