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Definition and properties of derivators Stieltjes differential equations

… We evidently must regard Time as
passing with a steady flow;

therefore it must be compared with some
handy steady motion,

such as the motion of the stars, and
especially of the Sun and the Moon;

such a comparison is generally accepted,
and was born adapted for the purpose by

the Divine design of God.

Isaac Barrow

Lecture I: Generation of magnitudes (1664).
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Definition and properties of derivators Stieltjes differential equations

The idea
Since the time of Newton and Leibniz there has been the idea of deriving
one variable with respect to another, regardless of which variables they
are.
In 1894, Stieltjes introduced the analogous concept for integrals:

• Derivative:

𝑓 ′
𝑔 (𝑡) = d 𝑓

d 𝑔 (𝑡) = lim
𝑠→𝑡

𝑓(𝑠) − 𝑓(𝑡)
𝑔(𝑠) − 𝑔(𝑡) ≃ Δ𝑓(𝑡)

Δ𝑔(𝑡) .

• Riemann-Stieltjes Integral:

lim
{𝑥1,…,𝑥𝑛}

𝑛

∑
𝑖=1

𝑓(𝑐𝑖) [𝑔(𝑥𝑖) − 𝑔(𝑥𝑖−1)] .

The Lebesgue-Stieltjes integral is defined as the integral with respect to
the complete measure 𝜇𝑔 that satisfies 𝜇𝑔([𝑎, 𝑏)) = 𝑔(𝑏) − 𝑔(𝑎).
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Definition and properties of derivators Stieltjes differential equations

Why use Stieltjes Calculus?

1 It allows to treat, with the same theoretical framework, differential
equations, difference equations, equations with impulses and time
scales.

2 It allows modeling complex phenomena where the dynamics has
stationary parts (zones of constancy) and parts of sudden change
(jumps).

3 It allows using measure theory to derive very powerful results.
4 Its development runs parallel to classical calculus (both continuous

and discrete) using a very similar conceptual framework, so it is to be
expected that classical results can be transferred to the Stieltjes case.

5 In contrast to the equations in measure, the Stieltjes calculus allows
to obtain "classical" solutions (satisfying the equation at all points).
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Definition and properties of derivators Stieltjes differential equations

Young, Daniell, Petrovski, Liberman and others formalize in different ways
the concept of derivative with respect to a function at the beginning of the
20th century, but the idea is not developed in detail.
A New Unification of Continuous, Discrete and Impulsive Calculus
through Stieltjes Derivatives of Prof. Rodrigo López Pouso and Adrián
Rodríguez appears in 2015.

Key ideas:
1 A definition of derivative for any left continuous non decreasing

derivator.
2 The fundamental theorem of calculus (for Lebesgue-Stieltjes and

Kurzweil-Stieltjes integrals).
From this point on, further research into the basic properties of the
Stieltjes calculus begins.
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Definition and properties of derivators Stieltjes differential equations

Basic definitions
Let 𝐼 be an interval. A non-decreasing and left continuous function
𝑔 ∶ 𝐼 → ℝ will be called a derivator. We define the pseudometric
𝑑𝑔(𝑥, 𝑦) ∶= |𝑔(𝑥) − 𝑔(𝑦)| and the 𝑔-ball of center 𝑥 and radius 𝑟 as
𝐵𝑔(𝑥, 𝑟) ∶= {𝑦 ∈ 𝐼 ∶ 𝑑𝑔(𝑥, 𝑦) < 𝑟}. Furthermore, we define the 𝑔-topology
as follows:

𝜏𝑔 ∶= {𝑈 ⊂ 𝑋 ∶ ∀𝑥 ∈ 𝑈 ∃𝑟 ∈ ℝ+, 𝐵𝑔(𝑥, 𝑟) ⊂ 𝑈} .

