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Preliminaries

Preliminaries
We are interested in second-order nonlocal differential
equations. A few general examples are the following.

—A (/1 lu(s)|? ds> u'(t) = Af(t u(t)), t € (0,1)
0
1

—A </ |U(s)|? ds) u'(t) = Af(t,u(t)), t e (0,1)
0

~A (/Q lu(s)|? ds) (Au)(x) = Ag(x,u(x)), x e QCR"

—A (/Q |Du(s)|? ds) (Au)(x) = Ag(x,u(x)), x e Q CR"
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—~A (/1 lu(s)|? ds> u'(t) = M(t,u(t)), t € (0,1)
0
1
—~A (/ W' (s)|? ds> u'(t) = M(t,u(t)), t € (0,1)
0
—A (/Q lu(s)|? ds> (Au)(x) = Ag(x,u(x)), x e QCR"

—-A (/Q |Du(s)|? ds) (Au)(x) = Ag(x,u(x)), x e QCR"

Our Goal: To develop existence theorems for the ODEs

case when the problem is equipped with some boundary

data.
e 4 4444
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To understand the broader context for these types of problems
let us recall the classical wave PDE with a source term; it reads:

ug — (Au)(x) = f(x, u(x)).

This is a local PDE. A nonlocal version of this was proposed by
Kirchhoff in the late 1800s; it takes the following form.

un—A( [ 10u? ds ) (Au)(x) = flx,u(x)
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To understand the broader context for these types of problems
let us recall the classical wave PDE with a source term; it reads:

ur — (Au)(x) = f(x, u(x))

This is a local PDE. A nonlocal version of this was proposed by
Kirchhoff in the late 1800s; it takes the following form.

ug — A < /Q |Dul? ds> (Au)(x) = f(x, u(x))

Nonlocal term!
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To understand the broader context for these types of problems
let us recall the classical wave PDE with a source term; it reads:

ur — (Au)(x) = f(x, u(x))

This is a local PDE. A nonlocal version of this was proposed by
Kirchhoff in the late 1800s; it takes the following form.

un—A( [ 10u? ds ) (Au)(x) = flx,u(x)

Steady-state solutions solve:

0—-A (/Q |Dul? ds) (Au)(x) = f(x, u(x)),

which is one of the model cases.
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0-A </Q |Dul? ds) (Au)(x) = f(x, u(x))

Specialized to the case n = 1 (i.e., the one-dimensional setting)
we recover the model ODE:

—A </Q ]u’(s)\2 ds) U'(x) = f(x,u(x)), x € I CR.
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Ui — A < /Q |Dul? ds) (Au)(X) = £(x, u(x))

All'in all, there is a long history (literally 150 years!) of analyzing
nonlocal DEs both in the one-dimensional and
higher-dimensional cases.
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Let’s look at some specific references for a couple reasons.

@ To get a sense of some of the common assumptions in the
literature regarding these problems.

© To provide a brief accounting of how | became interested in
these problems.
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), Lomcon Math, Soe (2] 79 (2009) 234258 03 2008 London Mathesnatica Ly
daiz10L1112/jlms,jdnD&E

Non-local boundary value problems of arbitrary order

I R. L. Webb and Gennaro Infante

The authors considered problems of the following type, where «
and g are linear functionals.

u'(t) = f(tu(t)), t€(0,1)
u(0) = afu]
u(1) = Blu]



), Lomdon Math, See, (2] 79 [(@008) $38-258 0 2008 London Mathes
daiz10.1112jlm:
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Non-local boundary value problems of arbitrary order

I R. L. Webb and Gennaro Infante

The authors considered problems of the following type, where «
and § are linear functionals.

u'(t) = f(t,u(t)), t e (0,1)
u(0) = ofu]
u(1) = Blu]

This first piqgued my interest in nonlocal problems — specifically,
nonlocal boundary conditions.
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Nonlinear
Analysis

