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Exponential Dichotomy (O. Perron, 1930)

Preliminaries & Notation

= Let us consider a linear ODE system in finite dimension:
¥ =A(t)x

» A fundamental matrix will be denoted by ®(t)
= Its corresponding Cauchy Operator is ®(t,s) := ®(t)®~1(s).
= A vector norm will be denoted by |- | and its matrix induced norm is || - ||.

The property of dichotomy means that any solution ¢ — x(t) of the above linear
system can be splitted in two classes, namely,

w(t) = wi (t) + 2 (1),
where 2 (-) and z_(+) have a dichotomous behavior.

[@ O. Perron: Die Stabilitatsfrage bei Differentialgleichungen, Mathematische
Zeitschrift 32 (1930) 702-728.
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Exponential Dichotomy

Formal definition

Definition
The linear system
z' = A(t)z

has an exponential dichotomy on Z C R if there exists P(-)? = P(-), K > 1 and a > 0 such that

Ke—at=s) for any t > s with t,s € Z,
Ke=2(s=%) for any s >t with t,s € Z.

||@(2, 5) P(s)]|
12, $)[I = Ps)]ll

ININ

= The projector splits any non trivial solution ¢ — x(t, tg, z¢) = ®(t,tg)xo as:
z(t,to,x0) = D(t,t0)o

= ®(t,t0)[P(to) + 1 — P(to)]xo

= ‘I)(t, to)P(to)l‘o + q)(t, to)[[ — P(to)}zo .

=zt (t,t0,70) =z~ (t,t0,%0)
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Exponential Dichotomy

Formal definition

Definition
The linear system
' = Alt)z

has an exponential dichotomy on Z C R if there exists P(-)? = P(-), K > 1 and a > 0 such that

Ke=(t=s) for any t > s with t,s € Z,
Ke=(s=%)  for any s >t with t,s € Z.

ININA

[|®(2, 5) P(s)]l
1@, s)[I — P(s)]ll

» The term 2 (¢, 10, z0) = ®(¢,t9)P(to) is an exponential contraction:

|z T (¢, 0, m0)| < Kefo‘(t*t(’)mg\ for any t > .

= The term z~ (¢, 19, z0) = ®(t,to)[I — P(to)] is an exponential expansion:

[I — P(to)]zo| K ~1e®t10) < |27 (¢, tg, 20)| for any ¢ > .
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Exponential Dichotomy

Formal definition

Definition

The linear system

z' = At)z

has an exponential dichotomy on Z C R if there exists P(-)2 = P(-), K > 1 and a > 0 such that

Y| £ Ke (=) forany t > s with t,s € Z,
Y| < Ke (=1 forany s >t with t,s € Z,

|| (¢, )P (s
12 (¢, $)Q(s

where Q(t) = [I — P(t)].

Any non-zero initial condition P(tg)zo leads to an exponential contraction.

Any non-zero initial condition Q(to)x¢ leads to an exponential expansion.
The asymptotic behavior is dichotomous.

Contractions/expansions are dominated by an exponential function.
These features are behind the name exponential dichotomy.
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Exponential Dichotomy

Examples

Let us consider the linear system:
T =A(t)x

Remark

It is well known that:

= If A(t) = A is constant, then (1) has an exponential dichotomy on R? if and only if
ReA#0 VA€ o(A).
= If A(t+w) = A(t) for any t € R, then (1) has an exponential dichotomy on R if and only if

Al £1 VA€ o(d(w)).

“By this reason, exponential dichotomy is also called as Nonautonomous Hyperbolicity.
bThe matrix ®(w) is known as the Monodromy matrix.
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Exponential Dichotomy

Examples

Let us consider the linear system:
= A(t)x

Remark

Another well known results are:

= Extension property: If (1) has an Exponential Dichotomy on [T, +oc0) with T' > 0 then it has an
Exponential Dichotomy on [0, +0c0).

= Roughness property: if (1) has an Exponential Dichotomy on J and ||B|| < § << 1, then
& = [A(t) + B(t)]x

also has an Exponential Dichotomy on J.

