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Fragmentation—coagulation processes
-

Pure fragmentation and coagulation

In many applications, such as aerosols or polymers, it makes sense

to allow the clusters to be of any size.
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Space inhomogeneous fragmentation—coagulation models.

The governing equation is
Oru(t, x, m) = [Tou](t, x, m) + [Flu(t,x, m) + [Clu(t,x, m), (1)
t >0, x€Qand me R, supplemented with the initial condition
u(0,x,m) = a(x,m), (x,m)eQ xRy, (2)

where Q is an open subset of RN for some N > 1, R, := [0, 00),

Jo is a family of diffusion expression
[Tou](x, m) = Vi - (d(x, m)V,u(x, m)), (3)

behaving as
(x, m) = [Jo,mu(-, m)](x). (4)



The fragmentation and coagulation processes are described by

[Flu(t,x,m) = [A]u(t,x,m) + [Blu(t, x, m)

= —a(x, m)u(t, x, m) +/ b(x, m,s)a(x,s)u(t,x,s) ds,

(5a)

[Cu](t,x, m) = [C1u](t, x, m) — [Cou](t, x, m)

1 m
= 2/ k(x,m—s,s)u(t,x,m— s)u(t, x, s)ds
0

— u(t, x, m)/ k(x, m,s)u(t,x,s)ds.
0

(5b)
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Here, u is the distribution of particles of mass/size m € R at
position x € Q at any time t, ¥ = A + B is the fragmentation
operator, split into the so-called loss operator A and gain operator
B, with
o the fragmentation rate a, and
o b describing the distribution of masses m of the daughter
particles at position x spawned by splitting of a particle of
mass s.
Expression C describes coagulation operator with k giving the rate

of coagulation.
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Preliminaries—homogeneous problems.

Difficulties in solving

Aef(t,m) = Ff(t,m)+Cf(t,m), (t,m) € (0,00)?,

fo.m) = f(m), me(0,00), (6)
come from the fact that both the fragmentation rate a and the
coagulation rate can be unbounded, for instance at m = oo.

1. Truncation method. We construct solutions f, to the problem

with the coefficients a and kK modified as follows

a(m) for m<r k(m,y) for m+y<r
ar(m) = ke(m,y) =
0 for m>r, 0 for m+y>r.
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(f,)r>0 is a weakly compact net whose accumulation point is a
solution to a suitable weak formulation of (6).

Advantages: possibility to handle very general coagulation
coefficients.

Disadvantages: weak solutions, additional work required to prove
mass conservation, uniqueness, etc; fragmentation subordinated to
coagulation.

Main contributors: J. Ball, J. Carr, |. Stewart, P. Laurencot, D.

Worzosek, P. Escobedo, L. Desvilletes, J. A. Canizo, A. Giri,..., also
A.V. Burobin, P. Dubovskii.
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2.Semigroup method. Considering (6) as a nonlinear perturbation

of the linear dynamics generated by
F =A+8B.

Main contributors: M. Aizenman, T. Bak, A. McBride, W. Lamb,
M. Doumic Jauffret, P. Gabriel, E. Bernard... .

Advantages: classical unique mass-conserving solutions.
Disadvantages: The coagulation part subordinated to the
fragmentation, typically bounded, but can be extended using the
analyticity of the fragmentation operator.

So, first, how to solve

Ouf = Ff = Af + BF ?



The natural space to analyse the continuous fragmentation -

coagulation processes is
X = Li(Ry, mdm) = s |u|| = /| m)|mdm < +o0

as for nonnegative u we have ||ul|; = M(u), the mass of the

ensemble with density u. Best results are obtained in spaces
X, = Li(Ry, dm,)={ u: HuHr::/ lu(m)|(L+ m")dm < +o0

r>1.

Jacek Banasiak



In X, we use the Desch—Miyadera type theorem,
Theorem 1 (W. Desch)

Let (Ga(t));>o be a positive Co-semigroup on some L' space X
with generator A and let B be positive on D(A)4. If
IBR(X, A)|| < 1 for large A > 0, then

K=A+B:D(A) - X

is the generator of a positive Cy-semigroup on X.