Let
𝐶𝑔 ∶= {𝑡 ∈ ℝ ∶ 𝑔 is constant on (𝑡 − 𝜀, 𝑡 + 𝜀) for some 𝜀 > 0},
𝐷𝑔 ∶= {𝑡 ∈ ℝ ∶ Δ𝑔(𝑡) > 0},

where Δ𝑔(𝑡) ∶= 𝑔(𝑡+) − 𝑔(𝑡), and 𝑔(𝑡+) is the right limit of 𝑔 at 𝑡. 𝐶𝑔 is open
in the usual topology, and can therefore be expressed as

𝐶𝑔 = ⋃
𝑛∈Λ

(𝑎𝑛, 𝑏𝑛),
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Definition and properties of derivators Stieltjes differential equations

Basic definitions

A function 𝑓 ∶ 𝐼 ∶ ℝ is 𝑔-continuous at a point 𝑡 ∈ 𝐼 if for every 𝜀 > 0 there
exists 𝛿 > 0 such that

|𝑓 (𝑡) − 𝑓(𝑠)| < 𝜀, for all 𝑡, 𝑠 ∈ 𝐼, |𝑔(𝑡) − 𝑔(𝑠)| < 𝛿.

The 𝑔-uniform continuity is defined analogously to the usual case.
We denote by C𝑔(𝐼; 𝔽) the set of bounded 𝑔-continuous functions on 𝐼.
BC𝑔(𝐼, 𝔽) is a Banach space with the supremum norm. BUC𝑔(𝐼, 𝔽)
(bounded uniformly 𝑔-continuous functions) is a Banach subspace of
BC𝑔(𝐼, 𝔽).
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Definition and properties of derivators Stieltjes differential equations

Properties inherited by 𝑔-continuous functions

Proposition
If 𝑓 ∶ [𝑎, 𝑏] → 𝔽 is 𝑔-continuous, then:

• 𝑓 is left continuous at each 𝑡 ∈ (𝑎, 𝑏];
• if 𝑔 is continuous in 𝑡 ∈ [𝑎, 𝑏), then so is 𝑓;
• if 𝑔 is constant at some [𝛼, 𝛽], then so is 𝑓.
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Definition and properties of derivators Stieltjes differential equations

Compactness results

Theorem (Ascoli-Arzelà in BC𝑔([𝑎, 𝑏]))
Let 𝑆 ⊂ BC𝑔([𝑎, 𝑏], 𝔽), then 𝑆 is precompact if and only if

1 𝑆(𝑡) = {𝑓(𝑡) ∶ 𝑓 ∈ 𝑆} is bounded for every 𝑡 ∈ [𝑎, 𝑏];
2 𝑆 is 𝑔-equicontinuous;
3 𝑆 is 𝑔-stable.

Theorem (Ascoli-Arzelà in BUC𝑔([𝑎, 𝑏]))
Sea 𝑆 ⊂ BUC𝑔([𝑎, 𝑏], 𝔽), then 𝑆 is precompact if and only if

1 𝑆(𝑡) is bounded for every 𝑡 ∈ [𝑎, 𝑏];
2 𝑆 es uniformly 𝑔-equicontinuous.
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Definition and properties of derivators Stieltjes differential equations

Lebesgue-Stieltjes measures

Integration

Wewill write as 𝜇𝑔 the Lebesgue-Stieltjes measure associated with 𝑔 given
by

𝜇𝑔([𝑐, 𝑑)) = 𝑔(𝑑) − 𝑔(𝑐), 𝑐, 𝑑 ∈ ℝ, 𝑐 < 𝑑.