= The Exponential Dichotomy on J C R is preserved by kinematical similarity.
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Exponential Dichotomy

Remarks

Definition
The linear system
z' = At)z

has an exponential dichotomy on Z C R if there exists P(-)2 = P(-), K > 1 and a > 0 such that

—a(t—s) for any t > s with t,s € Z,

Ke
Ke=2(s=%) for any s >t with t,s € Z,

[|B(t,s)P(s)l| <
[[@(t,5)Q(s)l] <

where Q(t) = [I — P(t)].

= The exponential dichotomy is always related to an interval T.

= ED can be simultaneously verifies on Ry = (—00,0] and R{ := [0, +00), but this
not always implies ED on R.

= If a system has an ED on R, the unique bounded solution is the trivial one.
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Exponential Dichotomy
Applications

= Exponential Dichotomy is used in Theoretical Ecology problems

[4 P.E. Kloeden and C. Pétzsche. Nonautonomous Dynamical Systems in the Life
Sciences, Lecture Notes in Mathematics 2102, Springer, 2013.

= Exponential Dichotomy is used in Control Theory

[ P. Anh, A. Czornik, T.S. Doan and S. Siegmund, Proportional local assignability of
dichotomy spectrum of one-sided continuous time-varying linear systems, J.
Differential Equations 309 (2022), 176-195.

[4 P. Anh, A. Czornik, T.S. Doan and N.T.T. Suong, Assignment of spectrum for
time-varying linear control systems via kinematic equivalence, Systems Control
Lett. 186 (2024), Paper No. 105763, 6 pp.
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Equivalences with exponential dichotomy

Context

= |n general, there are no algorithm to detect the exponential dichotomy.

A fruitful approach is to determine qualitative properties which are equivalent to
the ED.

= We will focus our study in two ones:

a) Exponential Expansiveness,
b) Nonuniform criticality.

= It will necessary to study the bounded growth properties.
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Equivalences with exponential dichotomy
The bounded growth properties

Definition

The system (1) has a bounded growth on J C R if for each T' > 0 there exists C > 1 such that any solution
t — x(t) verifies
lz(t)] < Crlz(s)| foranyt e [s,s+T]NJ.

Definition

The system (1) has a bounded decay on J C R if for each T' > 0 there exists C > 1 such that any solution
t — x(t) verifies
lz(t)] < Crplz(s)|] foranyte[s—T,s]NJ.

Definition

The system (1) has a bounded growth & decay on J C R if for each T' > 0 there exists C > 1 such that any
solution ¢ — x(t) verifies
lz(t)| < Crlz(s)| foranyte[s—T,s+T]NJ.
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Equivalences with exponential dichotomy
About bounded growth

Lemma (Coppel (1978))
The system (1) has a bounded growth on J if and only if there exists M > 0 and 8 > 0 such that

[|®(t,5)|| < MePt=%)  for any t > s with t,s € J.

<) Let t — z(t) be a solution of (1):
» Let7T >0suchthat0<t—s<T thente[s,s+T]

= Note that
()] = 1@t 8)z(s)] < ||(t, 9)]| ()] < MePa(s)| < Me T |a(s)]
= Then for any T' > 0 there exists C7 = méax{1, Me T} such that

|z(t)| < Crlz(s)| foranyt € [s, s+ T,

and the bounded growth is verified.
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Equivalences with exponential dichotomy
About bounded growth

Lemma (Coppel (1978))
The system (1) has a bounded growth on J if and only if there exists M > 0 and 8 > 0 such that

[|®(t,5)|| < MePt=%)  for any t > s with t,s € J.

(= Let t — x(t) be a solution of (1):

Assume that the bounded growth is verified with 7" > 0 and Cr > 1.
We make a partition of J in intervals of large 1" such that

tels+(n—1T,s+nT)NJ forsomen e N

= The bounded growth helps to deduce that |z(t)| < Ch|x(s)].

= We can deduce that thatn —1 < t%‘s <n and

7L 1n(CT> —S
()] = [@(t, )z (s)| = Cpla(s)] < Cre” T 79a(s)].