PERGAMON Nonlinear Analysis 47 (2001) 35793584

waaelsevier nllocate/na

Nomnlocal elliptic equations

Robert Stanczy
Faculty of Mathematics, University of Léds
Banacha 22, 90-238 Léds, Poland

The following problem was considered:
1 B
(0 =M(o0) ) [ (Fopie)as) L te(.1),

subject to ¢'(0) = 0 = (1). Existence of a positive solution
was shown under the assumption that f is continuous,
nondecreasing, and satisfied a growth condition, which | won'’t
state here.
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Nonlinear
Analysis

ELSEVIER

www el sevies com/locatelna

On positive solutions of nonlocal and nonvariational
elliptic problems

F.J.8.A. Corréa

versidade Federal do Pard 56 075 10-Beidm-Pard-Brazil

iy 2003 mecepied § August 2004

The following problem was considered.
—a(||ul|ly) u"(t) = h(t)f(u(t)), t € (0,1) subject to u'(0) = 0 = u(1)

Importantly, it was assumed that t — a(t) was nondecreasing
and satisfied a(R) c (0, +00).
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Complex Variables and Ellipric Equarions, 2016 T Taylor & Francis
Vol 61, No. 3, 207-314, http:/dx. doi.org/ 10, 1080/ 17476933 2015, 1064404 \ =) neSiiumican

Paositive solutions for some nonlocal and nonvariational elliptic systems

Jodo Marcos do 0**, Sebastidn Lorca®, Justing Sdnchez® and Pedro Ubilla®

The following radially symmetric system (and, thus, a system of
ODEs) was considered.

—A;i (luillfs,) Au; = fi(1x|, u), x € Q subject to u; = 0 on 0Q

Here it was assumed that the A; functions were nondecreasing
and satisfied A;(R) C [0, 4+00). Some additional conditions
were imposed on the A; functions — e.g., a limit condition
involving a ratio of the f; to the A;.



Preliminaries
[ aa2 (2016) 72102
Contents lists available at ScienceDirect ®
Journal of Mathematical Analysis and Applications
warw clsmvier cam flacate fjmaa

The multiplicity of positive solutions for a class of nonlocal (!)(m.wk
elliptic problem ™

Dechen Wang

The following problem was considered.
-A </ lu(s)|” ds) Au = \f(x,u(x)), x € QCR”,
Q

subject to u(x) = 0 on 90 and u(x) > 0 in Q. It was assumed
that A(t) > Oforall t > 0.
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I @ Available online at www.scencedrect.com ﬁ
s . ournal o
= | ScienceDirect Differential
E Equations
ELSEVIER 1. Differential Equations 265 (2018) 2034-2043

www.elsevier comflocate/jde

Positive solutions for a Kirchhoff problem
with vanishing nonlocal term ™

Jodo R. Santos Jinior *, Gaetano Siciliano

They considered the problem
_A (Huufg) Au = f(u(x)), X € Q C R”,

subject to u(x) = 0 on 9. Although A can change sign, it must
be positive on an open set having 0 as an accumulation point.
And, furthermore, a condition is imposed on a definite integral
of A. Also, only the L?-norm was considered as the argument of
A
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Going back to the one-dimensional case, where we will
henceforth remain, we consider for a moment the specific
problem

—A (/1 u(s)|? ds) u'(t) = M(t,u(t)), t € (0,1).
0




Preliminaries

Going back to the one-dimensional case, where we will
henceforth remain, we consider for a moment the specific
problem

A (/1 u(s)|? ds) V() = M(t u(t)), t € (0,1).
0

We summarize the conditions that are very common in the
literature.
Q A(z) >0forallz>0
© A monotonicity condition on A—e.g., that A is monotone
increasing.
© A growth-type condition on A —e.g., some on condition on
A(z) as z — +oo.
© Conditions involving a ratio of f to A.
© Considering only an integral of \u(s)\q as the argument for
the function A.



</| yqu>u M (t,u(t)), t € (0,1).