We denote byL1
𝑔(𝑋, 𝔽) the set of Lebesgue-Stieltjes 𝜇𝑔-integrable

functions on a 𝜇𝑔-measurable set 𝑋 with values in 𝔽, whose integral we
write as

∫𝑋
𝑓(𝑠) d𝜇𝑔(𝑠), 𝑓 ∈ L1

𝑔(𝑋, 𝔽).
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Lebesgue-Stieltjes measures

Continuous and jump parts of a derivator

For a derivator 𝑔, we define 𝑔𝐵 ∶ ℝ → ℝ as

𝑔𝐵(𝑡) ∶=

⎧{{{
⎨{{{⎩

∑
𝑠∈[0,𝑡)∩𝐷𝑔

Δ𝑔(𝑠), 𝑡 > 0,

− ∑
𝑠∈[𝑡,0)∩𝐷𝑔

Δ𝑔(𝑠), 𝑡 ⩽ 0,

which is also a derivator.
So is the function 𝑔𝐶 ∶ ℝ → ℝ given by

𝑔𝐶(𝑡) ∶= 𝑔(𝑡) − 𝑔𝐵(𝑡).

Moreover 𝑔𝐶 is continuous. We refer to 𝑔𝐶 and 𝑔𝐵 as the continuous and
jump parts of 𝑔, respectively.
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Stieltjes differentiability

The Stieltjes derivative

Definition
We define the Stieltjes derivative of a function 𝑓 ∶ ℝ → ℝ with respect
to 𝑔 at a point 𝑡 ∈ ℝ as

𝑓 ′
𝑔 (𝑡) =

⎧{{{{
⎨{{{{⎩

lim
𝑠→𝑡

𝑓(𝑠) − 𝑓(𝑡)
𝑔(𝑠) − 𝑔(𝑡) , 𝑡 ∉ 𝐷𝑔 ∪ 𝐶𝑔,

lim
𝑠→𝑡+

𝑓(𝑠) − 𝑓(𝑡)
𝑔(𝑠) − 𝑔(𝑡) , 𝑡 ∈ 𝐷𝑔,

lim
𝑠→𝑏+𝑛

𝑓(𝑠) − 𝑓(𝑏𝑛)
𝑔(𝑠) − 𝑔(𝑏𝑛) , 𝑡 ∈ 𝐶𝑔, 𝑡 ∈ (𝑎𝑛, 𝑏𝑛),

where 𝑎𝑛, 𝑏𝑛 are the extremes of each connected component of 𝐶𝑔,
provided that the corresponding limits exist. In that case, we say that 𝑓
es 𝑔-differentiable at 𝑡.
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Stieltjes differentiability

The fundamental theorem of calculus at any point

Why this definition and not another? Because it is the only definition that
makes true the Fundamental Theorem of Calculus for 𝑔-continuous
functions.

Theorem (Fundamental theorem of calculus - derivative of the integral at
each point)
Let 𝑓 ∈ BC𝑔([𝑎, 𝑏], 𝔽). Then 𝑓 is 𝜇𝑔-integrable and, if

𝐹(𝑡) ∶= ∫[𝑎,𝑡)
𝑓 d𝜇𝑔

for 𝑡 ∈ [𝑎, 𝑏], then 𝐹 is 𝑔-differentiable and

𝐹′
𝑔(𝑡) = 𝑓(𝑡) for 𝑡 ∈ [𝑎, 𝑏).
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Definition and properties of derivators Stieltjes differential equations

Stieltjes differentiability

Notation: 𝑡∗ =
⎧{
⎨{⎩

𝑡, 𝑡 ∉ 𝐶𝑔,

𝑏𝑛, 𝑡 ∈ (𝑎𝑛, 𝑏𝑛) ⊂ 𝐶𝑔,

Proposition (Basic differentiation rules)
Let 𝑡 ∈ [𝑎, 𝑏]. If 𝑓1, 𝑓2 ∶ [𝑎, 𝑏] → 𝔽 are 𝑔-differentiable at 𝑡, the:

• (Linearity). The function 𝜆1𝑓1 + 𝜆2𝑓2 is 𝑔-differentiable at 𝑡 for every
𝜆1, 𝜆2 ∈ 𝔽 and

(𝜆1𝑓1 + 𝜆2𝑓2)
′
𝑔 (𝑡) = 𝜆1 (𝑓1)

′
𝑔 (𝑡) + 𝜆2 (𝑓2)

′
𝑔 (𝑡).