[|®(t, s)|| < MePt=9) is verified with M = Cr and § = CT)
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Equivalences with exponential dichotomy
About the partitions

Lemma

The system (1) has a:
= Bounded growth on J if and only if there exists M > 0 and 3 > 0 such that

[|®(t,s)|| < MePE=%)  for any t > s with t,s € J.
» Bounded decay on J if and only if there exists M > 0 and 3 > 0 such that
[|®(t,s)|| < MePC—  for any s > t with t, s € J.
= Bounded growth & decay on J if and only if there exists M > 0 and 3 > 0 such that

[|®(t, s)|| < MePlt=5l for any ¢, s with ¢,s € J.

= These equivalences provide an easy way to detect the bounded growth properties.

= The equivalences were obtained by a tricky use of uniform partitions.
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Equivalences with exponential dichotomy

Other qualitative properties related with the exponential dichotomy

Definition (K.J. Palmer, 2006)

The system (1) is exponentially expansive on J if for any solution ¢ — x(¢) of (1) and compact interval
[a,b] C J there exists L > 0 and 3 > 0 such that:

lz(t)| < L {efﬁ(t*a)|x(a)| + e’B(b*t)\m(b)\} for any ¢ € [a, b].

Definition (Krasovskii, 1956)

The system (1) is uniformly non critical on J if there exists ' > 0 and 6 € (0,1) such that any solution
t — x(t) satisfies

lz(t)] <6 sup |z(u)| for all tsuch that [t —T,t+T] C J.
lu—t|<T

[§ K.J. Palmer: Exponential dichotomy and expansivity, Annali di Matematica 185
(2006) S171-S185.

[ N.N. Krasovski: On the theory of the second method of A.M. Lyapunov for the

investigation of stability, Mat. Sb. (N.S.) 82 (1956) 57-64. 1852



Equivalences with exponential dichotomy

Some well known implications

Theorem (Coppel, 1978)
If J = [0,+00) and (1) has a bounded growth on J then

Uniform Non Criticality = Exponential Dichotomy .

Theorem (Palmer, 2006)
If J = [0,+00) then

Exponential Dichotomy = Exponential Expansiveness = Uniform Non Criticality.

[§ W.A. Coppel: Dichotomies in Stability Theory, Lecture Notes in Mathematics 629,
Springer—Verlag, Berlin (1978).

[§ K.J. Palmer: Exponential dichotomy and expansivity, Annali di Matematica 185
(2006) S171-S185.
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Equivalences with exponential dichotomy

Some well known equivalences

Corollary (Palmer,2006)
If (1) has a bounded growth on J = [0, +00) then the following properties are equivalent on J:
a) Exponential Dichotomy on [0, +c0),
b) Exponential Expansiveness on [0, +00),

c) Non critical Uniformity on [0, +00).

Corollary (Palmer,2006)
If (1) has a bounded decay on J = (—o0, 0] then the following properties are equivalent on J:
a) Exponential Dichotomy on (—o0, 0],
b) Exponential Expansiveness on (—oo, 0],

c) Non critical Uniformity on (—o0,0].

The generalization of these equivalences for more general dichotomies encompassing
the exponential one has remained elusive. What type of more general dichotomies?.
20/52



Table of Contents

3 A generalization: the h—dichotomies

» A generalization: the h—dichotomies



The h—dichotomies

Preliminaires

Definition

Let h: J — (0, +00) be an increasing homeomorphism where J := (a, +00). The linear system
z' = A(t)z

has an h—dichotomy on Z C J if there exists P(-)2 = P(-), K > 1 and a > 0 such that

IA N

for any s > t with t,s € Z.