Moreover, if (Ga(t))t>o is analytic, (Gk(t))e>o is also analytic. |
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The local conservation of mass requires

n(s) := /b(m,s)mdm =s. (7)
0

Assume that
S

ais bounded at 0 & /b(m, s)ds =: no(s) < bo(1+5'), (8)
0
where | € [0,00) and by > 1.

Then, we consider the fragmentation operator
F=A+B, on D(F)=D(A) ={ueX : aue X}

Crucial role is played by
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Let a, b satisfy (8) and for some ry > 1 there are ¢, < 1 and

Sy, > 0 such that for all s > s,
c(s) < cr. (9)

Then
1. (9) holds for all r > 1;

2. F := A+ B is the generator of a positive analytic semigroup,

(GE(t))t>0, on X, for any r > max{1, /}.
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In the proof of Theorem 2, a crucial role is played by the estimate
IAR(A, A)llx, <1 (10)
as in the estimate required by the Desch theorem we get

1RO A = [ [BROA(m)dm < <52 AR, )] < 1
(1)

for sufficiently large .
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Benefits of the analyticity of (Gg(t))>0
Using the fact that D(F) = D(A), we can identify the real

interpolation space De(u, 1) with

X = {f € X : / |f(m)(1+ a(m))* dm, < oo} . (12)
0
and hence, there are constants w,, M} such that for u € [0, 1],

MSN) ew,t

——flx. t>0. (13)

|G (1) <

This moment improving property allows for proving the solvability
of fragmentation—coagulation equations with unbounded
coagulation kernels as long as they are controlled by the

fragmentation rates.
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One of the forms of b(m, s) most often used in applications is

b(m,s) = %h (g) (14)

which is referred to as the homogeneous fragmentation kernel. In

this case

sl’

s 1
1
c(s) = -3 /h (g) m"dm = /h(z)zrdz = h <h =1
0 0

Hence, (9) holds.
On the other hand, fragmentation processes in which daughter

particles tend to accumulate close both to 0 and to the parent's

size may not satisfy (9).
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Space inhomogeneous case.

To solve
Otu = Tou + Au+ Bu + Cu, (15)
we try to mimic the space homogeneous case, that is,
Q Solve the parametric version of
Oru(t,x, m) = [Tou(t, -, m)](x),
to get the generator T of the solution semigroup.
Q Show that T = T + A generates a substochastic semigroup.
Q Use the Desch perturbation theorem to get the generation by
u; = Ku= Tou+ Au+ Bu. (16)

Q Solve (15) as a semilinear perturbation of u; = Ku.



Recall that
1 m
[Cu](t, x, m) = 2/ k(x,m—s,s)u(t,x,m— s)u(t,x,s)ds
0
—u(t, x, m)/ k(x, m,s)u(t,x,s)ds.
0
For this, we will need two spaces in the x variable,

Xy = L1(Q,dx) or X2 = C(Q).

X

For the mass variable, as before we let
dm, := w,(m)dm := (1 + m")dm,r > 0,

and define
Xm,r = L1(Ry, w,(m)dm).



Then, for i = 0,1,
X =1L (R, XE, dm,) (17a)
endowed with the norm
lolleyi= [ lutm) g (17b)
We have

X} = L1(Q x Ry, dxdm,) = Ly(Q, Xpm.r, dx) = L1 (R, Xy, dm,).
(18)
We identify scalar functions (t,x, m) — u(t,x, m) with X/ —valued

functions t — u(t) := u(t,-,-).
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Gluing semigroups. Suppose that we are given a family of
operators {(Tm, D(Am))} mer, in Xy and assume that for m € R,
(Tm, D(Tm)) generates a Co-semigroup (Gm(t))e>o0 in Xy. Then,

in particular, there exist constants w,, and M,, > 1 such that
1GT, (D)llL(x) < Mme“™t, m e Ry. (19)
On X, we define the extensions
[GT(t)u](m) = Gp(t)u(m), we X, meR,, (20)

[Tu](m) = Tpu(m),me R, (21)
on D(T):={uecX,: u(m)e D(Tp), me Ry, Tuc X,}
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Proposition 1