• (Product rule). The product 𝑓1𝑓2 is 𝑔-differentiable at 𝑡 and

(𝑓1𝑓2)
′
𝑔 (𝑡) = (𝑓1)

′
𝑔 (𝑡)𝑓2(𝑡∗)+(𝑓2)

′
𝑔 (𝑡)𝑓1(𝑡∗)+(𝑓1)

′
𝑔 (𝑡) (𝑓2)

′
𝑔 (𝑡)Δ𝑔(𝑡∗).
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Definition and properties of derivators Stieltjes differential equations

Stieltjes differentiability

𝑔-absolute continuity

A function 𝐹 ∶ ℝ → ℝ es 𝑔-absolutely continuous) if for each 𝜀 > 0 there is
𝛿 > 0 such that for any family {(𝑎𝑛, 𝑏𝑛)}𝑚

𝑛=1 of open subintervals the
inequality

𝑚

∑
𝑛=1

(𝑔 (𝑏𝑛) − 𝑔 (𝑎𝑛)) < 𝛿

implies
𝑚

∑
𝑛=1

|𝐹 (𝑏𝑛) − 𝐹 (𝑎𝑛)| < 𝜀.
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Stieltjes differentiability

Fundamental theorem of calculus at 𝜇𝑔-almost every
point

Theorem (Fundamental theorem of calculus - derivative of integral)
Suppose that 𝑓 ∶ [𝑎, 𝑏] ⟶ ℝ is integrable in [𝑎, 𝑏] with respect to 𝜇𝑔
and consider its indefinite Lebesgue-Stieltjes integral

𝐹(𝑥) = ∫[𝑎,𝑥)
𝑓 d𝜇𝑔 for all 𝑥 ∈ [𝑎, 𝑏).

Then 𝐹′
𝑔(𝑥) = 𝑓(𝑥) for 𝜇𝑔-almost every 𝑥 ∈ [𝑎, 𝑏].
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Stieltjes differentiability

Fundamental theorem of calculus at 𝜇𝑔-almost every
point

Theorem (Fundamental theorem of calculus - integral of the derivative)
A function 𝐹 ∶ [𝑎, 𝑏] ⟶ ℝ is 𝑔-absolutely continuous at [𝑎, 𝑏] if and
only if the following three conditions are met:

1 There exists 𝐹′
𝑔(𝑥) for 𝜇𝑔-almost every 𝑥 ∈ [𝑎, 𝑏];

2 𝐹′
𝑔 ∈ L1

𝑔([𝑎, 𝑏)); and
3 for every 𝑥 ∈ [𝑎, 𝑏] Barrow's rule holds:

𝐹(𝑥) = 𝐹(𝑎) + ∫[𝑎,𝑥)
𝐹′

𝑔(𝑥) d𝜇𝑔.
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Stieltjes differentiability

Higher order derivation

We can now consider higher order derivatives.

Definition

BC𝑘
𝑔([𝑎, 𝑏]; 𝔽) ∶={𝑓 ∈ BC𝑛−1

𝑔 ([𝑎, 𝑏]; 𝔽) ∶ 𝑓 𝑛)
𝑔 ∈ BC𝑔([𝑎, 𝑏]; 𝔽)}.