[|® (2, s)P(s)]]
1, $)Q(s)l|

K(h(t))ia for any t > s with t,s € Z,
( _

[ R.H. Martin Jr., Conditional stability and separation of solutions to differential
equations. J. Differential Equations 13 (1973) 81-105

[4 J.S. Muldowney, Dichotomies and asymptotic behaviour for linear differential
systems. Trans. Amer. Math. Soc. 283 (1984) 465-484.
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The h—dichotomies

Preliminaires

Definition

Let h: J — (0,400) be an increasing homeomorphism where J := (a, +00). The linear system
' = At)z
has an h—dichotomy on Z C J if there exists P(-)?> = P(-), K > 1 and a > 0 such that

|1®(t, 5)P(s)]|
et )Qs) < K

for any t > s with ¢t,s € Z,

N

A

=
—~
=
\_\;/

))70( for any s > t with ¢,s € Z.

= Any solution ¢ — x(t) can be decomposed in an h—contraction and an
h—expansion.
= QOur goal is to generalize the previous results about equivalences between
dichotomy, expansiveness and uniform non criticality.
= The generalization is no trivial and is based in the properties of h.
23/52



The h—dichotomies
A baby example

= Let h: J — (0,400) and increasing diffeomorphism.
= If o > 0, we will consider:

W)

. - 0
T h x
( :c; ) — O(t B () ( a:; ) for any t € J, (2)
h(t)

= Note that

<I>(t)=[h<é)“ h(g)a] and P(t):“ 8] foranyteJ. (3)

= \We can see that
{ [@(t,5)P(s)]|
[@(t, 5)Q(s)]]

foranyt > s, t,s € J,

N IN
NN
> >
= ==
~&~| W » | o~
Sle 2l
N N—
| |
Q

forany s > t, t,s € J.

24 /52



The h—dichotomies

A baby example of polynomial dichotomy
Let h(t) =t for any t € J = (0, +00).

= For any o > 0, we will consider:

1
i —a— 0
<Q.U1)= t 1 <:1:1> for any ¢ > 0. (4)
T2 0 a— x2
t
= Note that
1
= 0 1 0
N _
P(t) = l 0 o ] and P(t) = [ 00 ] for any t > 0. (5)

= We can see that
t —
1®(t, 5)P(s)]| < (3> forany £ > 5 > 0,
ool < (

s -
t> forany s >t > 0.
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The h—dichotomies

Preliminaires: a group associated to h

Definition

Let h: J — (0, +00) be an increasing homeomorphism, where J := (a, +00). The linear system
' = At)z

has an h—dichotomy on Z C J if there exists P(-)2 = P(-), K > 1 and a > 0 such that

[|®(t,s)P(s)|]] < K (ng)_a for any t > s with t,s € Z,
o )Q)I < K (3) for any s > ¢ with ¢, s € 7.

= As h is an homeomorphism, we define a composition law h: J x J — J as
txs=h"(h(t)h(s)).

= The pair (J, ) is an abelian topologic group.

= The unit element is e, = h~!(1) since

txe.=t <= h'(M(t)h(e)) =t <= h(t)h(es) = h(t) <= h(e.) =1. 26 /52



The h—dichotomies

Preliminaries

Definition

Let h: J — (0, +00) be an increasing homeomorphism where J := (a, +00). The linear system
' = Alt)z

has an h—dichotomy on Z C J if there exists P(-)2 = P(-), K > 1 and a > 0 such that

[|®(t,s)P(s)]| < K (Zézg)ia for any t > s with t,s € Z,

IA

K (%)7q for any s >t with ¢,s € Z.

[1(t, 5)Q(s)]|
= As h is an homeomorphism, we define a composition law h: J x J — J as
txs=h"Y(h(t)h(s)).
= For any t € J its inverse is t* 1 := h=1(1/h(t)) since

txt*l=e, = RHREMETY) = ex <= h(t)A(EH) =1
27 /52



The h—dichotomies
About the group

= This approach was conceived by M. Pinto (2022-2023)
= A good formalization was carried out by its students J.F. Pefa and S.
Rivera-Villagran and has propelled a renewed interest in h—dichotomies:

h(t) J txs €x J_
et R t+s 0 (—o0, 0]
t (0,400) ts 1 (0,1]

In(1+t) | (0,400) | QA+)0F)—1 [e—11(0,e—1]
t+Vt2 4+ 1 R tVs2+1+sVt2+1] 0 (—00,0]

Cuadro: The different growth rates and its respective functions.