Q A(z)>0forallz>0

@ A monotonicity condition on A — e.g., that A is monotone
increasing.

© A growth-type condition on A—e.g., some on condition on
A(z) as z — +oo.

© Conditions involving a ratio of f to A.

© Considering only an integral of \u(s)\q as the argument for
the function A.

Question: Are these necessary?
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—A (/ lu(s)|? ds)u M (t,u(t)), t € (0,1).

The methodology that | will discuss does not require any of
these assumptions. In fact, A(z) can equal zero infinitely often
and can even be negative on sets of infinite measure.
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—A (/ lu(s)|? ds)u M (t,u(t)), t € (0,1).

The methodology that | will discuss does not require any of
these assumptions. In fact, A(z) can equal zero infinitely often
and can even be negative on sets of infinite measure.

We also will be able to consider the above problem in the
following, more general formulation:

—A((a* (go u))(1))u"(t) = M(t, u(t)), t € (0,1),
where .
(a+ b)(1) ::/ a(t — s)b(s) ds, t > 0,
0

for sufficiently regular functions a and b.
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~A((ax(gou)(1)u"(t) = M(t,u(t), t € (0,1),

Let’s consider for a moment why we would want to consider the
above convolution-type nonlocal term.
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—A((a* (go u))(1))u"(t) = M (t,u(t)), t € (0,1),

Let’s consider for a moment why we would want to consider the
above convolution-type nonlocal term. A primary motivation is
from the theory of fractional differential operators. Recall that
the Riemann-Liouville fractional integral of order oo > 0 is
defined by

1 ! _ o)1
o /O (t— s)°Tu(s) ds.




Preliminaries

—A((a* (go u))(1))u"(t) = M (t,u(t)), t € (0,1),

Let’s consider for a moment why we would want to consider the
above convolution-type nonlocal term. A primary motivation is
from the theory of fractional differential operators. Recall that
the Riemann-Liouville fractional integral of order oo > 0 is
defined by t
1 a—1
r(a)/o (t — )" u(s) ds.

In other words,

1

M(a)

/[(t — 5)* u(s) ds = (ax u)(t), where a(t) := ot
0 ()
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With the preceding context in mind we now set forth the specific
problem we’ll consider.
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With the preceding context in mind we now set forth the specific
problem we’ll consider. We consider,forA : R - R a
continuous function,

—A((a* (go u))(1)>u”(t) = M(t,u(t),0<t<1,

subject to the Dirichlet boundary conditions

u(0) =0=u(1).
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Main Results

With the preceding context in mind we now set forth the specific
problem we’ll consider. We consider,forA : R - R a
continuous function,

—A((a* (go u))(1)> u'(t) = M(tu(t),0 < t <1,
subject to the Dirichlet boundary conditions

u(0) =0=u(1).

Note that the allowable boundary conditions are quite flexible —
we choose Dirichlet conditions just for definiteness and to keep
things simpler.
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Main Results

With the preceding context in mind we now set forth the specific
problem we’ll consider. We consider,forA : R - R a
continuous function,

—A((1 *(QOU))(1)) '(t) = M(t,u(t), 0 < t < 1,
subject to the Dirichlet boundary conditions
u(0) =0=u(1).

Also to keep things simpler, in the statement of the existence
theorem to follow we will assume that a = 1, where 1 denotes
(with abuse of notation) the function that is constantly one —
ie,1:=1(x)=1,xeR.
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So the following is the problem for which | will state an existence
theorem (with conditions on g to be stated momentarily):

—A((1 x(gou))(1 )) (1) = MF(t,u(t)), 0 < t < 1

u(0) =0=u(1).