BC∞
𝑔 ([𝑎, 𝑏]; 𝔽) ∶= ⋂

𝑛∈ℕ
BC𝑘

𝑔([𝑎, 𝑏]; 𝔽).
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The differential problem

Nowwe will consider the problem

⎧{
⎨{⎩

𝑢′
𝑔(𝑡) + 𝑏(𝑡)𝑢(𝑡) = 𝑓(𝑡, 𝑢(𝑡)), 𝑡 ∈ [0, 𝑇],

𝑢(0) = 𝑢(𝑇) + 𝑘 𝐵(𝑢),
(P)

where 𝑘 is a constant and 𝐵 is a linear functional.
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The 𝑔-exponential function

Let ℎ ∈ 𝐿1
𝑔([𝑎, 𝑏), ℝ). Let us define the 𝑔-exponential function

𝑒ℎ(⋅; 𝑎) ∶ [𝑎, 𝑏] → (0, ∞) for every 𝑡 ∈ [𝑎, 𝑏] as

𝑒ℎ(𝑡; 𝑎) = ∏
𝑠∈[𝑎,𝑡)∩𝐷𝑔

(1 + ℎ(𝑠) Δ+𝑔(𝑠)) exp
(∫[𝑎,𝑡)\𝐷𝑔

ℎ(𝑠) d𝜇𝑔)
.
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The 𝑔-exponential function

Lemma
Let ℎ ∈ 𝐿1

𝑔([𝑎, 𝑏), ℝ). If 1 + ℎ(𝑡)Δ+𝑔(𝑡) ≠ 0 for all 𝑡 ∈ [𝑎, 𝑏) ∩ 𝐷𝑔, then
𝑒ℎ(⋅; 𝑎) never vanishes, if 1 + ℎ(𝑡)Δ+𝑔(𝑡) > 0 for all 𝑡 ∈ [𝑎, 𝑏) ∩ 𝐷𝑔 then
𝑒ℎ(⋅; 𝑎) > 0.

Theorem
Let ℎ ∈ 𝐿1

𝑔([𝑎, 𝑏), ℝ). The function

𝑥(𝑡) ∶= 𝑥0𝑒ℎ(𝑡; 𝑎),

is the unique 𝑔–absolutely continuous solution of the initial value problem

𝑥′
𝑔(𝑡) = ℎ(𝑡)𝑥(𝑡) for |𝜇𝑔|-almost every 𝑡 ∈ [𝑎, 𝑏), 𝑥(𝑎) = 𝑥0.
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The Green’s Function

Lemma

Assume that 𝑓 ∈ L1
𝑔([0, 𝑇), ℝ), 𝑏 ∈ L1

𝑔([0, 𝑇), ℝ), 1 − 𝑏(𝑡)Δ+𝑔(𝑡) ≠ 0 for
all 𝑡 ∈ [0, 𝑇), and 1 − 𝑒−𝑏(𝑇; 0) ≠ 0. Then

𝑣(𝑡) = ∫[0,𝑇)
ℎ𝑏(𝑡, 𝑠) 𝑓 (𝑠)

1 − 𝑏(𝑠)Δ+𝑔(𝑠) d𝜇𝑔(𝑠),

where ℎ𝑏(𝑡, 𝑠) =
𝑒−𝑏(𝑡; 0)𝑒−𝑏(𝑠; 0)−1

1 − 𝑒−𝑏(𝑇; 0) ⋅
⎧{
⎨{⎩

1, 0 ⩽ 𝑠 < 𝑡 ⩽ 𝑇,
𝑒−𝑏(𝑇; 0), 0 ⩽ 𝑡 ⩽ 𝑠 ⩽ 𝑇,

is the unique solution of the problem

𝑢′
𝑔(𝑡) + 𝑏(𝑡)𝑢(𝑡) = 𝑓(𝑡), for 𝜇𝑔 − a.a. 𝑡 ∈ [0, 𝑇],

𝑢(0) − 𝑢(𝑇) = 0,
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The Green’s Function

Theorem

Assume that 𝑓 ∈ L1
𝑔([0, 𝑇), ℝ), 𝑏 ∈ L1

𝑔([0, 𝑇), ℝ), 1 − 𝑏(𝑡)Δ+𝑔(𝑡) ≠ 0 for
all 𝑡 ∈ [0, 𝑇), 1 − 𝑒−𝑏(𝑇; 0) ≠ 0, 𝑘 ∈ ℝ, and 𝐵 ∶ BC𝑔([0, 𝑇], ℝ) → ℝ be a
linear bounded operator such that 1 ≠ 𝑘𝐵(ℎ𝑏(⋅, 0)). Then