[§ J.F. Pefia and S. Rivera—Villagran: On uniform asymptotic h—stability for linear
non autonomous systems, Electronic Journal of Qualitative Theory of Differential

Equations (2025) Article 19, 13 pp.
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h—dichotomies
The group (J, x) provides a new perspective for studying the h—dichotomy

= Let us recall that (J, %) is an abelian group with
txs=h"Y(h(t)h(s)).

= Let us recall that he inverse of s is s* 1 := h=1(1/h(s)).
= Note that

st = h b ) = ()

Definition
Let h: J — (0,400) be an increasing homeomorphism where .J := (a, +00). The linear system z’ = A(t)z has
an h—dichotomy on Z C J if there exists P(-)2 = P(-), K > 1 and « > 0 such that

h(t)
h(s)

—Q
®(t,s)P(s < K =h(txs* )™ forany t> s witht,s € Z,
y

12 (2, $)Q(s)]|

—a
) = h(sxt*"1)=% forany s >t with t,s € Z.

IN
=
R
=
©
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h—dichotomies

The group is also orderable

» (J,%) is a totally ordered group with the order t <, s

t<,8 < e, <sxt* L

= We can prove that t <, s <= t < s.
= If e, = h=1(1), we can construct an absolute value over .J as follows:

tift> ey,
| - [« :J — [ex, +00] where [t], .—{ P it < e
= We can endow the group (J, %) with a metric d : J X J — [e,, +00| by

txs* 1 iftks I >e, (ort>s)
L *—1] _ = -
o(t,5) = [txs ‘*{ skt iftxs Tl <e, (ort <s)

[§ H. Elorreaga, J.F. Pefia and G. Robledo: Uniform h-dichotomies: noncritical
uniformity and expansivity, Mathematische Annalen 393 (2025) 1769-1795.
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h—dichotomies
The orderability of (J, ) provides another perspective for studying the h—dichotomy

= If e, = h=!(1), we can construct an absolute value over J as follows:

t it > ey,
| | J = [ex, +00] where ||, := { Pl i< e

= We can endow the group (J,*) with a metric 9 : J x J — [e,, +0oo[ by

txs* 1 iftxsl>e
. *—1] __ = €Ex
o(t,5) =t xs ‘*{ sxt* 1 iftxs Tl < e,

Definition

Let h: J — (0,+0c0) be an increasing homeomorphism where J := (a, +00). The linear system z’ = A(t)z has
an h—dichotomy on Z C J if there exists P(-)2 = P(-), K > 1 and a > 0 such that

ot s)P@)l < K (13) " =h(txs )" = h(a(t,s))" forany t > s with t,s € T
[0t Q) < K (1) " =h(sxt"1)=% = h(2(t,s)) " for any s >t with t,s € T.
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h—dichotomies

More details

= Any abelian group is a Z—module by considering the external composition law

ZxJ — J
tx---xt if k>0
k—times

(k,t) — tF.= e, if k=0

Tl xt i k<.
N— ——

k—times

By using the fact that h(-) is an homeomorphism we can see that
t** = R L (™)) = h=Y(h(t)¥) for any k € Z,
The above external composition law can be revisited as
5 = ht (h()F) . (7)

We have the useful identity: h(t**) = h(t)*.
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Equivalences with h—dichotomy
The bounded h—growth properties

Definition

The system (1) has a bounded h—growth on Z C J if for each T > e, there exists Cr > 1 such that any
solution ¢ — x(t) verifies
|z(t)| < Crlz(s)| for any t € [s,sxT]NZ.

Definition
The system (1) has a bounded h—decay on Z C J if for each T > e, there exists C > 1 such that any solution
t — x(t) verifies
lz(t)| < Cplz(s)| foranyt € [sxT* 1, s]NJ.
Definition

The system (1) has a bounded h—growth & h—decay on Z C J if for each T' > e, there exists Cr > 1 such that
any solution ¢ — x(t) verifies

|z(t)| < Cplz(s)| foranyt € [s+T* 1 s«T]NJ.