Assume that there are M and w such that for all m € R, we have
My < M and wy < w. If m— R(\, T)f(m) is measurable for
any A > w and f € X, then the operator T generates a

semigroup (G 1(t))t>0 satisfying (20) and its resolvent is given by

[RO\, T)F](m) = RO\, Tw)F(m), m € Ry (22)
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The measurability of u(m) := R(X\, Tp)f(m) together with the
uniform bound on M,, ensure that u € X and hence, by induction,

m i+ R"(\, Tp,)f(m) is measurable for any n. Then, for A > w,

o0 n M
RN, T)f[|x, =/ IR"(A, Tm)f(m)||x,dm, < ooy fllx
0 ( w)

that is, T is a Hille-Yosida operator (and hence closed). To show
that it is densely defined, we use that

X = LRy, Xy) ~ L1 (R4 )&y Xy to show that
So={u: u(m)=op(mu™, ¢ < L1(Q),u™ € D(Tpn)}

is linearly dense in ;.
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Proposition 2

Consider ((Trm, D))mer, on a common domain D.

Assume that for a.a. m € R4, there is a sequence (( Tm,n, D))nen
such that for each u € D,

a) m— Ty pu,n €N, are continuous functions,

B} i—se Fama® = Wit

Assume that R(\, Tpm), R(A\, Tm,n), m € Ry, n € N, are defined for
A > )\g are uniformly bounded by some C for

meR,, ne N> \. Then, for any f € X,
Ry > m— R(\, T,)f(m) € X

is Bochner measurable.
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Step 1. First, we consider (( T, D))mer, of operators continuous

on u € D. From
Au(m) — Tpu(m) = f(m)
Au(m+ h) — Triptu(m+ h) = F(m+ h),
we get
lu(m + h) — u(m)||x,
<R, Tongeh)(Tmsh — Ten)u(m) | x,

RO Trngn)(F(m + h) — £(m))]|x,

<(Tmtn = Tm)u(m)|ix, + [|f(m+ h) — F(m)|x,,

which gives the continuity of u.
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Step 2. If f € X, is not continuous, there is a sequence (fp)nen

of continuous functions converging to f in X,. Letting
u,(m)=R(\, Tpy)fn(m), neN,

there is u € X, such that

n—oo

lim /000 llu(m) — u,(m)| x . dm,
~ lim /O lu(m) = RO\ To)fn(m)|x..dmy = 0.

n—oo

Passing to subsequences, we can prove that for a.e. m,
u(m) = R(\, Tm)F(m),

hence R(\, T)f € X,.



Step 3. Finally, we drop the assumption of the continuity of T,

and consider

Au(m) — Tpu(m) = F(m)

Aup(m) — T pun(m) = £(m),

where T, , are as in the assumptions of the proposition. Thus, as

above,

lun(m) — u(m)|[x, < Cl[(Tmn = Tm)u(m)|lx,,

hence, by assumption, for almost any m, u(m) = lim,_,o up(m) in
Xx. Since u, are Bochner measurable by the first part of the

proof, u is also Bochner measurable.
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Application to the diffusion operator.

We consider
Oru(t, x, m) = [Tou](t,x,m) = V- (d(x, m)Vu(t,x, m)),

Ot xm) =0, xeon, (23)

u(0,x, m) = d(x, m).

in A =Q xR,, where Q C RN is an open set with sufficiently
smooth boundary.
We consider both cases, X, = L1(R2) and X, = C(Q), that is, we

work in X', i=0ori=1.
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For a moment, we drop the dependence on m. We assume that
de CHQ) and 0 < dmin < d(x) < dmax < 0, (24)

for all x € Q. By [Fattorini, Theorems 4.8.11 & 4.8.3], the closure
of the restriction of 7y to {u € C?(Q); Opu = 0 on 9N}, denoted
by To, generates a substochastic semigroup on X; and we can

prove that D(Ty) = D(A) is independent of m.
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Now, we return to the dependance of d on m assuming that for

almost any m € R, d(-,m) € C(Q2) and there exist dmin(m) > 0

and dmax < 00 such that
dmin(m) < d(x, m) < dmax(m). (25)

We denote by Tg , the realization of the expression
V- (d(x, m)V-) which generates a semigroup in L1(2), as
outlined above, so that D(To m) = D(A) for almost any m. We

can prove the following theorem.
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Theorem 4
Lleti=0o0ri=1.