𝑢(𝑡) = ∫[0,𝑇)
𝐻(𝑡, 𝑠, 𝑘, 𝑏) 𝑓 (𝑠)

1 − 𝑏(𝑠)Δ+𝑔(𝑠) d𝜇𝑔(𝑠)

where 𝐻(𝑡, 𝑠, 𝑘, 𝑏) = ℎ𝑏(𝑡, 𝑠) +
𝑘ℎ𝑏(𝑡, 0)

1 − 𝑘𝐵(ℎ𝑏(⋅, 0))𝐵(ℎ𝑏(⋅, 𝑠)), (𝑡, 𝑠) ∈ [0, 𝑇)2,

is the unique solution of problem

𝑢′
𝑔(𝑡) + 𝑏(𝑡)𝑢(𝑡) = 𝑓(𝑡), for 𝜇𝑔 − a.a. 𝑡 ∈ [0, 𝑇],

𝑢(0) − 𝑢(𝑇) = 𝑘𝐵(𝑢),
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The integral operator

Wewill consider the operator

T 𝑥(𝑡) = ∫[0,𝑇)
𝐻(𝑡, 𝑠, 𝑘, 𝑏) 𝑓 (𝑠, 𝑥(𝑠))

1 − 𝑏(𝑠)Δ+𝑔(𝑠) d𝜇𝑔(𝑠).

Let 𝑔 ∶ ℝ → ℝ be a nondecreasing and left-continuous function, 𝐽 ⊂ ℝ
be an interval and 𝑋 ⊂ ℝ𝑚. A function 𝑓 ∶ 𝐽 × 𝑋 → ℝ𝑛 is said to be
𝑔-Carathéodory if the following properties are satisfied:

1 𝑓(⋅, 𝑥) is 𝜇𝑔-measurable for all 𝑥 ∈ 𝑋,
2 𝑓(𝑡, ⋅) is continuous for 𝜇𝑔 − a.a. 𝑡 ∈ 𝐽,
3 for all 𝑟 > 0 there exists 𝑝𝑟 ∈ L1

𝑔 (𝐽, [0, ∞)) such that

‖𝑓(𝑡, 𝑥)‖ ⩽ 𝑝𝑟(𝑡), 𝜇𝑔 − a.a. 𝑡 ∈ 𝐽, 𝑥 ∈ 𝑋, ‖𝑥‖ ⩽ 𝑟.

F.A.F. Tojo A topological approach to Stieltjes Differential Equations 24 / 36



Definition and properties of derivators Stieltjes differential equations

The integral operator

Lemma
Let 𝑋 be a nonempty subset of ℝ𝑛 and 𝑓 ∶ [0, 𝑇] × 𝑋 → ℝ𝑛 a
𝑔-Carathéodory function. Then, for every 𝑥 ∈ BC𝑔([0, 𝑇], 𝑋), the map
𝑓(⋅, 𝑥(⋅)) is in L1

𝑔([0, 𝑇), ℝ𝑛).

Theorem
Let 𝑓 ∶ [0, 𝑇] × ℝ → ℝ be a 𝑔-Carathéodory function. Then T maps
BC𝑔([0, 𝑇), ℝ) into BC𝑔([0, 𝑇], ℝ) and is continuous and compact.
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Fixed point index results
Wewill be assuming the following:

1 𝑓 ∶ [0, 𝑇] × ℝ → ℝ is 𝑔-Carathéodory function such that

𝑓(𝑡, 𝑥) ⩾ 0 for 𝑡 ∈ [0, 𝑇], 𝑥 ⩾ 0.