33/52



Equivalences with h—dichotomy
About the partitions

Lemma (Elorreaga, R., Pefia — 2025)

The system (1) has a:
» Bounded growth on Z C J if and only if there exists M > 0 and 8 > 0 such that

h(t)\”
[|D(¢, s)]| §M<m> for any t > s with t,s € Z.
s

»  Bounded h—decay on T if and only if there exists M > 0 and 8 > 0 such that

[|[®(t, s)|| < M (%) e  forany s >t with t,s € T.

» Bounded h—growth & h—decay on T if and only if there exists M > 0 and [3 > 0 such that
[|®(t,s)|| < Mh(o(t,s))? for any t,s with ¢,s € J.

The equivalences were obtained by a tricky use of uniform partitions.
= But was is a uniform partition in this context? 34/52



Equivalences with h—dichotomy

Notation

It always difficult to get adapted to a new notation :(

Definition
Given (J, %) with J := (a, +00):
= The interval J_ := (a, e.] will be denoted as the negative half-line.
= The interval J4 := [e4, +00) will be denoted as the positive half-line.

= The interval J := (a,+o00) = J_ U J4 will be denoted as the full line.

We will be focused on h—dichotomies on J, J_ and J.
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Equivalences with h—dichotomy

An example of uniform partition

Let us consider h(t) =t, J = (0,+00) and T'=2 > e, = 1.
We define the intervals .J,, = [2*", 2*("+1)) for any n € Z.

That is
Jy =[x, 400) = [1,2)U[2,2H) U-- U2k, 2 U ..

1 1 1 1 1
PRI X T R 1)

All the intervals have large T' = 2 by considering the distance d induced by (.J, )

In addition

This is counterintuitive with the classical additive perspective where the length of
these intervals contracts in (0,1) and expands in (1,400).

We think that this fact illustrates the difficulty of working on this problem, but at
the same time it shows its surprising and intricate nature.
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Main results

New properties in an h—context

Definition
The system (1) is h—expansive on Z C J if for any solution ¢ — x(t) of (1) and compact interval [a,b] C T
there exists L > 0 and 8 > 0 such that:
le(8)] < L {h@(t,a))"P|a(a)| + h(2(b,6))Plz(b)|}  for any ¢ € [a,b].

Definition

The system (1) is uniformly h—non critical on Z if if there exists T' > ex and 6 € (0, 1) such that any solution
t — x(t) satisfies

e < 0 swp o)
|luxt* =1, <T

0 sup {|x(u)\ ﬁ < % < h(T)} for all ¢ such that [t x T* 1, t+ T] C T.

IA

[ H. Elorreaga, J.F. Peiia and G. Robledo: Uniform h-dichotomies: noncritical
uniformity and expansivity, Mathematische Annalen 393 (2025) 1769-1795. 38 /52



Main results

Some equivalences on the half lines J_ := (a, e,] and J; := [es, +00).

Theorem (Elorreaga, Pefia, R. — 2025)
If the linear system (1) has a bounded h—growth on [e«,+0c0). Then the following three statements are
equivalent:
(i) The system (1) has a h—dichotomy on [e4, +00).
(i) The system (1) is h—expansive on [, +00).
(iii) The system (1) is uniformly h—noncritical on [e,+00).

Moreover, without the assumption of bounded h—growth, it is still true that: (i) = (ii) = (iii)

Corollary

If the linear system (1) has a bounded h—decay on (a, e.]. Then the following statements are equivalent:

(i) The system (1) has a uniform h—dichotomy on (a, e.].
(if) The system (1) is h—expansive on (a, e4].
(iii) The system (1) is uniformly h—noncritical on (a, ey].

Moreover, without the assumption of bounded h—decay, it is still true that: (i) = (ii) = (iii)
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Main results

Some equivalences on J = (a, +00)

Theorem (Elorreaga, R., Urrutia — 2026)

If (1) has a bounded h—growth on J+ := [ex,+00) and a bounded h—decay on J~ := (a,ex]. Then the
following three statements are equivalent:

(i) The system (1) has uniform h—dichotomies on [e4,+00) and (a,e.]?. Moreover, the unique globally
bounded solution is the trivial.