(0,00) > m — d(-,m) € C}(Q) be Bochner measurable. (26)

(a) For almost every m, the operator (To m, D(A)) generates a

substochastic semigroup (Gr, ,,(t))e>0 in X;.

(b) The operator Ty, defined by (3), with the domain

D(To)={u € X]: u(-,m) € D(A),(x,m)—[Tou(-, m)](x) € X/}
(27)

generates a substochastic semigroup (G 1,(t))t>0 on X\
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D(A)={uecX]: auc X}
We assume that there are g, a2 € L joc(R4) such that
a1(m) < a(x, m) < aa(m), xe€Q, (28)

with ap(m) < May(m) for some M < oo.

Assume that a satisfies (28). Then the operator
(T',D(T")) := (T + A", D(T{) N D(A)), is the generator of a

substochastic semigroup, say (G 1(t))t>o0 in X}
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Application of the Desch theorem
In I,l, the calculations can be done as in homogeneous case, to
show that

K'=Ty+ A + B!

with D(K') = D(T}) N D(A?!) generates a positive
(diffusion-fragmentation) semigroup.

In X0, however, instead of (10), we only get
IAR(A, A)lf < M (29)

and (39) is not available under (9).
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We introduce a more general problem. Let (28) be satisfied, and

let 5(m,s) > 0 be a measurable function. Then, we consider

Oru(t, x, m) = Jou(t,x, m) — az(m)u(t,x, m)

o0 (30)
+ / ao(m)B(m, s)u(t, x, m)ds.

m
Observe, that 5 need not satisfy the local mass conservation
equation (7) and the fragmentation part no longer is conservative

in L1(R4, mdm).
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By 2 and B we denote the equivalents for (30) of A" and B',
respectively, in X/, where, as usual, i € {0,1}. By (28),

D(2") = D(A). (31)

Under the assumptions of this section, B’ is a well-defined
operator on D(2A') for sufficiently large r. Then, we define the
operator & = T{+ 2" + B’ = T' + B’ to be the restriction of the

expression on the right-hand side of (30) to

D(&") = D(K') = D(T§)n D) = D(T') = D(Z).
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Let z= 7, 0 <z <1, and define the normalized moments of 3

(whenever they exist) by

z"3(zs, s)dz.

D
~—~
N
Il
3
~—~
n
N—r
Il
| —
—
3
2
=
3
0n
N—r
Q
3
Il
n
o .

As for b, we assume that ng(s) exists and there is / > 0 such that

nols) < fo(1+s') (32)
for any s > 0. By the Dominated Convergence Theorem,

lim ¢,(s) = 0. (33)

r—o0

For our purpose, we need this limit to be uniform in s, which is not

always the case.
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A bounded set § € L1(©, du), where 1u(©) < oo is called uniformly
integrable (or equi-integrable) if for any € > 0 there is § > 0 such

that for any measurable ©¢ C © with ;(©g) < 6 we have

sup [ |fldu <e. (34)
feé JOy

Proposition 3

Assume that there are ryp > 0 and sy > 0 such that the set

&r, :={[0,1] 3 z — s2™F(zs,5) }s>s, (35)

is equi-integrable. Then the limit (33) is uniform in s > sp.

The usefulness of (30) follows from
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Proposition 4

Assume that 3 satisfies (35). If, for some r > ry and A > 0,
1B"RO Ty < 1, (36)

then &' generates a positive semigroup, say, (Ggi(t))r>0 solving

(30) in X7, If
b(x,m,s) < B(m,s), fora.e x¢€Q, (37)

then K' generates a positive semigroup, say, (G xi(t))>0, solving

(16) in ;. Moreover,

Gi(t) < Gu(t). (38)




The main result of this section is

Theorem 6

Let (32) and (35) be satisfied. Then there exists r > max{/, rp}
such that for any r > r1, (&, D(T")) generates a positive
Co-semigroup, say (Gs(t))>0, on XL, If (37) holds, also

(K',D(T")) generates a positive Co-semigroup on X}.