2 𝑏 ∈ L1
𝑔([0, 𝑇), ℝ) is such that

𝑏(𝑡) > 0 𝜇𝑔-a.a. 𝑡 ∈ [0, 𝑇],

and
1 − 𝑏(𝑡)Δ+𝑔(𝑡) > 0 ∀𝑡 ∈ [0, 𝑇].

3 𝐵 ∶ BC𝑔([0, 𝑇], ℝ) → ℝ is bounded linear functional such that

𝑢(𝑡) ⩾ 0, ∀𝑡 ∈ [0, 𝑇] ⇒ 𝐵(𝑢) ⩾ 0

and we assume 𝑘 ⩾ 0 and 1 − 𝑘𝐵(ℎ𝑏(⋅, 0)) > 0.
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Green’s functions and cones

Theorem
The Green’s function 𝐻 is positive on [0, 𝑇] × [0, 𝑇].

Nowwe consider the cone

𝑃 ∶= {𝑥 ∈ BC𝑔 ([0, 𝑇] , ℝ) ∶ 𝑥(𝑡) ⩾ 𝑒−𝑏(𝑇; 0) ‖𝑥‖∞ , 𝑡 ∈ [0, 𝑇]}.

Theorem
T (𝑃) ⊂ 𝑃.
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First, for some 𝜌 > 0, we define the sets

𝑀𝜌 ∶= {𝑢 ∈ 𝑃 ∶ inf
𝑡∈[0,𝑇)

𝑢(𝑡) < 𝜌} ,

𝑁𝜌 ∶=
⎧{
⎨{⎩

𝑢 ∈ 𝑃 ∶ sup
𝑡∈[0,𝑇)

𝑢(𝑡) < 𝜌
⎫}
⎬}⎭

.

We also define a new function 𝑛 ∶ ℝ → ℝ by

𝑛(𝜌) ∶= 𝜌
𝑒−𝑏(𝑇; 0) , 𝜌 > 0.

Lemma
For every 𝜌 > 0 we have 𝑁𝜌 ⊂ 𝑀𝜌 ⊂ 𝑁𝑛(𝜌).
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Fixed point index results

Lemma

Assume that there exists 𝜌 > 0 such that

𝑓 𝜌
∫[0,𝑇)

1
1 − 𝑒−𝑏(𝑇; 0) (

1 + 𝑘
1 − 𝑘𝐵 (ℎ𝑏 (⋅, 0))

𝐵 (ℎ𝑏 (⋅, 𝑠)))
d𝜇𝑔 (𝑠) < 1,

where

𝑓 𝜌 = 1
𝜌 sup{ 𝑓 (𝑡, 𝑢(𝑡))

1 − 𝑏(𝑡)Δ+𝑔(𝑡) ; 𝑡 ∈ [0, 𝑇), 𝑢 ∈ 𝑃, inf
𝑡∈[0,𝑇)

𝑢(𝑡) = 𝜌} .

Then 𝑖𝑃 (T , 𝑀𝜌) = 1.
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Fixed point index results

Lemma
Assume that there exists 𝜌 > 0 such that

𝑓𝜌 ∫[0,𝑇)

𝑒−𝑏(𝑇; 0)
1 − 𝑒−𝑏(𝑇; 0) (

1 + 𝑘
1 − 𝑘𝐵 (ℎ𝑏 (⋅, 0))

𝐵 (ℎ𝑏 (⋅, 𝑠)))
d𝜇𝑔 (𝑠) > 1,

where

𝑓𝜌 = 1
𝜌 inf

⎧{
⎨{⎩

𝑓 (𝑡, 𝑢(𝑡))
1 − 𝑏(𝑡)Δ+𝑔(𝑡) ; 𝑡 ∈ [0, 𝑇), 𝑢 ∈ 𝑃, sup

𝑡∈[0,𝑇)
𝑢(𝑡) = 𝜌

⎫}
⎬}⎭

.