(ii) The system (1) is h—expansive on J.
(iii) The system (1) is uniformly h—noncritical on J.

Moreover, without the assumption of bounded h—growth and h—decay, it is still true that: (i)= (ii) = (iii).

“Note that this not implies h—dichotomy on J.

G H. Elorreaga, G. Robledo, D. Urrutia. Conditions for uniform —dichotomy in terms

of uniform non criticality, expansiveness and via generalized Floquet theory. ArXiv
preprint arXiv:2603.27425

= Can we obtain necessary and sufficient conditions for h—dichotomy on J7?

40 /52



Main results

Necessary and sufficient conditions for h—dichotomy on the full line J.

Theorem (Elorreaga, R., Urrutia — 2026)

The system (1) has a uniform h—dichotomy on J if and only if:
a) The system has h—dichotomies on J~ := (a,ex] and JT := [es, +00) with projections P~ (-) and P (-)
respectively,
b) The system has no nontrivial bounded solutions,

c) The index of the linear system is zero.

i(A) =dimRPT(-) + dimNP~ () —n = 0.
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Main results

A generalization of Floquet Theory

Definition (Burton & Muldowney — 1968)

The linear system (1) is a Generalized Floquet System (GFS) with respect to f if f is an absolutely continuous
function on J := (a, +00) such that

FIRAf(®) = A®) (®)
for almost all t > a and f(t) >t for all t > a.

[ T.A. Burton, J.S. Muldowney. A generalized Floquet Theory, Arch. Math. 19
(1968) 188-194.
» When f(t) =t + w and A(t + w) = A(t) we recover the classical w—periodicity.
= We will consider the particular case f(t) =t T with T > e,.
= We will assume that A(-) fulfills the following property:
R (t)h(T)

(txT) A(t«T) = xS

A(t*T) = A(t) foranyte J. (9)

42 /52



Main results

Generalization of Floquet theory

If we assume that (1) is a GFS with f(t) =t x T" we have that:
= The biperiodicity property ®(t x T, s *T) = ®(t, s) for any t,s € J.
= The property ®(t x T*") = ®(¢)V"™ for any n € N.

» If ®(e,) = I, then we have ®(T") =V, which is called the monodromy matrix.

Theorem
If the linear system (1) is a generalized Floquet system, the following properties are equivalent:
i) The eigenvalues of the monodromy matrix V' are not in the unit circle,

i) The linear system (1) has a uniform h—dichotomy on J.
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Main Results
Sketch of proof (=

Theorem

If the linear system (1) is a generalized Floquet system, the following properties are equivalent:

i)
ii)

The eigenvalues of the monodromy matrix V' are not in the unit circle,

The linear system (1) has a uniform h—dichotomy on J.

Let us consider the difference equation z,41 = Vx,.
As the eigenvalues of V' are not in the unit circle, the above system has an
exponential dichotomy on Z: there exists P? = P and Ky > 0, & > 0 such that:

[VrPVE Y| < Koe %) forany n >k (10)
VI - P)[VF]7Y| < Koe ®* =™ for any k > n.
We construct a uniform partition for J:
J = UJn where J,, = [T*("_l),T*").

If t > s, there exists n, k with n > k: s € [T**=1 7%k and t € [T+ 737
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Sketch of proof (=

Theorem

If the linear system (1) is a generalized Floquet system, the following properties are equivalent:
i) The eigenvalues of the monodromy matrix V' are not in the unit circle,

ii) The linear system (1) has a uniform h—dichotomy on J.