In the proof, (39) is replaced by

C(so0)
A

IBR(A, 20)|| < +er(s0)M <1 (39)

for sufficiently large A\ and r.
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The semigroup (G i(t)):>0 is anlaytic semigroup. Unfortunately,
the identification of interpolation spaces between D(K') and X/,
needed for the moment regularisation (13), is far from obvious. We
can, however, use the analyticity of the semigroup (G3i(t)):>0
generated by the fragmentation operator §' = A + B’ to prove

necessary estimates if 70’ is independent of m. Then, defining

i = {rexis [T+ am)an, < oo},
0
(40)
for some w,, MF we get

M(M) wrt
HGd)ﬂlu:_————ﬂﬂhv t>0,p€0,1.  (41)
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Let Iy be independent of m and for some ag, mg,

ai(m) > agm?, m > m. (42)

Then, for any r > r; and u € [0, 1], there are constants Mﬁ“) and

w, such that for any t > 0,f € X[, then for g := uy < v

1G ki (D) llxs,, < 1Ga(D)Fllx;, < GG (E)FI o
Q) . (43)
< Clt;ﬂew'tHfo,f, feX
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We have
Gu(t)f = GTé(t)Ggi(t)f = Ggi(t)GTé(t)f, fc I,’

Analyticity of (Gzi(t))eo yields for £ € X/ and p € [0,1],

1G ki (OF o < G (DF | o0 = [ G (G 7 (F | o
M;N) " Mﬁ#) "
< S e |Gy (OF Ly = e L

where we used the fact that (G-,—g(t))tzo is contractive. Since

r

J1FGm)x, dmo < GilF] (5.
I"/
0

for some Cy, and p = %, we get

MSH) " ;
1G ki ()Fllxs, < GlIG ki (Il i < Co——e"[Ifllyy,  F e X7

tH
Jacek Banasiak




Diffusion—fragmentation—coagulation problem. Assume that

there are g < v and kg such that for x € Q, m,s € R, we have
0 < k(x,m,s) < ko(1+ m9)(1+ s9), (44)

For a given r > ry, define p=r + q.

We work in X, := X9 € X} and try to find a mild solution to
Oru = Tou + Au + Bu + Cu, (45)
where

Cu(m) = Cru(m) — Cou(m)

1 m
=5 /0 k(-,m—s,s)u(m — s)u(s)ds — u(m)/0 k(-,m, s)u(s)ds.
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Making the nonlinearity nonnegative: with

Aqu(m) := —aq(1+ m9)u(m), we consider Cq = C — A,
O =Tou+ (A+Ag)u+Bu+ Cqy=Kqu+ Cqu,  (46)

Proposition 5

For any fixed b > 0, define
Up :={f € Xy 1 : |Ifllx, < b} (47)

and let a; := 2kob. The operator C : X', — X, is positive,

bounded, globally Lipschitz continuous on U, and continuously

Fréchet differentiable as a function from X, to X),.
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We consider the problem, that arises as the mild formulation of (1),
t
f(t) =FF(t) = GKq(t)fl + / GKq(t —7)Cof(7)dT. (48)
0

in the space Y, = C([0, T], Up), where T is to be determined so

that IF is a contraction on Y,.
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Theorem 8

Let p> 1 (and hence r = p+ q > r1). Under the assumptions of
this section, for any i € X, 1 there is a mild solution to (45) in
X, + defined on a maximal time interval .y := [0, Ty), and if
T <0, then limsup,_, 1, [[u(t)|x, = oc.

Let D,(T) be the domain of T in X, D X,. For any

i€ X, N Dy(T), the mild solution is in

C(hnax, X7) 0 Clmax, X)) N C((0, Ta), Dp(T)), where

Jmax = (0, Tg), and it is a classical solution to (45) in 05
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A crucial role is played by the integrability of the integrand in (48).

Here, for any function v € Y, and forany 0 >0,0<7 < T, and

/

q = %, we have, by (43) and Proposition 5,

Mpe” Mpe“r?

| Gry () Cau()] . < 22 i Cqu(n)lly, <

K(Up).

O'q
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The restrictive assumption that the transport part 7y is
independent of m was only needed for the availability of (43),
necessary to prove that Gy, (t)Cgq,t > 0, are well-defined
operators on X, despite C, being unbounded there. Thus, we

immediately obtain analogous theorems if
o C is bounded:;

o the gain term @B is absent, that is, for

diffusion—absorption—coagulation problems.

Further, the general theory works also if diffusion is replaced by an

advection operator.
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