Then 𝑖𝑃 (T , 𝑁𝜌) = 0.
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Theorem
Problem (P) has at least one nontrivial solution in 𝑃 if one of the
following conditions hold:
(𝑆1) there exist 𝜌1, 𝜌2 > 0 with 𝜌2 > 𝜌1 such that

𝑓𝜌1
⋅ ∫[0,𝑇)

𝑒−𝑏(𝑇; 0)
1 − 𝑒−𝑏(𝑇; 0) (

1 + 𝑘
1 − 𝑘𝐵 (ℎ𝑏 (⋅, 0))

𝐵 (ℎ𝑏 (⋅, 𝑠)))
d𝜇𝑔 (𝑠) > 1,

𝑓 𝜌2 ⋅ ∫[0,𝑇)

1
1 − 𝑒−𝑏(𝑇; 0) (

1 + 𝑘
1 − 𝑘𝐵 (ℎ𝑏 (⋅, 0))

𝐵 (ℎ𝑏 (⋅, 𝑠)))
d𝜇𝑔 (𝑠) < 1.

(𝑆2) there exist 𝜌1, 𝜌2 > 0 with 𝜌2 > 𝑛(𝜌1) such that

𝑓 𝜌1 ⋅ ∫[0,𝑇)

1
1 − 𝑒−𝑏(𝑇; 0) (

1 + 𝑘
1 − 𝑘𝐵 (ℎ𝑏 (⋅, 0))

𝐵 (ℎ𝑏 (⋅, 𝑠)))
d𝜇𝑔 (𝑠) < 1,

𝑓𝜌2
⋅ ∫[0,𝑇)

𝑒−𝑏(𝑇; 0)
1 − 𝑒−𝑏(𝑇; 0) (

1 + 𝑘
1 − 𝑘𝐵 (ℎ𝑏 (⋅, 0))

𝐵 (ℎ𝑏 (⋅, 𝑠)))
d𝜇𝑔 (𝑠) > 1.
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Example
Consider the following problem

{
𝑢′

𝑔(𝑡) + 𝑏𝑢(𝑡) = |𝑢(𝑡)|𝛼 , 𝑡 ∈ [0, 2],
𝑢(0) = 𝑢(2) + 𝑘 ∫[0,2) 𝑢(𝑡) d𝜇𝑔 (𝑡) , ((S))

where 𝑏 ∈ (0, 1), 𝛼 > 1,

𝑔(𝑡) = { 𝑡, 𝑡 ∈ [0, 1],
𝑡 + 1, 𝑡 ∈ (1, 2]

and 𝑘 ∈ [0, 𝑘0), where

𝑘0 = 1 − (1 − 𝑏)e−2𝑏

∫[0,2) ̂𝑒−𝑏 (𝑠) d𝜇𝑔 (𝑠)
, ̂𝑒−𝑏 (𝑡) = { e−𝑏𝑡, 𝑡 ∈ [0, 1],

(1 − 𝑏)e−𝑏𝑡, 𝑡 ∈ (1, 2].

It is clear that 𝑔 is a nondecreasing and left continuous function such that

𝐷𝑔 = {1} and Δ+𝑔(1) = 1.
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We take

0 < 𝜌1 < (
(1 − 𝑏)𝛼+1 e−2𝛼𝑏

𝐼 )

1
𝛼−1

,

𝜌2 > (
1

(1 − 𝑏)𝛼+1 e−2𝑏(𝛼+1) ⋅ 𝐼)

1
𝛼−1

.

where 𝐼 =

∫[0,2)

1
1 − (1 − 𝑏) e−2𝑏 (

1 + 𝑘
1 − 𝑘 ∫[0,2) ℎ𝑏(𝑡, 0) d𝜇𝑔(𝑡) ∫[0,2)

ℎ𝑏(𝑡, 𝑠) d𝜇𝑔(𝑡)
)
d𝜇𝑔(𝑠).

The assumptions in (𝑆2) hold and problem (S) has at least one nontrivial
solution in 𝑃.
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