Note that

Al(1+(gou))(1) = A (/01<gou><s) ds) .
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We consider the operator T : ¢([0,1]) — €([0, 1]) defined by

1 1 -1
(Tu)(t) ::A/O <A (/0 (g o u)(r) dr)) G(t, 8)f(s, u(s)) ds,

where the kernel G : [0,1] x [0,1] — (0, +o0) is defined by

— < <
Gt s) — s(1—1t), 0<s<t<At
t(1-s), 0<t<s<i1
Note (for0 < ¢ < d < 1) that

min G(t s) > n¥(s), s € [0,1],

te[e,d]

where 79 := min{c,1 — d} and ¥ := sup G(t,s).
te[0,1]
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1 1 -1
(Tu)(t) ::A/O <A </0 (g o u)(r) dr)) G(t, 8)f(s, u(s)) ds.

Our approach is to find a fixed point of T (i.e., Tu = u) by
means of topological fixed point theory.
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To this end we consider the following cone and attendant open
set:

= Cg 1 . > [ > )
A {u c ¢([0,1]) : u>0, Jin, u(t) = nollull

/1 u(s) ds > CoHUH}a
0
vp:{ e [goun )ds<p}

/Gts dt € (0,1].

Here
Co =

inf
se(0,1) Y(s
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If a # 1, then:

= s u>0, min u(t) > ull,
x {uecg([o,u) u=0, min u(t) > ol

(axu)(1) = CoHUH}7

Here
1
Co = S€|(r(1)f1) 70) (ax G(-,s))(1)
' - haits) o
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If a # 1, then:

H = {uecg([o,ﬂ) cu>0, énin u(t) = nollull,

te[e,d]

(axu)(1) = CoHUH},

Vp::{uejif : (ax(gou))(1) <p}.
Note that ]
(1*u)(1):/0 u(s) ds

and 1

(1*(90U))(1)=/0 (g o u)(s) ds.
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N 1
v, = {ueji/ : /0 (g o u)(s) ds<p}

The key fact about Vp is that

uedV, = (ax(gou))(1) =p.

And this is important because we then have direct control over
the nonlocal element.
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N 1
v, = {ueji/ : /0 (g o u)(s) ds<p}

The key fact about Vp is that
uedV, — (@ax(gou))(1)=p.

And this is important because we then have direct control over
the nonlocal element — that is,

—A| (ax(gou))(1) [ u'(t) = Af(t u(t)), t € (0,1).
=p
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Finally what must we assume about g : [0, +0o0) — [0, +00)? A
possible (but by no means the only such) collection of
conditions is as follows.

@ gis continuous
@ g is strictly increasing
© Either

@ g is concave;or
@ g is convex.
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possible (but by no means the only such) collection of
conditions is as follows.

@ gis continuous

@ g is strictly increasing

© Either

@ g is concave;or
@ g is convex.

A model case in the concave case is g(f) :==t9for0 < g < 1
and a model case in the convex case is the same but with
q > 1. (Note that g = 1 can also be accommodated, in fact.)
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Finally what must we assume about g : [0, +0o0) — [0, +00)? A
possible (but by no means the only such) collection of
conditions is as follows.
@ gis continuous
© g is strictly increasing
© Either
@ g is concave; or
@ g is convex.
A model case in the concave case is g(t) :=t9for0 < g < 1
and a model case in the convex case is the same but with
q > 1. (Note that g = 1 can also be accommodated, in fact.)
The choice g(t) = t9 leads to the following model problem:

—A (/1 (u(s))? ds) U'(t) = M(t,u(t)), t € (0,1),
0

which we mentioned at the beginning.
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So, what does a typical existence theorem look like?

We’ll need the following notation
® M bx[c,q) O denote

fm = [ f(t,y); and
[a,6]x[c,d] (W)e[“a“"br]‘xla ; (t,y)
° f["a”’b]x[qd] to denote
f[ran,b]X[C,d] = ax f(t,_y)

m
(t,y)€la,b]x[c,d]
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So, what does a typical existence theorem look like? Here’s the
case when g is concave.

Assume that there are numbers 0 < p; < p» such that each of
the following is true.