= As h(-) is strictly increasing, we have
s e [T**D 7y p(T* YY) < h(s) < B(T) < W(T)*! < h(s) < h(T)*,
= Then we can deduce that

In(h(s))
k—1§m<k and n—lgm

= As o > 0, the above estimations leads to

R ™

<n, (11)

ak—n) <a+



Main Results
Sketch of proof (=

Theorem

If the linear system (1) is a generalized Floquet system, the following properties are equivalent:
i) The eigenvalues of the monodromy matrix V' are not in the unit circle,

ii) The linear system (1) has a uniform h~dichotomy on J.
Then we can deduce that
se [T*FD 7y = s = T*F=1 + 5 for some 5 € [e,, T). (13)
te [T =D 7y = ¢t = T =D & f for some € [e,, T). (14)
We also can deduce that
B(t) = dE+ TN =BV and B(s) = D5+ T*F V) = (5)VF

= let

Ky = méx [|®(w)]| and K»:= méx [|® (u)]]
u€[0,e4] u€[0,e4]

Then we have: 46 /52
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Theorem

If the linear system (1) is a generalized Floquet system, the following properties are equivalent:
i) The eigenvalues of the monodromy matrix V' are not in the unit circle,

ii) The linear system (1) has a uniform h—dichotomy on J.

= Then we have (when ¢ > s):
[P~ (s)]] = [[@@OV I PVEFTIe1(3)]

IN

@@ [V tPVE ]2~ (s)]]

< K Ko ||[VrmtpvE=t =L

Since
a) ®(t) = (T D %1) = &) V™~V and &~ 1(s) = VEDD~1(3),
b) [|2()|] < K1 := méx [[®(u)]| and [[®7(3)]| < Ko := miéx [|[®"(u)]|.
u€[0,e,] u€[0,e,]
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Sketch of proof (=

Theorem

If the linear system (1) is a generalized Floquet system, the following properties are equivalent:
i) The eigenvalues of the monodromy matrix V are not in the unit circle,

ii) The linear system (1) has a uniform h—dichotomy on J.

= By recalling that

|[VrPVF=Y < Koe =k)  for any n > k
[V — P)[VF]7Y| < Koe ¥ =" for any k > n.

we can conclude that

||@(t) PO~ (s)]] le@)VrtPVE 1o~ (5))|
@[Vt PIVE [0 1(3)|
K1 K |[V*=t PV
KlKQKQG_a(n_k)

VAVANVAN]
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Sketch of proof (=

Theorem

If the linear system (1) is a generalized Floquet system, the following properties are equivalent:
i) The eigenvalues of the monodromy matrix V' are not in the unit circle,

ii) The linear system (1) has a uniform h—dichotomy on J.

= We have deduced that
@) PO~ (s)|| < K KoKge k),
= By recalling that

alk—n) <a+

“ In <
In(h(T)) h(t
= We conclude that (when ¢ > s)

||<I>(t)P<I>_1(S)|| < K1KyKpe® (Z((?)_ln(h(T))
= An estimation for ||®(¢)[I — P]®~1(s)||

h(s)

|

can be done similarly [J.

h(8§> =a+In <h(t)>_h‘(ﬁm
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Main result
A byproduct

Corollary

If the linear system (1) is a GFS and t — x(t,to, o) is a solution of (1) passing trough xo # 0 att =tg € J,
then

a) Ifall X € o(®(T)) = o(V) are inside the unit circle then the origin is uniformly h—stable, that is, there
exists K > 0 and a > 0 such that

h(t) \ ~¢
|z(t, to, z0)| < K (ﬂ> |zo| for any t > to. (15)
h(to)

b) Ifall X € o(®(T)) = o(V) are outside the unit circle then the origin is uniformly h—unstable, that is,
there exists K > 0 and « > 0 such that

«
|zo|
—— forany t > tg. 16
) K A (16)
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Main results

Conclusions

= The relation between h—dichotomy and noncritical A—uniformity have been
addressed in several previous results. Our group approach manages to give a good
emulation of the classical results.

= We improve the Burton & Muldowney results since its Floquet's theory result
didn’t allow to prove the existence of a dichotomy.

= Qur final Corollary also improves the Burton & Muldowney results since we
provide a specific rate of contraction/expansion.
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Conditions for uniform h—dichotomy in
terms of uniform non crltlcallty, »

expansiveness ,
and via generalized .

Thank you!!!
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