Q@ A(t) >0forte [p1,p2}

(2]
1 ) ;
/0 g<A( )(f[Cd] [7709 1(p1),7597" )/ G(t, s) ds) at >
1
A(p2 ([01]>< O(Cf_zc)]>/o /0 G(t,s) ds dt <

p2)

If 9(0) < p2, then the operator T has at least one positive fixed
point up.
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In fact, we can say that uy must satisfy the localization

1
1 < < g (L)
o (o) <l < 7' (4725




Main Results

In fact, we can say that uy must satisfy the localization

1
1 < < g (L)
o (o) <l < 7' (4725

Note that
g ' (p1)>0

since

@ 9([0,)) < [0,0);

@ g s strictly increasing; and
Q pi >0
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Notice the pointwise-type conditions on A, which, recall, houses
the nonlocal element.

Assume that there are numbers 0 < p; < p» such that each of
the following is true.

Q@ A(t) >0forte [p1,p2}

Q
1 \ i
/0 g("‘( )(f[Cd] [7709 1(p1),7597" )/ G(t,s) ds) at >
A 1
(p ([01]>< ig (dﬁ)])/o /0 G(t,s) ds dt <

(p2)

If 9(0) < p2, then the operator T has at least one positive fixed
point up.
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Note that in the model case g(u) = u9 where 0 < g < 1 and
u > 0, the conditions previously stated become

q
1 by ?
/ f 1 1 / G(t,s)ds | dt>ps,
0 A(P1) [C,d]X |:770P1q7171(dp1c q:l ¢

and

A M !
Al )<f[01] 27)//Gz‘s dsdt<pj. (2
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. 1
For example, in case q = 5 SO that g(u) = v/u and
g '(u) = u?, for u > 0, we see that (1) becomes

]
/ A fm /Gts ds dt>p1,
0 A(p1) [Cvd]x|:770p1 [CEONG c)\/ﬁ

whereas (2) becomes

A
M //Gts ) ds dt <
A(p2) ([om[ ) G
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So, what does a typical application look like?

Consider the problem

_A (/1 (u(s))? ds) U'(1) = M(t, u(h)), t € (0,1)
0

subject to the Dirichlet boundary conditions
u(0) =0=u(1).

Here we have chosen g = % and defined

g : [0,+00) — [0,400) by g(t) = t2 so that g~ is defined by
g~ '(t) = t2. Furthermore, define the function A : [0, +00) — R
by

0<t<t

—t3,
Alt) = { tsin (3£t), t>1
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Consider the problem

—A (/1 (u(s))% ds) U'(t) = M(tu(t)), t € (0,1)
0

subject to the Dirichlet boundary conditions
u(0) =0=u(1).
Furthermore, define the function A : [0, +00) — R by
—t3, 0<t<1
A(t) = e .
tsin (Ft), t>1

Note that A is nonpositive on infinitely many intervals of positive
measure. Moreover, A(t) = 0 for countably infinitely many
values of { > 0. And, in addition, A is not bounded on [0, +c0).
In fact, ItiTJFIQIA(t) = —00.
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One can then show that if

AT > 0.14474,
[3.3]% [4(4982)° (423 )°]
and 500
M
)‘f[o,ﬂx[o,“%] < g
then

1 1
—A (/ (u(s))? ds> U'(t) = M(tu(t)), t € (0,1)
0
has at least one positive solution uy satisfying the localization

4009 < ol < 420
3000, —"0l="g"
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Some concluding thoughts.

@ The more general case, in which a # 1, proceeds similarly.
The main difference is that the conditions for existence
now contain integrals involving a(1 — s) since ais no
longer a constant function.

© The case in which g is convex (rather than concave) also
proceeds similarly.

© One can also consider multiple nonlocal convolution
elements — e.g.,

—A((axu?)(1)u"(t) = AB((b* uP)(1))f(t, u(t)), t € (0,1).
However, this case is more technical because using a set

like V, .= {ue . : (ax(gou))(1) < p} only allows us
to control directly one nonlocal element at a time.
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Thank you for your attention!
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